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Abstract. In this paper, we study the problem of analyticity of smooth solutions of the
inviscid Boussinesq equations. If the initial datum is real-analytic, the solution remains
real-analytic on the existence interval. By an inductive method we can obtain a lower
bound on the radius of spatial analyticity of the smooth solution.
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1 Introduction

In this paper, we consider the following multi-dimensional invisicd Boussinesq equation

on the torus T
d,
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∂tu+(u·∇)u+∇p= θed,

∂tθ+(u·∇)θ=0,

divu=0,

u(x,0)=u0(x), θ(x,0)= θ0(x),

(1.1)
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with divu0 =0. Here, u=(u1,. . .,ud) is the velocity field, p the scalar pressure, and θ the

scalar density. ed denotes the vertical unit vector (0,.. . ,0,1). The Boussinesq systems play

an important role in geophysical fluids such as atmospheric fronts and oceanic circulation

(see, e.g., [1–3]). Moreover, the Boussinesq systems are important for the study of the

Rayleigh-Benard convection, see [4, 5].

Besides the physical importance, the invisicd Boussinesq equations can also be viewed

as simplified model compared with the Euler equation. In the case d=2, the 2D inviscid

Boussinesq equations share some key features with the 3D Euler equations such as the

vortex stretching mechanism. It was also pointed out in [6] that the 2D invisicid Boussi-

nesq equations are identical to the Euler equations for the 3D axisymmetric swirling flows

outside the symmetric axis.

The inviscid Boussinesq equations have been studied by many authors through the

years, for instance [7–16]. Specially, Chae and Nam [8] studied local existence and u-

niqueness of the inviscid Boussinesq equation and some blow-up criterion in the Sobolev

space, Yuan [11] and Liu et al. [14] in the Besov space, Chae and Kim [7] and Cui et al. [15]

in the Hölder spaces, Xiang and Yan [16] in the Triebel-Lizorkin-Lorentz spaces. It was

remarked that the global regularity for the inviscid Boussinesq equations even in two

dimensions is a challenging open problem in mathematical fluid mechanics.

In this paper, we are concerned with the analyticity of smooth solutions of the inviscid

Boussinesq equations (1.1). The analyticity of the solution for Euler equations in the space

variables, for analytic initial data is an important issue, studied in [17–23]. In particular,

Kukavica and Vicol [21] studied the analyticity of solutions for the Euler equations and

obtained that the radius of analyticity τ(t) of any analytic solution u(t,x) has a lower

bound

τ(t)≥C(1+t)−2exp

(

−C0

∫ t

0
‖∇u(s,·)‖L∞ ds

)

(1.2)

for a constant C0 > 0 depending on the dimension and C> 0 depending on the norm of

the initial datum in some finite order Sobolev space. The same authors in [22] obtained

a better lower bound for τ(t) for the Euler equations in a half space replacing (1+t)−2

by (1+t)−1 in (1.2). In [24], we have investigated the Gevrey analyticity of the smooth

solution for the ideal MHD equations following the method of [21]. The approach used

in [21–24] relies on the energy method in infinite order Gevrey-Sobolev spaces. Recently,

Cappiello and Nicola [25] developed a new inductive method to simplify the proof of

[21, 22]. In this paper, we shall apply this inductive method to study the analyticity of

smooth solution for the inviscid Boussinesq equations. The main additional difficulty

arises from the estimate of the weak coupling term u·∇θ.

The paper is organized as follows. In Section 2, we will give some notations and state

our main results. In Section 3, we first recall some known results and then give some

lemmas which are needed to prove the main Theorem. In Section 4, we finish the proof

of Theorem 2.1.


