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Abstract. The core-shell structure design is an important subject in science and en-
gineering, which also plays a key role in wave scattering and target reconstructions.
This work aims to develop a novel boundary integral equation method for solving
the acoustic scattering from a 3D core-shell structure in a two-layered lossy medium.
The boundary integral equation contains continuous and weakly singular kernels.
The well-posedness of the scattering problem is established by combining the integral
equation, variational, and operator theory techniques. The study lays the groundwork
for future numerical methods for layered obstacles and rough surfaces composite scat-
tering and inverse scattering problems.

AMS subject classifications: 35Q60, 31B10, 45L05

Key words: Composite scattering, Helmholtz equation, existence and uniqueness, integral equa-
tion method.

1 Introduction

The core-shell structure scattering arises in a wide range of scientific fields, including
sea radar target detection [6], underwater radar surveillance [3], and the design of optics
devices [4,14,25]. Given an incident field, the scattering problem is to determine the scat-
tered field from the governing differential equation, along with the boundary conditions.
Recent progress has been made in the development of acoustic scattering from under-
water or aerial core-shell structure vehicles. In [9], a strategy was investigated to control
plasmonic resonances by core-shell geometries from analyzing the scattering response
of a column of partially magnetized plasma. A great deal of studies deal with various
aspects of the transient response of submerged or fluid-filled elastic shell structures with
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simple geometrical configurations. The closed-form analytic solutions for spherical or
cylindrical shells have been reported in the literature, see, e.g., [10,12,21] and the refer-
ences therein. However, little is known in mathematics about the scattering problems of
a general shape of three-dimensional layered obstacles in an unbounded structure, which
is vital for underwater exploration and many other engineering applications. The main
challenges in analysis and computation include the unboundedness and complexity of
interfaces, multiple scales, and multiple scattering between targets and rough interfaces.

Our goal in this work is to develop a mathematical model and to study its well-
posedness for solving composite scattering problems. More specifically, we study the
acoustic scattering of core-shell structures (such as low frequency plasma-coated obsta-
cles) in a two-layered lossy medium, where the core is with an impedance boundary and
the shell is with a transparent boundary. In particular, the scattering of a point source in-
cidence is considered for the layered obstacle, interface, and shell. The wave field is gov-
erned by the three-dimensional Helmholtz equation, which describes the propagation of
acoustic waves. Throughout, we assume that the medium is lossy and inhomogeneous
with smooth interfaces. The assumptions are reasonable and general. In fact, in the target
recognition applications above the sea surface, it is reasonable to assume that the medium
is filled with two different lossy parts with smooth interfaces (air and water). The inter-
face can be very general, including plane structures, periodic structures (cf. [1]) and gen-
eral unbounded rough surfaces (cf. [26,27]). Also, the wavenumbers in the medium may
have different positive imaginary parts. Recently, related problems have been studied
extensively. In [8], a fast numerical method was proposed for calculating the electromag-
netic scattering from a perfectly electric conducting object above a two-layered dielectric
rough surface. The mode-expansion method for calculating electromagnetic waves scat-
tered by objects on rough ocean surfaces was considered in [28]. In [11], the method of
moments was used to rigorously analyze the wide-band VHF scattering from a perfectly
conducting trihedral placed above a lossy, dispersive half-space. A Kirchhoff-type for-
mula for transient elastic waves was originally introduced by Love [19] for the fluid-solid
interaction scattering problem. Helmholtz-type integral formulas were systematically
derived for elastic waves in isotropic and anisotropic solids by Pao [23]. Various systems
of boundary integral equations over the interface between the fluid and the solid have
been derived and analyzed by Luke and Martin [20]. Hsiao et al. [13] presented weak
formulations of the fluid-solid interaction problem by coupling the field and boundary
integral equation methods. The relevant functional analysis, which is necessary for the
theory’s treatment and the numerical solution of linear integral equations, can be found
in [16,22]. More recently, a boundary integral equation has been proposed for solving 2D
homogeneous obstacle acoustic (electromagnetic) composite scattering problems. Based
on the energy estimates, the uniqueness of the solution or the scattering problem is estab-
lished [2,18]. To our best knowledge, no mathematical study is available for the scattering
of the core-shell structures in a layered medium.

In this paper, we derive a rigorous mathematical model for a class of scattering prob-
lems from 3D core-shell structures in a two-layered lossy medium with an unbounded
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interface. The model problem is formulated as a three-dimensional Helmholtz equation
boundary value problem in Section 2. Based on boundary integral equation methods and
the asymptotic properties of the Green functions, we present a novel integral equation
system for the boundary value problem in Section 3. In contrast to the classical obstacle
scattering problem, one must deal with the integral over an unbounded surface for the
composite scattering problem here. The well-posedness of the proposed scattering prob-
lem is established by combining the boundary integral equation method and a variational
method in Section 4. The paper is concluded with some general remarks in Section 5.

2 A model problem

This section considers a mathematical model of the scattering problem from a layered
obstacle in an unbounded structure (see Fig. 1). More specifically, we assume that the
interface is the graph of a sufficiently smooth bounded continuous function

S:={x=(x1,x0,%3) ER*: x3=f(x1,%2) },

where f and its first and second partial derivatives are all bounded continuously differ-
entiable, i.e., f € BC*(IR?), which separates R into two regions as

Qf ={xeR%:x3> f(x1,%2)}, Mo={xeR*:x3< f(x1,x2)}.

Let D be an impenetrable bounded obstacle embedded in a bounded domain ), i.e.
DccQf ccQf. Define Qy=07\D and O =Q; \ Q. The boundary I'UT of ) is
of class C2. vr and vr, denote the unit normal vector on the boundary I' and T directed
into the exterior of (), respectively. vs denotes the unit normal vector on the boundary S

: S
4 = : N s
X, 2 2 % A G o \\/ TR N N
(a) A point source is incident on the obstacle and the (b) Profile of a core-shell structure in a layered medium.

interfaces from the top.

Figure 1: The geometry of a scattering problem with core-shell structures embedded in a layered medium.
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pointing from region (), to region ();. The relevant normal derivatives are defined as
follows:

0

Wui(x):z(}irgl+vr(x)-Vul(x—i—m/r(x)), xeT,

%(x):: lirgl vr(x)-Vug(x—ovr(x)), x€T,
T oc—0t

g%(x):: lirg vs(x)-Vui(x+ovg(x)), x€S,
S c—0*t

duy )

ﬁ(x):z(}g&m(x)~Vu2(x—m/5(x)), x€S,

auo

Jor. (x):= ali%rgl+ vr, (x)-Vug(x—ovr,(x)), x€T.

Assume that the homogeneous isotropic medium with positive density p;, speed of
sound ¢;, and damping coefficient ; in ();, respectively. The wave motion can be de-
scribed by a velocity potential U;(t,x) with the velocity field

1
vj=—VU, (2.1)
Pj
and the pressure
au;
Pi=Po— 3¢ —7iU;, (2.2)

where j=0,1,2, and pjy denotes the pressure of the undisturbed medium.
For the linearized model, the velocity potential U; satisfies the dissipative wave equa-
tion
9*U; au; AL —
W—'—f)’jw —C]- u]' =0.

In the time harmonic case, the wave field with the form
U;(t,x) :u]-(x)e’i“’t, (2.3)

we have
Auj(x)+1Guj(x)=0 in Q;, j=0,1,2,

where w >0 is the angular frequency, the wavenumber ; satisfies K;-l =w(w+ivyj)/ C}?‘ and

R (x;) >0,3(x;) >0. For an impedance obstacle D, the excess pressure on the boundary is
proportional to the normal velocity on the boundary

00 v, — Ho(po—poo) =0.
Combining of (2.1)-(2.3), we have

auo
31/1“O

—i)\ouozo on 1—'0, (24:)
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where ji is the acoustic impedance coefficient of the obstacle D, and Ag = popo(w+iyo).
For penetrable interfaces I' and S, by the continuity of the normal velocity across the
interface, we have

vr-(v1—v9)=0 on T, wvs-(vp—v1)=0 on S.
From (2.1) and (2.3), it follows that:

19ug _ 1 0um
fo 81/1“ f1 aVr

1ouy 1 0u

onI, ——==——= on S. 2.5
plaVS pzaVS ( )

Furthermore, based on the continuity of the pressure, we have
po=p1 onI, py=p» on S.
By (2.2), (2.3), poo = p10 on I', and p19 = p2o on S, we further have
(vo—iw)ug=(y1—iw)u; on I, (y1—iw)u;=(y2—iw)uz on S. (2.6)
Throughout, assume that either o =1 =12 or |vj| < w, then
up=u; onlI, u;=up, on S. (2.7)

Let an incoming point source u'(x) = G (x,x;) located at x5 € Q)1 be incident on the
obstacle D and interface S from the above. The Green functions

c ein|xfy\
j(x,y) = m
for Helmholtz equation in 2 i satisfies
AGi(xy)+KiGi(xy)=—d(xy), xyeQ; j=0,12. (2.8)

Therefore, the model can be described as the following boundary value problem:

((A+KD)us(x)=—6(x,x5) in Q,
(A—FK%)Mz(x):O in Qz,
(A+x3)uo(x) =0 in Qo,
0

"0 iAoup=0 on T, 2.9)
aVro
10u; 1 dug
ui=uy, ——=——=—=— onl,
£1 aVr fo 81/1“
1 aul 1 E)uz
Uui1=u;, ———=—=—— on S,
\ p1Ovs P2 dVs
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where the total field 1 is the sum of the incident field u' and the scattered field u*, 11y and
up are transmitted fields in )y and (), respectively.
The radiation conditions

2
) ds=0, (2.10)

lim |u?|"+|=—| |ds= lim lua|*+ | ==
r—+0J3B,n0; ov r—+cJ3B,n0, ov

should be imposed in lossy mediums, where v denotes the unit outward normal vector
on the boundary 9B, of the ball B, ={x€R3: |x|<r}.
We consider the following problem.

Scattering Problem: Given an incident field u! which is located at x5 € )y, find
(uo,u1,12) with u* € C*(Q1)NCY () and uj € C3(Q)N C“‘(Q ), (0<a<1),j=0,2, which
satisfy (2.9) and the radiation conditions (2.10), where 11 =u'+u°.

We first prove that the scattering problem has at most one solution, provided the
above mention assumptions are the choice of Kj and 0 j=0,1,2.

Lemma 2.1. The scattering problem has at most one solution.

Proof. Denote by Q;f = (B,N();) the region with boundary 9Q);" = dB,;" US,UT, where
0B," =0B,N() and S, = SNB,. To prove the lemma, it suffices to show that u; =0 in
0;,j=0,1,2 if u' =0. Since u is the solution of the Helmholtz equation in Q;, from
Green’s theorem for piecewise smooth curves [24], we have

u
0:/ [— Vg 202 2] dx+/u1—d5 +/ u1—dS + ula—ldsx, 2.11)
of

where v(y) is the unit outward normal vector on Q). Taking the limit r — +o0 in (2.11),
by (2.10), we arrive at

/Q (V32— 2| 2] dx+/u1 Lds, +/ 15, =0. 2.12)
Vs

Similarly, we also get the identities in (), and ()

auz

0= / [|Vuz|* =13 |ua || dx— a —=dS,
au
— | [[Vua|?—2|usl?]d —p—z/ oM gs,, 2.13
/QZU ua|? —x3|us |?] dx or Js "3y 5 (2.13)

ou ou

0= [ [|Vuel—«2 Zd—/ OdS—/ o210 45,

QOH ug| Ko’”o!] x r awo . oa

:/ [|Vuo|2—K2]u0]2]dx—i/\o/ yu0|2dsx—@ 7. gs,. (2.14)
Q 0 Iy o1 Jr Yoy
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Combining (2.12)-(2.14), we obtain

%/ﬂo(mo\z—xgyuoyz)dH/QI(\wl\z—xﬂulyz)dx

P (19 ) dx—ido L [ fuof?ds =0, 215)
02/, 00 JTy

Taking the imaginary part of (2.15), we have

_f;_(l)cg(,cg)/go\uoyzdx—%(;c%)/gl!m!zdx—ﬁ—;%(’%)/gz\uz!zdx

—ﬂ%(mo)/ 119 d S =0. (2.16)
©o Ty

It follows from %(K}z) >0,3(iAg) >0 and (2.16) that

/ u2dx=0, j=0,1.2, 2.17)
0

which implies that #; vanishes identically in ()}, j=0,1,2, respectively, if u'=0. O

Remark 2.1. The assumption of parameters in studying the scattering problem is neces-
sary. Even for the penetrable obstacle scattering problem, the uniqueness does not hold
for all k; and p;, one can see a simple counterexample in [17].

The following asymptotic behaviors of the fundamental solution are helpful when
analyzing the properties of the integral operator defined on the unbounded interfaces.

Lemma 2.2. For any fixed y € Q);,j=1,2, the Green functions G; have the following asymptotic
behavior:

- an(x,y) an(x,y) asz(x,y)
Gl | 2y ‘ ov(y) ' av(x>av<y>'
SC(exp(—(lﬁig(Kme) s |x| = o (2.18)

Proof. Take the normal derivative of Green'’s functions, we have

AGi(xy) v(x)-(x—y) .
ai/(x) T Tyl (ixj|x—y| 1) Gj(xy), (2.19)

Gi(xy) _ v(y)-(x—y) .
aj/(y) T x—y]? (ixj|x—y|=1) Gj(x,y), (2.20)
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’Gi(xy) [v(x)-v(y)]

wmaly) ey CIYITNGEY)
L )G y)v(y) ()
[x—yl*
X (K]Z]x—y\2—|—3ixj\x—y[—3) Gi(xy). (2.21)

Hence, as |x—y|— +oo, from (2.19)-(2.21) and 3(x;) >0,j=1,2, we have

‘an(x/y)‘ 'an(x/y) &*Gj(x,y) ‘
v (x) v(y) | |ov(x)ov(y)
SC!Gj(x,yMSC[eXp(_,fffﬁ"x_yD]l 02)

where C is a constant independent of x and y. Furthermore, for fixed y € Q]-, j=12, we
note that

]x—y\z% as |x| — oo, (2.23)
hence, the inequality (2.18) can be established by (2.22) and (2.23). O

Lemma 2.3. For the twice continuously differentiable surface

oD :={(x1,x2,f(x1,%2)) |(x1,x2) €R*},
f € BC?(IR?), there exists a positive constant M such that

v(y)-(x—y)| <M[x—y|*, |v(x)—v(y)|<M|x—y]
for all x,y €9D.

For the bounded obstacle, the proof is given in [7, pp. 35]. For the unbounded case,
we can refer to [5, Eq. (5.4)].

3 The boundary integral equations

The method of boundary integral equations has also played an essential role in study-
ing boundary value problems. It has been widely used for solving scattering problems,
especially those defined over unbounded domains, and are required to satisfy radiation
conditions. For the convenience of description, we introduce the following integral oper-
ators:

(Sr)(x)=2 | Golxy)p(y)ds,  xeTy

dGo(x,y)

(Kro)(¥)=2 | Z0r )

¢(y)dS,, x€Ty,
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(Sr, 1) (x 2/Go xy)¢ xeTy,
(Kr, ) (x) =2 agjﬁfy%(y)dsy, xeTy,
(Sr¢) x ( (59) )93y, xer,
(Kro) (x ( S an a2 >¢(y)dsy, xeT,

G e,
o (S R <
(Srro)(x /GO %) (y)ds,, xeT,
(Keryg) )= [ S0 y))sb(y)dsy, ver,
(Kﬁ?oﬁb) (x)= . agjr((x>) ¢(y)dSy, xeT,
(Teng) )= [ 52 2 g(y)ds,, e,
(Sr.s¢)(x /pl G1(x,y)¢(y)dSy, x€rl,
(Kest) ()= [ 5L giy)as,, xeT,
(x40 ()= Sﬁ_;ag;;ﬁzc;)/) ¢(y)dSy, x€eT,
(Test) ()= [ 5oy, e,
S50)5)= [ (610~ Gala) 0w, xes
o [0 B,

(K9) )= [ (520 22 ) yyas,, e,

o 9°Gy1(x,y) B ?Gy(x,y) X
(T“b)(")‘/ (avS< ) >avS<y>>¢(y)dSy' <

(Ssr¢)(x /p Gi(x
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oG (x,
(Ksxg) ()= [ 51 gy as, res,
x oG (x,
(Kilg) ()= [ 12515 gy,
BzGl(x,y) x€S.

(Tsr¢)(x)= m‘l’(!/)dsy,

Theorem 3.1. If (ug,11,uz) is a solution of scattering problem, then it satisfies

o 0G1(xy) _p1uo(y) -
ul(x)—/ [uo<y) aulr(y) p(l) av?( ) Gil )]ds

+/{ 8G1 xy) _ P auz((y) L (x, )]dS +ul(x), xe)y, (3.1)

E)vs PZ 81/5 y)
3G2(x/!/) duz(y) }
__ _ Gy(x,y)|dS,, €My, (32
)=~ [ |1 B T - S as e G2
_ 9Go(x,y)
) == {100 G o y)Gol) s,
9Go(x,y) _duo(y) }
- - Go(x,y)|dSy, €0, 3.3
ot o - S0 Gy ) s, ey (9
and the following boundary integral equations hold:
Au:=(I-KE)u=D, (3.4)

where 1= diag(Iro,Ir,Iﬁ*),Is,Ig*)) is a unit operator matrix

i - (Kro - 1/\0 SFO) _KFO/F SFO/F 0 0
—(Kr,r, —iAoSr,r,) Kr —Sr Kr,s —Srs
—2p0 ) 200 =200 ¢ (x) 200 —200 L (+)
Trr.—iroK T K T K
KE = pl+po< ro—iA0Kf,) piteo T pitpo T pitpe 0 pitpe VS|
0 Ksr —Ssr Ks —Ss
0 22 po o T2 g0 202 po T202 gl
i p1to2 T pitpe2 T pi+p2 p1+po2 0
and ) ) ) _
u0|Fo 0
Ll()’r ul’F
auo 200 ou'
u=|ovr'"|, b=|pi+poovr"
uss u'ls
dup 20, ou'

|s

| dvs [ 01402005
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Proof. For fixed x€ Q))f, applying Green’s second theorem to 17 and G; in the region Q);7,

we deduce that

/am [M(!/)ag]l/((y;’)y) Bul((yy) Gi(x,y) [dSy

- /m u1(y) [AG1(x,y) +x1G1(x,y)] dy

- [Auy (y) +x7u1(y)] G (x,y)dy
= —u1(x)+ui(x),

(3.5)

where v(y) is the unit outward normal vector on dQ);". Take the limit in (3.5) as r — +oo.
By Lemma 2.2, radiation conditions (2.10) and the continuity conditions on S,I', we arrive

at

()= [ i) %) - S, 3 ) as,

+/[ 8G1 xy) Bulgy;Gl( )}dS Ful(x)

avs(y) ovs(y
aGl X, ) p1 auo(y) :|
= —= Gi(x,y)|dS
/[ 81/1" PO aVr<y) 1( y) Y

y)

Similarly, for the transmitted field 1 and u,, we have

o= [ 22, o

o)== [ o) G —ihona(w)Golx) | a5,
bl - m s es xenn

81/5 PZ aVS

From (3.8) and the jump relations, we obtain

o (x) +2 r'o [ (% —iAoGo(x,y)> uo(y)} ds,

aGo x y) auo(y)
2 = To.
+ / |:Ll() 31/1“ 81/1“(]/) Go(x,y) dSy 0, xeIlj

(3.6)

(3.7)

(3.8)

(3.9)
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Let x approach the boundary S in (3.6) and (3.7), respectively. By the jump relations
and the continuity conditions on S, we have

)= [ [10(n) ) LG, 1) s,

2 ovr(y)  poovr(y
+ / { ag;vlsx Y) ﬁ ; gzg; Gi(x ,y)] dS,+ui(x), x€S, (3.10)
%uz(x) = _/5 [uz(y) agvzszc;)/) — gzz g; Gz(x,y)] ds,, x€S. (3.11)

Adding (3.10) and (3.11), we obtain the boundary integral equation

ity L300, s,

-t (et )

duz(y) (p1
~Jvs(y) <sz( )= Gz("’”)]dsyr x€S. (3.12)

Furthermore, taking the normal derivative of (3.6) and (3.7) on S, respectively, by
using the jump relations and the continuity conditions on S, we obtain

1p1 Buz( )

205 9vs(x)
_/|: azGl xy) p1 auo(y) aG1< )]ds

aVS ovs(x)avr(y) podvr(y) ovs( y
?*Gi1(xy) P dus(y) aGl X,y (x)
+/[ 81/5 Jovs(y) p2dvs(y) dvs(x) }dS +a1/s (x) x€S, (3.13)
and
1 aM2<x) _ asz(x,y) B auz(y> an(x,y)
2ovs(x) /S {u (v) Svs(x)ovely) vs(y) ovs(x) ]dsy, x€S. (3.14)

Adding (3.13) and (3.14), we arrive at the boundary integral equation

dua(x) 20 PGi(xy)  p10uo(y) 9Gi(xy)
uo(y) dSy
ws(x) p1+p2/r dvs(x)ovr(y) podvr(y) ovs(x)
20, [u( >< 9°G1(x,y) B ?Gy(x,y) >
p1+p02Js dvs(x)ovs(y) dvs(x)ovs(y)
_ dua(y) <P_1 dGi(x,y) 9Ga(x,y) > ] d4s
ovs(y) \ p2 dvg(x) Ivs(x) y

= , x€S. (3.15)
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Similarly, from (3.6) and (3.8), the corresponding boundary integral equations on I
are obtained

uo(x)+/ro {(M—i/\o(}o(%yvuow)]dsy

avro(?/)
3 G (xvy) aGo(x/y)> _ dup(y) <P1 >]
/F[uO(y)< dvr(y) dvr(y) dvr(y) POG 1xy)=Golxy) | |dsy
9G1(x,y) p1 duz(y) _
_ /5 [uz(y) Svsly) o3 3vely) Gl(x,y)}dsy_u (x), xeT, (3.16)
and
dup(x) 200 9°Go(x,y) .. 9Go(x,y
ovr(x) ~ p1+po /Fo Kavr(x)avro(y)_l)L dvr(x >u0 ]
200 9°G1(x,y) 0°Go(x,y
_Pl+Po/F[uo(y)<aVr( Jovr(y) ovr(x)ovr( )>
 dug(y) (pl dG1(x,y) 9Go(x y ]dS
dvr(y) \po dvr(x) dvr(x v
2p0 azGl(x,y) Pl Buz( )aGl (x,y :|
e [ s Gy e B9
_ 2pp 0u'(x)
=) *eT (3.17)
The proof is complete. U

We used the asymptotic analysis at the singular point to represent the singularity of the
operators, then designed the kernels of operator Tt and T as

9°G1(x,y) 9*Go(x,y) 4 0°G1(x,y) °Gy(x,y)
wr(ovr(y) dvr(@avr(y) T vs(x)avs(y)  vs(x)avs(y)
to ensure the weak singularity.
To simplify the presentation, let us introduce some notations: for 0 <a <1,C%*(S) de-

notes a Banach space of real- or complex-valued bounded uniformly Hélder continuous
functions decay sufficiently rapidly at infinity defined on S, with the norm

x —_
191l con (s) :=sup|@(x)|+ sup M < oo,
x€S x/y:S/ ’x y’
X7y

CH*(S) denotes the set of bounded continuously differentiable real- or complex-valued
functions with bounded and uniformly Hoélder continuous first derivative and decay suf-
ficiently rapidly at infinity on S, a Banach space with the norm

\Y -V
[9llcre(5i=sup (19() -+ [V p(x)]) + sup LT
x€es s y

< 00,
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For surfaces I' and I'y, the Holder spaces are defined as usual, see, e.g., [16].

Theorem 3.2. The densities ur, € CV*(Ty), ur € C*(T), dur /dvr € C*%(T), us € C*(S) and
dus/dvs € C¥*(S) are the solutions of boundary integral equations (3.4), the layer potentials
uj,j=0,1,2, (3.1)-(3.3), in terms of those densities, satisfy the scattering problem.

Proof. For u®€ C?(Q;)NCY*(Q)y) and uj eC(Q )ﬁC“‘(Q ), where 0 <a <1, by (2.8) and
(3.1)-(3.4), we have (A+x2)u’(x) =01in () and (A+K Juj(x) =01in Q;,j =0,2. Hence,
applying Green’s second theorem to 1y and Gp in )y, we obtain

== [ [woy) G- oGy |as,

_/1" [ug(y)agsr(z'g) — g:?g; Go(x,y)] ds,, xeQy. (3.18)

Thus, combining (3.3) and (3.18), we have dug/dvr, —iAguo =0 on I'. Furthermore, with
Lemma 2.2 and (3.1)-(3.2), we can derive the radiation conditions (2.10). From (3.1) and
(3.3) we obtain the following equations:

:%uo . /[uo aclxy) iy auo(y)Gl(x,y)]dSy

dvr(y)  podvr(y)
)9G1(xy) o Buz(y) ;
+/[ ovs( ) pzavs(y)Gl(x’y) dSy+u'(x), xeT, (3.19)

006) = [ [uo) ) i) Got) s,

_/r [uo(y) 9Co(xy) _ duo(y) Go(x,y)] ds,, xel. (3.20)

Add (3.19) and (3.20) together, we get

o+ [ (522 6o ot as,

avro(y)
[, dG1(x,y) 9Go(x,y)\ Ouo(y) (. .
[0 (Gt =)~ serce) (e s Gatsan s,
_ /5 [“2(!/>a§vls<zc;)/) 5;gzzEy;Gl(x,y)}dSy:ui(x), xel. (3.21)

Thus, combining (3.16) and (3.21), we have 1y =u; on I'. Furthermore, from (3.1) and
(3.3), we obtain

2p0 <8u1 (x) 1 01 auo(x) +1 auo(x) >

p1+p0 \ ovr(x) B EE ovr(x)  2dvr(x)



G. Bao and L. Zhang / CSIAM Trans. Appl. Math., x (2023), pp. 1-27 15

L

B /[uo(!/)< G (x,y) 9*Go(x,y) )
P1+p0 JT ovr(x)ovr(y) Bvr )ovr(y)
~ dug(y) <p1 G (x, y ~ 9dGo(x y ]

aI/r(y) Po 81/1“( 81/1“

200 /[ () LG EY)  promaly WGl(x’”}ds

ds,

“orteo Js Y avrmavs(y) ~ p2avs(y) ovr(x)
i
_ 200 owlx) o op (3.22)
p1+po dvr(x)
By combining (3.17) and (3.22), we have
200 <8u1(x) ~ 1p1 dup(x) +18u0(x)> _ dup(x) (3.23)
p1+p0 \ovr(x) 2podvr(x) 20dvr(x) dvr(x)’ '
which implies that
1 ou; 1 dug
— 280 on T
p10vr  poovr
Similarly, we can obtain that 1; =u, and
Lom _1du o
P10Vs 02 Vs '
The proof is complete. U

4 The well-posedness of boundary integral equations

In this section, we study the well-posedness of the scattering problem by the boundary
integral equation method.
4.1 Compactness of integral operators

We assume that the boundary I'g and I" have the parametric form

Lo:={x(t1,t2) = (x1(t1,t2),x2(t1,t2),x3(t1,12)), (t1,t2) € [0,71] x [0,271] },
[:={#(t1, ) = (R1(t1,t2), %2 (t1,12),%3(t1,12)), (t1,£2) €[0, 7] x [0,271] }.

Forxel'yand T, set

ry (1) =/ |, [ <xtz| —(x,x1,)%
Ptk = 202 2 — (%1, 2)
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respectively, where

dx1(t1,t2) 0xa(t1,t2) ax3(t1/t2)>, i=1,2.

f == f t It = 4 4
*, =% (fut2) ot ot; ot

Denote the interface by
S:={x=(x1,%,f(x1,%2)), (x1,%2) ER?},

and set

] xl/xz \/1+|fx1|2+|fX2’2

Lemma 4.1. The operators Kr, —i/\OSro,Sr,Kﬁ*),Tr,S S,Kg*),Ts are the weakly singular inte-
gral operators, and the other integral operators in A of (3.4) have no singularity.

Proof. For x€T'y, we have
[(Kro—i)\osro)uo] (x(tl,tz))

:/ZH/”Kerro(x(tl,tz),x(rl,rz))uo(x<~;1,-[2))d71d1.2
27 Vro (T1,T2)).(x(tl,tz)—x(rl,rz)) . ‘
_/ / [< |x(t1,t2) —x(11,T2)]2 (1K0’x<f1/f2)—x(f1,rz)\—1)—1/\0>

eiko|x(t1,t2) —x(T1,72) | i y
x T1,T2) | Up(x(11, T odo. ‘
\x(fl,tz)—x(ﬁ,rz)\]rf)( 1,72) | to(x(T1,72) ) dTd T (4.1)

For all x(t1,t2),x(71,72) €T and x(t1,t2) #x(11,T2), by Lemma 2.3, the integral kernel
Kerr,(x(t1,t2),%(71,72)) has the following estimate:

C

Kerr, (x(t1,t2),x(11,T < . 4.2
‘ Fo( ( 1 2) ( 1 2))‘ ’x(tl/t2)_x(TerZ)| ( )
For all x€T', we consider the following operators:
dug . 2m T dug (x(Tl,Tz))
[Sra } (x(t1,t2))—/ / Kerg, (x(t1,t2),x(1'1,1'2)) Bvr(x(rl,rz))dTldTZ
21 1 / po)elx(tut) —x(tm)| _pinolx(ty,f2) —x(n1,72)|
_ / / { ((p1/p0) ) ()

4 |x(t1,t2) —x(71,2) |

do(¥(11,72)) 4 4. 43)

X
ovr(x(t,))
For all x(t1,t2),x(11,72) €T and x(t1,t2) #x(11,2), Kers, (x(t1,t2),%(11,72) ) has the follow-

ing estimate:

C
|Kel‘sF (x(tl,tz),x(T1,T2)) <

< |x(t1, ) —x(T1,2) | (4.4)
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Similarly, we can prove that Kerk, (x(t1,t2),x(71,72)) has no singularity, and for all
x(tl,tz),x<T1,T2) ef,x(t1,t2) #x(ﬁ,l’z), KerK(r*>(x(t1,t2),x(T1,T2)),KerTr (x(tl,tz),x<T1,T2))

have the following estimate:

C
Ker. . (x(t1,t2),x(11,12)) |, |Kert. (x(t1,£2),x(T, T < . 4.5
| wo (x(th2),x(1,12)) T (*(t,12) (11, 2)) | R h) - ()] (4.5)
For x €S, we consider the operator Tg
[Tsuz)(x) = K /ﬁ Kerrg (x,y)u2(y)dy1dys, (4.6)

where

Kerr, (x,y) = { — % <(i1c1 lx—y] _1)em|x—y\ — (2| x—y| _1)ei;<2\x—y|)

[v$<x)-(x—-y)HVS(y)-(x-—y)][(K%tx_qnz_%3hﬁwx__y,__3)emnxy

- Irlx—yl?

. e 1
_(K%’x—y‘2+3l7<2’x—y’—3)€K2| y]}]s(]h,yz)w- (4.7)

From Lemma 2.3, we have

|Kerr, (x,y)| < C{W ‘ (irc1 |x —y| _1)eiK1|x—y\ — (i |x—y] _1)ei;<2\x—y|‘

+ ‘ (K%|x—y|2+3iK1 ’x—y| _3)eiK1|x—y‘
1
x—yl’

—(K%]x—y|2+3ilex—y]—3)6“‘2"‘y‘} (4.8)

Taking the limit y; — x;, j=1,2 for the right-hand side of (4.8) in the braces, we have

lim {ﬁ ‘ (ircr [x—y| —1)eix1|xfy\ — (ixa|x—y| _1)ei;<2\xfy|‘

Y1 — X1

y24>x2

+ ‘ (K%‘x_y’2+3i7(l ‘x—y‘ _3)eiK1\x—y|

_ (K%IX—y|2—}—3iK2’x—y’ _3) pikelx =yl

y { (ixleixﬂx—y\ _iK2eiK2\x—y|) (eiK1|x—y\ _eiK2|x—y|)
= 1m J—
yon [x—y| [x—y[>

+ ‘ (K%\x_y,2+311<1 |x—y| _3)eiK1\x7y|
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_ (K%’JC—y|2—}—3iK2’x—y’ _3) pikelx—y| ‘}

(11 —12) — (1F —13) [x —y| — (1/2) (1] —13) |x—y >+ O(|x—y )

:y}ig}cl lx—y|
y24>x2
il —r) [x—y| = (1/2) (1 —3) |[x—y [P = (1/6) (1] =) [x—y P+ O (Jx—y|*)
x—yl?
1, >
:§|K1—K , (4.9)

which implies that, for all x,y € S, x #y, Kerr, (x,y) has the following estimate:

Kerr, (x,y)| < . (4.10)
[Kerr (x,y)| ]
Similarly, for all x,y € S, x #y, we also can prove that
C
|Kers, (x,y)|, ]KerK(S*>(x,y)] < =yl (4.11)
and Kerk, (x,y) has no singularity. O

The continuity properties for some integral operators in Holder spaces have been
considered with the analysis of singular convolutional integral operators in [15], [16, Sec-
tion 7], [7, Section 2]. For the integral operators defined on unbounded domain S, we
should consider the asymptotic properties of the kernels at the infinity. We note that
the exponential decay properties of the Green functions at the infinity which proved in
Lemma 2.2 play a key role in proving the following results.

Theorem 4.1. For 0 <a <1 and S € C?, the operators Ss,Ks map C**(S) continuously into
CY(S), and are compact from CO%(S) into itself. The operators K\ and Ts are compact from
CO%(S) into itself.

Proof. Since the proofs are similar for these operators, we show the details for the opera-
tor Ks. For fixed x € S and V¢ € CO*(S), we have

B 9G1(x,y) 9Ga(x,y) _y
[(KS—KSZL)‘P] (x) _/5\52L< a1js<y) B ajS(:'/) )‘P(y)dsy_glj

( y )X( ’ ) ( L,L)X(L, ) (L, )X(L, )
( , L)X( L,L) (L, )X( L,L) ( oo, )X( o, )
[/— —00,— // —+o00 —00,— >
( L,L)X( ', L) (L, )X( , L)

X¥ (x,y1,92,f (y1,42) ) dyadys, (4.12)
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where SZL:{xGS]—L<x]-<L,j:1,2},

IGi(xy) 9Ga(xy)
( s (y) s(y) >¢(y)

By Lemma 2.2, for fixed x€ S, let L — +oc0, we have |x]- —L|—+400,j=1,2, and

IGi(xy) 9Gy(x,y)
L[ < //(OO,L)X(M) < ds(y)  dvs(y) > v

Y (xyry2 f(y1y2)) =

] Js(y1.y2)-

v3=f(y1,y2)

ya=f(y1y2)
x Js(y1,y2)dy1dy>
oo r=L fexp (—(1/2)S (1) |y
<clols [ ( Stealob
L - y y3=f(.y2)
—(1/2)S
+eXp( (1/2)S(x2)yl) )dyldyz
1yl ya=f(y1y2)
oo oL eXp<—(1/2)1% yit+v3
<Clgl [ [ — dy1dys
- yity;
1 oo p—L 1A 1A
<Cliglle| 7 /L __exp{ —gRln| Jexp | —5Rly2| |dyidyz
1 +o0 1. —L 1.
=Cligle (7 )| [ exp (—&lwal e | [ exp(=g#lnl )am
4\*/1 3
=cliol~ ) (zov(31))
SC\\ql)]]oo(%exp(—gL)) — 0 as L — +oo, (4.13)

where C > 0 is a constant independent of L, & = min{SJ(x1),3(x2)} > 0. Similarly, for
j=2,...,8, we may also show that

<Clglls (1o (-52)) = 0 a5 L > 4 1)

Combining (4.12)-(4.14), we obtain

A

8
H(Ks—Ks2L)4>](x)|SZ%]IASCH(PHOO(%exp(—%L)) — 0 as L — +oo, (4.15)
i=

which implies that

A

H(KS—K52L)¢HOO§CH4>HOO(%exp(—%L)) 0 as L— 4o (4.16)
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Note that

[Vx(KS(P) <x)] - [VX(KSZL¢) (x>]

_ G (x,y) B 9G(x,y)
B S\Sa1, Va < 81/5(]/) a1/5<y) ><P(y)d5y

For fixed x € S, by Lemma 2.2, similar to (4.13) and (4.14), we obtain

(4.17)

|(VxKs—VKs, )¢|leo <C|lp]|oo <%exp<—§L>> — 0 as L — +oo. (4.18)

Furthermore, for fixed x,X¥ € S and x # &, similar to (4.12), we define

Vi ((Ks—Ks,, )¢) (x) — Vi ((Ks—Ksg,, )p) (%) := X;fj. (4.19)

8
j=1

From the Mean Value Theorem and Lemma 2.2, when L — +c0, we have |x; — L| — oo,
]J?]-—L] —+00,j=1,2,and

v () ()|
ceXp(_(l/;')%(K")‘yD\x—xy as L — +oo. (4.20)

Hence, from (4.20) we obtain

L] < //
(—o0,—L) X (L,+c0)

7o ot )

o (3Gi(xY) G(xy)
V"( dvs(y)  dvs(y) )](P(y)

v3=f(y1.y2)
x Js(y1,y2)dy1dy2

oo oL eXp(—(l/Z)k\/y%w%)
<C —X dy:d
= ”‘PHOO,x x‘ L \/ﬁ Y1dy2
- yity;

<C|P]oo|x—%| (%exp<—§L>> — 0 as L — +oo. (4.21)

Similarly, for j=2,...,8, we have

s 1 s
i< Cllplolx—3l (foxp(~42)) = 0 as L= o @22)
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For 0 <a <1, combining (4.19)-(4.22), we obtain

|V ((Ks—Kar)¢) (x) = Vi ((Ks —Kar)¢) (%)

|x— %[

<C(lx—2"%) ¢ ]loo (%GXP <‘Z >>

<ct gl (e (-3t ) )

:C||¢|\00<L“exp<—ZL>> — 0 as L — +oo. (4.23)

=

For 0<a <1 and V¢(x) € C*(S), by (4.16), (4.18) and (4.23), it can be deduced that

[ (Ks —Ks,, )| crags)
=||(Ks—Ks,;, )P[0+ [ V2 (Ks—Ks,; )Pl 0

1 sup 1 Vx((Ks=Ks )9) () = V= ((Ks —Ks, )9) (¥)]

x,X€S ]x—ic\”‘
x#£X
gc<L—“exp (—ZL)) 50 as L — oo, (4.24)

which implies that Ks,, is convergent to Kg as L — +oco. We can find the compactness of
the related finite truncation operator in [15,16]. Therefore, we obtain that the operator

K is compact. Similarly, the operators S S,Kg*) and T are compact. O

4.2 Existence and uniqueness

Let X be a product space, i.e.,
X:=CY(Tg) x CY*(T') x CO*(T) x C1*(S) x C**(S).

From Lemma 4.1 and Theorem 4.1, we find that the system (3.4) is of the Fredholm type.
Consequently, a unique solution to (3.4) exists if the corresponding homogeneous system

Ap=0 (4.25)
has only the trivial solution.

Theorem 4.2. There exists a unique solution of the boundary integral equations (3.4) in the
product space X.
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Proof. Proof by contradiction. Let (ur,,ur,dur/ovr,us,ous/ov 5)T be a nontrivial solution
of the system (4.25), where ur, € C1*(T), ur € C*(T), dur /dvr € C*%(T), us € C+*(S) and
dus/dvs € CO4(S). Define the following functions by, respectively:

_ ([ 261 (xy) _ pr0ur(y)
wl(x)_/[ a2 vr(y)  podvr(y )Gl( )}ds
1961 x/y) _ P19us(y)
+/[ 3vs(y 0 a1/S<y)G 1(x y)]dSy, xeQ)y, (4.26)
_ 9G (x,y) dus(y)
wz(x)——/s [us(y) 81/25(y) _avi(]/) Ga(x, y)} ds,, xey, (4.27)
and
: 9Go(x,y) .
A Gar ) oot J oo
1, dGo(x,y) dur(y) X _Jwo(x), if xeQy,
S vy o ’y)}ds}’_{wax» it xep, O
which satisfy
1 owy(x) 1 dwo(x) on
w1 (x) =wp(x), o1 9vrx) 9o dvr () T, (4.29)
1 owi(x) 1 owa(x) on
w1 (x) =wy(x), o vs(x) 2 vs(x) S. (4.30)

By the properties of the single-layer and double-layer potentials and I'y,I',S € C?, we
know that w; € C*(Q);)NC*(Q);),j=0,1,2, and Wy € C>(D)NC*(D). Clearly, it follows
from (2.8) and (4.26) that:

Awy (%) 111 (%)
_ F[MWa(AxGl(xéyv)JﬁGl<x'y))_z_; gz;gi (AcG1(x,y)+2Ga(x,9)) | ds,
+ / {us( )a(AxGl(xéyvlﬂ(Ly’;%G1<x,y))
—‘;—;gﬁgi (AxG1(x,y)+K%G1<x,y))} dS,=0 in (. (4.31)

Similarly, w»,wo, Wy are also the solutions of the homogeneous Helmholtz equation in
their respective domains. Furthermore, with Lemma 2.2 and (4.26)-(4.27), we can derive

I w2+ 24 Nasmo, j12 (4.32)
r koo 3B,NQ; “J o R e '
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Letting x tend to the boundary I'g from D and () in (4.28), respectively, then, it follows
from the jump relations and (4.25) that:

an(x) =g ) [ [ (G222 —inotaly) ) ur, )] s,

[ B S ot as,

1 Ju
==3 {(IFO-FKFO iAoSr, ) ur, +Kr, rur —Sr,r avﬂ (x)=0, xe€Ty, (4.33)
_1 dGo(%,y) .
ZUO(x) - 2uro<x) ~/1“0 |:< 81/1"0 <y) leG()(x,y) ur, (y) dsy

G R S s
aur

1
=ur, (x)—i |:(Ir0—|—Kr0 IAQSr)uro—FKrO TUr— Sro ra r] (x)
=ur,(x), x€Ty. (4.34)

In addition, since Atg+x3@y =0 in D. Combining (4.33) and J(x3) >0, by using
Green'’s first theorem, we have Wy=0in D. In particular, 0@y /dvr,=0 on I'g. On the other
hand, using (4.28), we deduce that the normal derivatives of @, wy on I'y, respectively, as

_ oo(x)  —idour,(x) 9°Go(x,y) ., 0Go(x,y)
T I W Cre e e e L
B PGo(xy)  dur(y) 3Go(x,!/)}
J ) oty Surcs) Bonc 85 x€T (439
and
dwg(x) iAg 9?Go(x,y) ., 0Go(x,y)
TR R R | € st e DL
. PGo(xy)  dur(y) aGo(x,!/)]
J g ooty Surte) ponc )8
:i/\ouro(x), xel. (436)
Then, combining (4.34) and (4.36), we find
gZO((i))—iAowo(x):o on To. (4.37)

In (4.26) and (4.27), letting x tend to the boundary S, respectively, then by the jump
relations we find that

1 aG1 X !/) ~ p19ur(y)
)=~u +/{ Gi(x,y)|dS
2 S aVr Po aVr<y) 1( y) y




24 G. Bao and L. Zhang / CSIAM Trans. Appl. Math., x (2023), pp. 1-27

[ Sy fas,  xes e
ws(x) = %us(x) - /S {us(y) agvz gzyyj) _ gzz g; Gz(x,y)} ds,, xes. (4.39)

Hence, it follows from (4.25), (4.38) and (4.39) that:

w1 (%) +wa(x)

aGl x!/) p1 9ur(y)
=us(x +/[ur ovr(y Poavr<y)Gl(x’y) 45y

i (2SS0 040 - )

ou dus
=2ug(x)— {_KS,WH-SSIB—VE%—(Is—Ks)us%—Ssm] (x)

=2ug(x), x€S. (4.40)

Furthermore, using (4.26) and (4.27), we deduce that the normal derivatives of wy,w»
on S, respectively, as

dwi(x) _ 1p1 dus(x) PGi(xy) o dur(y) IGi(x,y)
dvs(x) 20y 9vs(x) /F{ r )avs( Jovr(y) podvr(y) ovs(x) ]dsy

82G1 x,y) Pl aus y aGl X,y
441
+/ [us v) dvg(x)ovs(y) p2dvs(y) dvs(x } €S (4h

owa(x) _1dus(x) [ PGy (x,y) _au5<y) 3G, (x,) i
dvs(x) 20vs(x) /s[ sy vs(x)ovs(y) ovs(y) ovs(x) ]dS , XE5. (442)

Then, it follows from (4.25), (4.41) and (4.42) that:

dwy(x) dwy(x)
dvg(x)  dvs(x)

p1t+p20us(x) p1t+p2 202 202 (+)OUr
= - - Tsrur+ KT
02 aVS(x) 202 01+ 02 STHEL 01+02 S'Favr
202 (), 202 <*>>3us
———Tsugs+ (I '+ K — | (x
o2 (5 pr+po2 ° ) avs ()
p1-+p02 dus(x)
— . xes, 443
0 ovs(x) @)
Considering

1 awl . 1 8w2

w1|5:w2|5, paT _P_za—l/ss
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in (4.30), then from (4.40) and (4.43), we have

owi(x)  p10wy(x)  pgdug(x)

w1 (x) =wy(x) =ug(x), vs(x) 02 9vs(x) 2 dvs(x)’ x€S. (4.44)
Similarly, we obtain
w1 (x) =wo(x) =ur(x), dwi (x) _ o1 9wo(x) _ 1 duir () xel. (4.45)

dvr(x)  podvr(x) podvr(x)’

The above analysis shows the (wp,w1,w>) is a solution of the following problem:

((A+13)w;(x) =0 in Q,
(A—FK%)ZUz(x):O in ),
(A+x3)wo(x) =0 in Q,
0

D0 irgwy=0 on T, (4.46)
aVro
10w, 1 dwy
w=wy, —=——=—=—— onl,
p10vr  po Ovr
10w, 1w,
Wi=w;, ——=——=—=— onsS
\ p10vs P2 0V

with the radiation conditions (4.32). Therefore, by Lemma 2.1, we obtain w;= 0,j=0,1,2.
Thus, from (4.34), (4.44) and (4.45), we have shown that the homogeneous system (4.25)
has only a trivial solution, this is

ou
“1”0:0/ uFZOI #: ’ uSZOI
T

aus .

o (4.47)

Consequently, due to (3.4) is Fredholm integral equations, a unique solution to (3.4) ex-
ists. The proof is complete. O

Then, the well-posedness of Scattering Problem follows immediately from combining
Theorems 3.1, 3.2 and 4.2.

5 Concluding remarks

The goal of this work is to conduct mathematical modeling and analysis of the acoustic
scattering by three-dimensional core-shell structures in a two-layered medium. It is mo-
tivated by the acoustic scattering from underwater or aerial layered obstacles. We have
derived a scattering model under the weak absorption (damping) medium assumption.
An integral equation method is developed for solving the scattering problem. Compared
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with the usual potential operators in the classical obstacle scattering problem, our in-
tegral operators must be defined on an unbounded interface. The properties of these
operators are established from the asymptotic properties of Green’s functions at the in-
finity. Furthermore, to reduce the singularity of the integral operators, a novel bound-
ary integral equation formulation is introduced for the scattering problem that leads to
an equivalent well-posed integral operator system. The well-posedness of the scattering
problem is proved by combining the integral equation operator theory and a variational
technique.

One future direction is to develop numerical methods for solving the scattering prob-
lem. The integral equation method developed here may be used to serve the purpose.
The numerical analysis may also be studied. Another direction is to solve the scattering
problem by more general core-shell structures in a layered medium, particularly more
complex class of structures with general damping coefficients or viscoelastic core-shell
structures. In fact, the anisotropic medium model involved in describing core-shell scat-
tering in a heterogeneous atmosphere is more complex. More general plasma shell mod-
els need to introduce the nonlinear Boltzmann transfer equations.
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