Commun. Comput. Phys. Vol. 9, No. 4, pp. 1020-1039
doi: 10.4208/ cicp.041209.160910a April 2011

A Comparison of Semi-Lagrangian and Lagrange-Galerkin
hp-FEM Methods in Convection-Diffusion Problems

Pedro Galén del Sastre!* and Rodolfo Bermejo?

! Departamento de Matemitica Aplicada al Urbanismo, a la Edificacién y al Medio
Ambiente, E.T.S.A.M., Universidad Politécnica de Madrid, Avda. Juan de Herrera 4,
28040 Madrid, Spain.

2 Departamento de Matemdtica Aplicada, E.T.S.L1., Universidad Politécnica de Madrid,
C/ José Gutiérrez Abascal 2, 28006 Madrid, Spain.

Received 4 December 2009; Accepted (in revised version) 16 September 2010
Communicated by Jie Shen
Available online 10 November 2010

Abstract. We perform a comparison in terms of accuracy and CPU time between sec-
ond order BDF semi-Lagrangian and Lagrange-Galerkin schemes in combination with
high order finite element method. The numerical results show that for polynomials
of degree 2 semi-Lagrangian schemes are faster than Lagrange-Galerkin schemes for
the same number of degrees of freedom, however, for the same level of accuracy both
methods are about the same in terms of CPU time. For polynomials of degree larger
than 2, Lagrange-Galerkin schemes behave better than semi-Lagrangian schemes in
terms of both accuracy and CPU time; specially, for polynomials of degree 8 or larger.
Also, we have performed tests on the parallelization of these schemes and the speed-
up obtained is quasi-optimal even with more than 100 processors.
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1 Introduction
This work is devoted to the study of convection dominated-diffusion problems and in
particular the Navier-Stokes equations. Many efforts have been made by the numerical

analysis community, and the Eulerian-Lagrangian approach has proven to produce very
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good results in many different situations. To fix ideas, we shall consider two models: (i)
the prototype model of convection-diffusion equations

aazf—i—u Vw—vAw=f, in Qx(0,T),
w 0=, (1.1)
w(0) =wy,

where Q) C R? is an open bounded subset, if is the prescribed velocity vector, f de-
notes the forcing term, v is the diffusion coefficient whereas wp and g denote the initial
and Dirichlet boundary conditions respectively; (ii) the time-dependent incompressible
Navier-Stokes equations

Z_Ltbrﬁ Vii—vAii=—Vp+F, in QOx(0,T),

divii =0, in Q, (1.2)
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where () C R? is an open bounded subset, il is the velocity of the fluid, p is the pressure,
f is the forcing term, v is the diffusion coefficient, iy € L2(0}) is the prescribed initial
condition and § is the boundary conditions. For the sake of simplicity, we shall consider
homogeneous Dirichlet boundary conditions in the description of the numerical schemes.

In this article we propose a comparative study in terms of accuracy and CPU time of
two of the most popular methods when using the Eulerian-Lagrangian approach, namely
the Lagrange-Galerkin (or Characteristic Galerkin) and the semi-Lagrangian methods,
because so far it is not clear which one of them should be used.

Both methods discretize the material derivative

Dw oJw
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(in the Navier-Stokes equation, w=1ii) along the characteristic curves X(x,t,1;t) defined
as follows:

{ X x t?’l-‘rll ( x ti’l-‘rl/ 7 )/ (1 3)
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where t,_; <t <t,;1, l€ NU{0}, x € Q), t; = jAt, and At the time step in the numerical
scheme. Note that the characteristics curves are discretized backwards in time. This is
one of the main advantages of the Eulerian-Lagrangian approach versus the Lagrangian
one, which allows the mesh to follow the trajectories of the flow and so, the mesh is
subject to large deformations. Another advantage of Eulerian-Lagrangian methods is
that they have a large stability region, so that in the applications the time step can be
chosen taking into account only accuracy considerations.



