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Abstract. In this note, we investigate the properties of Gaussian BV functions and give
a heat semigroup characterization of BV functions in Gauss space. In particular, the lat-
ter is the nontrivial generalization of classical De Giorgi’s heat kernel characterization
of function of bounded variation on Euclidean space to the case of Gauss space.
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1 Introduction

There are various definitions of variational functions, and the related class of bound-
ed variational functions (or BV functions for short), is meaningful in different contexts
and equivalent in general. On the Euclidean space, the variation of f € L!(R") with the
Lebesgue measure can be defined as

AR =sup{ [ fivgdsipe CHRY RY) with gl <1f,

where divg(x):=Y1" %. In fact, the original definition of the variation of a function

was given by De Giorgi through a thermonuclear regularization process (see [3,4]). He
also proved that

IDfI| (R") =tim [ VT;|a, iBY

where V denotes the gradient of the function f, and
Tif(x)= [ hltx=y)f)dy
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%2
is the heat semigroup with the Gauss-Weierstrass kernel h(t,x) = (47tt) ="/ 20~ Later,
Miranda, Pallara, Paronetto and Preunkert in [6] proved the equality (1.1) on the Rieman-
nian manifold M

Du| (M) zlim/ (dPyu|dV
t—0JM

with two geometric assumptions: the Ricci curvature is bounded from below and the vol-
ume of geodesic balls of fixed radius has a positive lower bound which does not depend
on the center, where {P,;};>o is the heat semigroup generated by the Laplace-Beltrami
operator on M. After that, Carbonaro and Mauceri proved the equality (1.1) based on
properties of heat semigroups with the only restriction that the Ricci curvature is bound-
ed from below in [1]. [2] implies that the equality (1.1) holds in a weaker sense and the
authors provide two different characterizations of sets with finite perimeter and func-
tions of bounded variation in Carnot groups.

In order to state our main result, we recall some basic facts for the n dimensional
Gauss space G". This space is equipped with the following measure

n x2
y(x)= (ZH)_Te’% , VxeR”",

the Gaussian volume element 4V, = ydx and the -divergence div,¢ =divp—x-¢, ¢ €
C!(R",R"). Next we also recall the Gaussian BV functions and its properties. For any
open subset QO CR”, the y-total variation of f € L!(Q) is defined by

IDFI(6") =sup{/nfdivdev 19 C(QR") with [|]~ < 1},

where H(pHLw:esssgp (|@1)*+...+]@u|?)/2. Particularly, if O =R", we denote || Df]| (C;
xe

G") by ||Df||(G"). The function f € L'(Q) is of the Gaussian bounded variation on Q)
and denoted by f € BV ((Q;G") if

IDFII(Q) <co.

When () =", we denote BV (()};G") by BV(G"). The space BV},.(G") is said to be of
locally Gaussian bounded variation in R”, if

IDfI[(N;G") <eo,

for every open set NCIR" and N is compact. For a set ECRR", P, (E):=||Dxg|| (G") be the
Gaussian perimeter of E. Refer to [5] for some properties of P, (E). In particular, from [5]
we know that the Gauss-Green formula is valid:

/ div,0dV, = / v-opdP,, YoeCL(R",R"),
E 0*E
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where v is the outer unit normal to JE of a set E with the Gaussian perimeter P, (E) < oo,

and 0*E stands for the reduced boundary of set E, and the Gaussian perimeter element

dP, =ydP accompanied by the (n—1) dimensional area element dP with the weight -y .
Moreover, if f € Lip(R"), then by the Rademacher theorem, we have

IDANG") = [ [VflaV, <.

Finally, the Gaussian co-area formula given in [5] is also valid, that is, if f € BV(G"),
then

IDAIG") = [ Py({xeR": f(x) > })d.

Now we consider a situation after scaling transformation and generalize the above facts
to this situation. At this time, the Gauss space is equipped with the following measure

detB)'/?
’yg(x)dx:%e_m'xdx, VxeR",
where the diagonal matrix is
d 0 - 0
0 d -~ 0
B={( . . . .|, d4i>0,1<i<n.
0 0 - d,

Following [9], we know that the Gaussian volume element is denoted by dVp =5 (x)dx
and the B-divergence is denoted by

divgp=divp—2Bx-¢, ¢@cCl(R"R").

Ifd,= %, i=1,...n,in diagonal matrix B, this is the same situation as <y. Similarly, we also
introduce the Gaussian BV functions and its properties. For any open subset () CIR", the
B-total variation of f € L!(Q) is defined by

HDfHB(Q;G”)ZSUP{/QfdiVqudVB:qveCS(O,R”) with qul\mél},

where H(pHLw:esssgp (@1 +...4]@a[")/2. In the same way, if O =IR", we denote
xe

IDf|l 5 (;G™) by || Df|| 5 (G"). The function f € L'(Q) is of the Gaussian bounded varia-
tion on () and denoted by f € BVp(();G") if

IDfl|p(€2) <eco.
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When Q) =R", we denote BV ((;G") by BV(G"). The space BVj,.(G") is said to be of
locally Gaussian bounded variation in R”, if

IDfll(N;G") <eo,

where set NCIR” and N is compact.

In Section 2 of this paper, we investigate the Gaussian BV functions and Gaussian
perimeter and study their properties. In Section 3, as the continuation of the classical
De Giorgi’s heat kernel characterization of function of bounded variation on Euclidean
space, we investigate the heat semigroup of Gaussian BV functions. Our proof mainly
applies the basic properties of heat semigroups in [5], precisely,

IDfll5(G")=lim| VR, VfEL(G),
where P; is defined in (3.1) and it is also called Ornstein-Uhlenbeck semigroup (cf. [5]
or [9]).
2 Gaussian BV functions and Gaussian perimeters
For a set ECR", the Gaussian perimeter of E is
Py(E):=||Dxell5(G"),

where xr is the characteristic function of set E. And the Gaussian perimeter element
dPg=8dP accompanied by the (n—1) dimensional area element dP with the weight 5.

The following Lemmas can be obtained by the method in [5]. We omit the details of
the proofs.

Lemma 2.1. If f,¢€ L' (G"), then

IDmax{f,g}|[5(G")+|[Dmin{f,g}|[5(G") <[|Df]|(G")+|Dglls(G")-

In particular, for sets U,V €R", if f =xu, §=xv, we have that
PB(UUV)—FPB(UQV) SPB(U)—}-PB(V)
Lemma 2.2. For a set E CIR", we have

/ divgpdVs = / ¢-0rdPg, YpeCl(R",R"),
E J*E

where v is the outer unit normal to OE of the set E with the Gaussian perimeter Pg(E) < oo, and
0*E stands for the reduced boundary of set E.
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Lemma 2.3. If f € Lip(R"), we have

IDFI(G") = [ [V f1aVs <co.

The following two theorem can be proved by following the proof of [10, 5.2.1] and [10,
5.2.2] respectively.

Theorem 2.1. For any open subset Q CR", suppose fr € BVg(Q),(k=1,2,...) and fy — f in
L} (Q), then

loc

IDF5(02) < Jim inf | D i ().

Theorem 2.2. For any open subset Q CR", if f € BVg(Q), there exist functions {fy}rq C
BVp(Q)NC=(Q) such that

Q) fims finL'(Q).
(i) [Dfillp(Q) = Dfl(€Q) as k— co.
Lemma 2.4. Forany f € BV3(G"), ¢ € CL(R",R"), we have

divepdVa=— [ Vf-¢dVs.
/]Rnf ivppdV=— | Vf-9dVs

Proof. Via the definition of the gradient and dVp =5 (x)dx= (d‘:f /)2 e~ B¥¥dx, we have
/ FdivppdVs = / F(divp—2Bx-@)dVs
]Rn
0 o0Q,
f(ﬂ—l— +2¢ —2d1x191— -+ —2dy X, )dVp
8x1 8
9 0P detB)'? .
f(aq;;l1 aq) —2d1x1¢1—-~-—2dnxn¢n)%e Brxgy

/ V(frn)-@—frndixy g1+ +2d, X, @ )dx
Z/]Rn—VEVf-(P—fWE-(P—f75(2d1x1¢1+~-~+2dnxn(pn)dX-
Next, we check the fact:
—fVn-9—frn (i x1 91+ 42, X, 9 ) =0
In fact,

— VS o—frh dixipr+ - +2du X )

:_f'(Pl'YE(_2d1x1) _"'_f'(Pn'YE(_Zdnxn) _f75(2d1x1§01+"'+2dnxn(Pn)
=0.
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[hen we get
-divgpdV ———/ BYf-qd ———/ Vf-pdVp.
/nf ivgpdVp o f-dx ) f B

So we proved the theorem.

Lemma 2.5. If f € BVp(G"), then

HDfHB(G”):/ZPB({xe]R”:f(x)>t})dt.
Proof. Assume that f € BVg(G")NC®(G"). For t € R, define
Ei={xeR": f(x)>t}.

It is not hard to verify that

—+o0
/ fdiVB q0dVB :/ < diVB QDdVB> dt,
R” —00 Et

where ¢ € C}(R",R") and || ¢||, <1. Hence, the inequality

IDFIs(6") < [ Pa({xeR™: f(x) > th)d,

holds true. And then we prove the opposite inequality. Let
m(#) :/ IV FldVs :/ IV f|dVs.
R"\E; f (f<t) f
Then the function of m is nondecreasing, and m’ exists L! a.e., with

/+oom’(t)dx§/]Rn]Vf|dVB.

—00

Next, for any —oo <t < oo, r >0, define function

0 s<t
n(s)=< =t t<s<t+r,

r
1 s>t+r
then .
= t<s<t+r
/ _ P
1(s) {0 else

Hence, for all ¢ € C}(R",R"),

- [ nFCdivspavs= [y (F)VF-gaVa= [ Vf-paVi.

t EH—r
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Moreover,

m(t4r)—m(t)
= fon VAV [ v flavi]

1 1
== VF|dVe> - / Vf pdV,
/Et\EHr’ f’ b= T JENEi4r f PEYE

r
=~ [, 1(FG)divepaV.
For those t such that m'(t) exists, we let r —0:
m'(t)>— [ divgedVp.
E¢

Taking the supremum over all ¢ as above implies
Po({x€R": f(x)>1}) <m' (1),
and oo
| Pal{xeR":f(x) > 1)t < [ [VFlaVe=[|Df|5(G").

In fact, the equation holds for any function f€BVg(G"). Fixing f € BV3(G") and choosing
{fi}ro; asin Theorem 2.5, then we have f; — f in L!(G") as k— oo . Define

Ef ={xeR", fi(x)>1}.

Now

+oo max{f,fi}
[ e -xelae=[ =1 g1
Thus oo
L= flave= [ ([ e = (x)|avi)at.
Since f; — f in L'(G"), there exists a subsequence which upon reindexing by k if needs

be, satisfies
Xpt—> X in LY(G") as k—oo.

Then by the lower Semicontinuity Theorem and Fatou’s Lemma we have
—+00
/ Po({x €R": f(x) >t} )dt
+00
gkliminf Pg({xeR": fy(x)>t})dt
—» 00 — 00

= lim | Dfill (G") = IDf [ 5(G"),

which completes the proof. O
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3 Heat semigroups characterization of BV (G")

At first, we consider the operator Lg on G”" which is defined as following: for any f €
CZ(R"),

L f(x) = 3 Af(x) ~ Bx-Vf(x) = 3divs (),

and the operator Lg is selfadjoint on L?(G") based on the result of [9]. Let t >0, for any
f€L?(IR"), then the semigroup associate with the operator L is defined as

PA(x)= [ kalbx)f)dy, @)
where
n \/CTZ < ( 'xl yl)d>
kg(t,x,y)= exp| ———=~-— |, t>0,xcR".
B(t,xy) g\/ﬁ(l _zdt)l/2 p 1—p2dit
Moreover,

/n(Ptf)ngBZ/n/nkB t,x,y) f(y)dyg(x)dVg

1/2
= / / ke (t,x,y)f(y)g(x )(detf/)z e P dxdy
i (e_d"txi—yi)zdi (detB)l/Z —Brxx
=Je n[ﬂﬁl_e_w)uze@(‘w f)a() e dxdy
1=

xi2+ i2—2€_ditxi )d;
_/n/n[ (1 —2dt)1/2 xp(—( yl_e—Zdit ) )]f(y)g(x)dxdy
i=1

:/]Rn (Pig) fdVs.

Hence, the semigroup {P; };>0 is symmetric in L?(G").
Lemma 3.1. For every f € L}(G"),
. rs 1
%E%Pt f=fin L.
Proof. By calculation, it is obvious that

n ) 24,
/ [l v 1 2eXP<_ . dzld.t>dy:1'
R /70(1— ¢~ 24it) / 1—e—24i
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Following the definition of P;f and the above equality, we get

Pif(x) = f(x)

_ - Vi (e~%tx; —y,)’d;
e bjl e (<) o
L \/Z yizdi

) [ 11 e T

s di i°d; Bt
:/]Rn [E V(1 f2djt)1/2 exp(—l_ye_zdit)] [f(e g x—y)—f(x)]dy

- /IR [E Nz fzdit)lﬂ eXP(—yizdﬂ] [f(e™Px—V1—e-2Bty) — f(x)]dy.
Letting t — 0, via the dominated convergence theorem we conclude that
lim||Pyf — £ =0. 0
Lemma 3.2. The semigroup {P:};c(o 4.0 satisfies the following properties:
(i) t— Pif is continuous from [0,00) to L?(G").
(i) |VPf(x)| <max{e 9}|P,(Vf)(x)|, i=1,...n.

(i) [|Ptf |l <|I oo, Vf €CH(IR™), where C)(R™) consists of the bounded and continuous func-
tions on R".

Proof. The property (i) is obviously available. Next we prove (ii), via the definition of
P, f(x) and the property of the gradient we have

VPS()=V [ ks(txy)f)dy= [ Tks(txy)f)dy

—2(€_d1t.7(1— 1)d1 _ —2(e_d"txn_ n)dn -
= R <kB 1_ef2d1;y e dlt/"'/kB 1_e,2dn;y e d11t>f(y)dy

Then integration by part implies

PAVAE)= [ kalbxy)Vidy=— [ Fknf(n)dy

2(e Nty —yq)d 2(e~nt n—Yn)dn
o (P M £y,

1— e*Zdlt 4 1— e*Zd"t
Finally, we can obtain the result by taking the absolute value of VP;f(x) and P,(Vf)(x),
|VPif(x)| Smax{efd"t} |P(Vf)(x)],i=1,...n.
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For (iii), it is easy to see that

P =1 [ k(b xa)f Y] < [ ka(bxp)dy] ]

and then we take the infinite norm on both sides

P | [ Rty

£l < £l -

Theorem 3.1. Denote by C},(IR",IR") the space of vector-valued functions with continuous par-
tial derivatives of first order and bounded B-divergence. Then for every f in L*(G"), it holds

IDf5(€") =sup{ [, faivagaVi e Cly(R"R) with gl <1}.

Proof. Clearly,

IDfa(6") <sup{ [ feivagaVi: pe CL(R"R") with [lg]l <1},

In order to prove the opposite inequality, we choose a sequence of functions in such
that

(@) 0<¢r<1forall xcR" and k€ N.
(b) for every compact set K C R” there exists ng such that ¢ =1 on R" if k > ng.

© [|Vei|lo, —0as k— oo.
If p € CJ,(R";R"), we have || ¢u¢||, < [ ¢/, and

diVB (q)gbk) = dIV(gD(Pk) —2Bx- q)gbk:gbkdivgo—ZBx . q)(,bk-i— @ V(Pk
= (,bkdiVBqH— Q- V(Pk.

Therefore, if ¢ € C},(R",R") and ||¢||, <1, then using the dominated convergence
theorem we obtain

| fdivapdVy=lim | fdivs(grp)aVs < |IDfl|5(G").

R k—s00.J R

This completes the proof of Theorem 3.1. O
Theorem 3.2. For every f € L(G"), we have

IDF]15(G") =lim [V Pfl]
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Proof. At first, for any functions f € BV3(G") and ¢ € C}(R",R"), via Lemma 2.4 we have

VfgdVs=— [ fdivsgdVs.
/W frodVp=— | fdivepdVp

Via the definition of || Df||5(G"), Lemma 3.1 and Lemma 3.2, we get

. 1 . _ ‘ <1 .
/R”fdeq)dVB %E%A{nptfdlqu)dVB %gr(}/JRWV(Ptf) QDdVB_%E%HVPtfHLl
Then taking the supremum over ¢ implies that

IDf115(G") <lim || VPif . 32)

Next, we prove the opposite inequality

IDfl15(€") = lim [ VP 1. 3.3

Let ¢ be a form in C}(R",R") such that |||/, <1. We claim that P;¢ is first-order
continuous differentiable according to the definition of P; and || P;¢||, <1 which is based
on (iii) of Lemma 3.2. Since(ii) of Lemma 3.2 implies

|divPi(x)| <max{e %*}|P,(dive)(x)|, i=1,...n,
then we have

|dive (Pe@) | oo = ||div(Pr) —2Bx- (Piop) |
< ||div(Pe)| o +[12Bx- (Pr )| o
<|Pdive||,+[|2Bx-¢|
<||divel|o+ [|2Bx- @] <oo.
Therefore,
Pip € Cly(R™;R").

In (ii) of Lemma 3.2, we assume that e~ %t can be maximized when i =iy, and by
Theorem 3.1, we have

/IR VP -gdVy

IN

. 0
< Ze dzot/npt<a—£> idVp

i=1

¢~ diot / (Vf)-PrgpdV
RVI

Anmax{e_dft}Pt(Vf)-¢dVB

IN

o 0
ZE dlot/ a_fpt(q)i)dVB =

i=1 R" OX;

— | p—diot RnfdiVB(Ptq))dVB Se_dfofHDfHB(Gn)'
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where we have used the property that semigroup P; is symmetric in L2(G"). Thus, taking
the supremum with respect to all ¢ € C}(R",R") and ||¢||,, <1, we have

IVP £l <e | Df||5(G").

Hence, we can obtain (3.3) by passing the limit as tends to 0. Finally, we conclude the
proof by combining (3.2) with (3.3). O
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