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Abstract. In this paper, hp-adaptive finite element methods are studied for time-
harmonic Maxwell’s equations. We propose the parallel hp-adaptive algorithms on
conforming unstructured tetrahedral meshes based on residual-based a posteriori er-
ror estimates. Extensive numerical experiments are reported to investigate the effi-
ciency of the hp-adaptive methods for point singularities, edge singularities, and an
engineering benchmark problem of Maxwell’s equations. The hp-adaptive methods
show much better performance than the h-adaptive method.
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1 Introduction

Let Ω⊂R3 be a bounded polygonal domain with Lipschitz continuous boundary Γ=∂Ω.
Given a current density f with div f=0, we seek a solution u which satisfies the following
time-harmonic Maxwell’s equations (cf. e.g. [33, Chapter 1])

curl(µ−1
r curlu)−κ2αu= f , in Ω, (1.1a)

µ−1
r curlu×n=0, on Γ, (1.1b)

where µr≥1 is the relative magnetic permeability, κ>0 is the constant wave number, and
α is the complex relative dielectric coefficient. Usually u stands for the electric field or the
magnetic vector potential. In this paper, we are interested in two kinds of applications of
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(1.1). For α= εr−iσ(ωε0)−1, (1.1) describes the electromagnetic field at moderate or high
frequencies. For α =−iσ(ωε0)−1, (1.1) is the eddy current model which approximates
the Maxwell equations at very low frequency [3]. Here εr ≥ 1 is the physical relative
dielectric coefficient, ε0 > 0 is the dielectric coefficient in the empty space, σ≥ 0 is the
electric conductivity, and ω > 0 is the constant angular frequency. For the eddy current
model, we assume that Γ is the truncated boundary of R3 and Ω is simply connected.
The homogeneity of the boundary condition in (1.1b) is not essential for our analysis but
simplifies our proofs.

In this paper, we study the hp-adaptive finite element method for (1.1) on tetrahedral
meshes. Since the pioneering work of Babuška and Rheinboldt [8], the self-adaptive fi-
nite element method based on a posteriori error estimates has been studied over thirty
years. It has become one of the most popular methods in the numerical solution of
partial differential equations and in scientific and engineering computing. As for the
h-adaptive method which reduces the error by local mesh refinements, great successes
have been achieved in the study of a posteriori error analysis (cf. e.g. [11, 16, 40]), mesh
refinement algorithms (cf. e.g. [4, 27, 41]), and convergence and optimal complexity (cf.
e.g. [22, 26, 34]). Recently, Schöberl and coauthors studied h-type a posteriori error esti-
mates for Maxwell’s equations. In [14], Braess and Schöberl proposed the equilibrated
residual error estimator for edge elements with unit reliability constant. In [39], Schöberl
proved the reliability of the residual-based a posteriori error estimate for Maxwell’s equa-
tions via commuting quasi-interpolation operators. Using the idea of error equidistribu-
tion, the h-adaptive method based on a posteriori error estimates could yield a quasi-
optimal approximation with algebraic convergence rate

ηh≈CN
−p/d
h , (1.2)

where ηh is the a posteriori error estimate, d is the spatial dimension, p is the order of
the finite element method, and Nh is the number of degrees of freedom. However, due to
the singularity of the solution, the quasi-optimality (1.2) will degenerate for higher-order
finite elements since the constant C may blow up with increasing p.

The hp-adaptive finite element method reduces the error by both local mesh refine-
ments and local increase of polynomial degrees. It is more efficient than the pure h-
adaptive and p-adaptive methods and could reduce the error exponentially. For example,
the optimal convergence rate of the hp-adaptive method is

ηhp≈Ce
−δN1/3

hp (1.3)

for two dimensional elliptic problems [23], and is also conjectured to be

ηhp≈Ce
−δN1/5

hp (1.4)

for three dimensional elliptic problems [6], where C,δ are positive constants independent
of h and p, ηhp is the a posteriori error estimate for the hp-adaptive method, and Nhp is the


