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Abstract. A three-level linearized difference scheme for solving the Fisher equation
is firstly proposed in this work. It has the good property of discrete conservative
energy. By the discrete energy analysis and mathematical induction method, it is
proved to be uniquely solvable and unconditionally convergent with the second-
order accuracy in both time and space. Then another three-level linearized com-
pact difference scheme is derived along with its discrete energy conservation law,
unique solvability and unconditional convergence of order two in time and four in
space. The resultant schemes preserve the maximum bound principle. The analysis
techniques for convergence used in this paper also work for the Euler scheme, the
Crank-Nicolson scheme and others. Numerical experiments are carried out to verify
the computational efficiency, conservative law and the maximum bound principle of
the proposed difference schemes.
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1. Introduction

The Fisher equation belongs to the class of reaction-diffusion equation: in fact, it
is one of the simplest semilinear reaction-diffusion equations, the one which has the
inhomogeneous term

fluy,z,t) = du(l —w),

which can exhibit traveling wave solutions that switch between equilibrium states given
by f(u) = 0. Such equation describes a balance between linear diffusion and nonlinear
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reaction, and it occurs, e.g., in ecology, biology, physiology, combustion, crystallization,
plasma physics, and in general phase transition problems. Fisher proposed this equa-
tion in 1937 to describe the spatial spread of an advantageous allele and explored its
travelling wave solutions [6]. In the same year as Fisher, Kolmogorov et al. introduced
a more general reaction-diffusion equation [9].

The wider use of this equation in many applications of engineering has been found
by researchers. There have been many numerical and approximate methods in the
literature to solve this equation, such as the finite difference method, the collocation
method, the finite element technique, the wavelet Galerkin method, the pseudospec-
tral method, the various differentiation quadrature method and so on. Here we mainly
recall some relevant discretizations based on finite differences. In 1985, Aggarwal [1]
compared various difference numerical methods for solving the Fisher equation, in-
cluding the standard implicit, the quasi linear implicit, the time-linearization implicit,
the Crank-Nicolson implicit, the predictor-corrector explicit and two forms of operator-
splitting schemes, by the technique of plotting an optimized error-norm versus CPU
time. The conclusion that the two-step operator splitting procedure is the most ef-
fective method has been drawn. A highly accurate finite difference approach for the
second-order spatial derivative in conjunction with a TVD-RK3 method in time was pre-
sented to solve the Fisher equation in [2], but there was no any theoretical analysis on
the derived scheme. Hasnain et al. [8] discussed three difference schemes for solving
the Fisher equation: the forward Euler central space scheme, the Lax Wendroff central
space scheme and the nonlinear Crank-Nicolson scheme, then the Richardson extrapo-
lation technique was used to improve the numerical accuracy. The Neumann stability
analysis was made for the linear form of the resultant difference equation. Chandraker
et al. [3] proposed two implicit difference schemes to solve the Fisher equation: one
is the modified Crank-Nicolson scheme and the other one is the modified Keller box
scheme, where the nonlinearity is handled by the method of lagging. The accuracy and
stability of the proposed schemes are both discussed based on the numerical experi-
ments.

The considered equation (1.1) is a semilinear parabolic equation and satisfies the
maximum principle, or say the maximum bound principle (MBP), i.e., the solution has
the range in the set [0, 1] at any time if the initial and boundary values have the same
property. Such a problem has been discussed under a systematical framework in [5]
along with some provable MBP-preserving numerical schemes. It is always expected
that discrete numerical formats have this property. The authors in [10] pointed out
that there are few works to study the capability of the numerical methods for solving
the Fisher equation to preserve the structure of solutions although abundant numeri-
cal schemes can be found in the literature. They proposed a finite difference scheme
in a logarithmic form based on the logarithmic form of the continuous model and
showed that the scheme can preserve the positivity, the boundedness and the mono-
tonicity of the numerical approximations. The accuracy is of order 1 in time and order
2 in space. Sun et al. [14] constructed several difference schemes to solve the Fisher
equation and analyzed some conditions to preserve the boundedness and monotone
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property of these schemes. In [4], the authors mentioned that although mathematical
properties of Fisher’s equation and plenty of discussion are available in the literature,
majority of them do not address the important properties such as stability analysis, or-
der of convergence and consistence of the underlying numerical method. They derived
a compact difference scheme to solve the Fisher equation, which has the fourth-order
accuracy in space. The stability was shown by the von-Neumann’s method and the
Richardson extrapolation to the sixth-order accuracy in space has been made. Gao and
Yang [7] established two finite difference schemes, where one is explicit-implicit (E-I)
and the other is implicit-explicit (I-E), and provided the convergence analysis, whereas,
a coarse assumption on the nonlinear term has been made for the analysis.

In [19], the authors constructed high-order energy dissipative and conservative lo-
cal discontinuous Galerkin methods for the Fornberg-Whitham type equations. Then
they gave the proof for the dissipation or conservation of related conservative quan-
tities. The capability of their schemes for different types of solutions was shown via
several numerical experiments. Ranocha et al. [11] developed a general framework
for designing conservative numerical methods based on summation by parts opera-
tors and split forms in space, combined with relaxation Runge-Kutta methods in time.
They applied this framework to create new classes of fully-discrete conservative meth-
ods for several nonlinear dispersive wave equations. Wu et al. [17] considered the
Crank-Nicolson Fourier collocation method for the nonlinear fractional Schrodinger
equation, which has the second-order accuracy in time and the spectral accuracy in
space. They proved that at each discrete time the method preserves the discrete mass
and energy conservation laws. Zhang and Sun [18] studied a linearized CCD method
with weighted approximation in time for nonlinear time fractional Klein-Gordon equa-
tions. The method can achieve at least sixth-order spatial accuracy and second-order
temporal accuracy. As we know, linearization is a common technique for solving non-
linear problems numerically, which can simplify the calculation of nonlinear problems,
so that, it is meaningful to consider a linearized conservative numerical method for
nonlinear problems.

In this paper, we consider the following initial-boundary value problem of one-
dimensional Fisher equation:

Up — Uz = Au(1 — u), O<z<L, 0<t<T, (1.1)
u(z,0) = ¢(x), 0<z<L, (1.2)
uw(0,t) = a(t), wu(L,t)=p6(t), 0<t<T, (1.3)

where ) is a positive constant, functions ¢(x), a(t), 5(t) are all given and ¢(0) = «(0),
©(L) = p(0). Suppose that the problem (1.1)-(1.3) has a smooth solution. To the
authors’ knowledge, no conservative finite difference scheme has been discussed in the
literature for the numerical solution of (1.1)-(1.3). This work will make some efforts in
this respect and two conservative three-level linearized finite difference schemes will
be derived, analyzed and numerically verified. The major contribution of this work
lies in the construction of two conservative and linearized finite difference schemes
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together with the rigorous analysis on the conservative property, the unique solvability
and unconditional convergence in the maximum norm.

The rest of this work is organized as follows. Section 2 gives a priori estimate on
the continuous problem and prepares some notations and useful lemmas. A three-level
linearized difference scheme is derived in Section 3 along with its conservative prop-
erty, unique solvability and unconditional convergence. Section 4 devotes to another
three-level linearized compact difference scheme. Three numerical experiments are
implemented to test the numerical accuracy, discrete conservative law and the MBP of
the proposed two difference schemes in Section 5. A brief conclusion ends this work
finally.

2. Some preparations

Before introducing the difference scheme, a priori estimate on the solution of the
problem (1.1)-(1.3) is given.

Theorem 2.1. Let u(x,t) be the solution of the problem (1.1)-(1.3) with «(t)=0, 5(t) =0.
Denote

E(t) = /OL u?(x, t)dx + 2/0t {/OL ul(z,s)dz + )\/OL [u? (2, 5) — u%x,s)]dx} ds,
F(t) = /OL u?(x,t)dx + A/OL [%u?’(x,t) - uz(x,t)} dx +2/0t UOL ui(x,s)dm] ds.

Then
E(t) = E(0), F(t)=F(0), 0<t<T. (2.1)

Proof. (I) Multiplying (1.1) by u gives
w(z, t)ug(x, t) — u(x, t)ug (z,t) + )\[u3(x, t) — u?(x, t)] =0,

that is

1d

C¥ T, [u?(z,1)] — (ulz, t)ug(2,1)), +ui(@,t) + A[ud(z,t) — u?(2,t)] = 0.

Integrating this equation with respect to z on the interval [0, L] and noticing (1.3) with
a(t) = B(t) = 0, we have

1d L L L
—— w?(x, t)dx + / u?(z,t)dx + )\/ [us(az, t) —u’(x, t)]dz =0,

which can be rewritten as

% {/OL u?(z,t)dz +2/0t UOL uZ(z, s)dz + A/OL (v’ (z,s) — uz(x,s))dx] ds} =0.

Then E(t) = E(0) is obtained.
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(ID) Multiplying (1.1) by u; gives
uf (2, 1) — ug (2, ) Uge (x, 1) — AMu(z,t) — u2(ac,t)]ut(:6,t) =0,

that is

W2 (1) — (g, s (2,1)), + (%@@,ﬂ)t +A Eu‘?’(a@,t) - %uQ(ac,t)L 0.

Integrating this equation with respect to z on the interval [0, L] and noticing (1.3) with
a(t) = B(t) = 0, we have

1d L

2 d [F11 4 L o by
—— us(x,t)de + A\— —u’(z,t) — —u®(x,t) | do + uj (x,t)dr =0,

at J, |3 2

which can be rewritten as

% [/OL 2 (x, t)dz + )\/OL <§u3(x,t) - u2(:r3,t)> dz + 2/: </OL ug(;g,s)dx> ds] — 0,

that is

Thus, F(t) = F(0) is followed. O

It is noted that these two invariants have their physical meanings: when u repre-
sents concentration, E(t) reflects total mass or total number of particles, and when u
represents potential, F'(¢) can be understood as the potential energy.

Remark 2.1. Equipped with the time-independent Dirichlet, the homogeneous Neu-
mann, or the periodic boundary condition, (1.1) can also be viewed as the L? gradient
flow with respect to the energy functional

E()—/L 1( )+ A L Le)la (2.2)
R PA 3" T o ’
and thus satisfies the energy dissipation law in the sense that
dE(u) _ (6E .
a \ouw™) "~

where §JF /ou is the variational derivative of the energy functional E(u). Indeed, the
energy dissipation law can also be obtained from the proof for F'(t) = F'(0).

2
<0

fi— )

oF
ou

In order to derive the difference scheme, we firstly divide the domain [0, L] x [0, T]].
Take two positive integers m, n. Divide [0, L] into m equal subintervals, and [0, 7] into
n subintervals. Denote h = L/m,7 = T/n;x; = ih,0 < i < m;ty = k1,0 < k < n;
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6
Qp = {z;]0 <i <m},Qr = {tx |0 < k < n};Qr = Qp x Q. In addition, denote
r =1/h%.

Define the mesh function spaces

Uy, = {u|u = (ug,u1,- - ,up) is the grid function defined on €},

Zjlh:{u\ueuh,uozumzo}.

For any grid function u € U, introduce the following notation:

1
OgUyy 1 = E(“iﬂ - u;),
1
2
(qui = E(&xul+% - 5mui7%),
1 .
(Au) = 4 Tt T 100 Fuiy),  1<i<m—1,
.=
Ui i=0,m.

o
For any u, v € Uf}, introduce the inner products and norms (or semi-norms) as

1

m—1 m—1 2

(u,v) = h Z Vg, llu|| = <h Z uf) ,
=1 z;l %
lelloo = max fu, july = (hZ (@ui_%f) 7

0<i<m

NI

(uau)l,A - _(A_15§u7v)7 ‘u’LA = ((U,U)LA) .

Denote

S, ={w|w = (w’,w!,---  w") is the grid function defined on ,}.

For any w € S, introduce the following notation:

1 1
whtE = _(wk +wk+1)7 wk = §(wk+1 +wk—1)7
1 1
5twk+% = —(wk'H - wk), Ak = 2—(wk+1 — wk_l).
T

It is easy to see that
1
Ak = 5(5twk_% + 5twk+%).

Lemma 2.1 ([12,15,16]). (a) Suppose u,v € Uy, then

m—1 m
—h Z (5§u,~)vi = hz (5xui_%) (5$vi_%) + (5wu%)v0 — (5xum_%)vm.
i=1

i=1
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(b) Suppose u € Zj{h, then

m—1 \/_
L L
3w = fufl, e < bl < b,
i=1

V6
lAull < Jlull, ul < fulra < <[l

(c) Suppose u € Zj{h; then
o _ 4 2
jul} < ol
Next we will give several commonly used numerical differential formulas.
Lemma 2.2 ([15]). Let ¢, h be given constants and h > 0.

(a) Ifg € C?[c — h,c+ h], then

2
g(c) = %[9(0 —h)+g(c+h)] - %g”(&), c—h<& <c+h

h2
~g"(&), c—h<&<c+h

g(c) = 5rlolc+h) — gle— )~

(c) If g € C*[c — h,c+ h], then
h2
§'(€) = pglole + 1)~ 29(0) + gle — M) ~ T gD(E), c—h<E<cth.

(d) Ifg € CYc — h,c+ h], then

Lig(c—h)+100"() + ¢"(c + )]

12
h
= Elofe+ 1) ~20(0) + gl ~ W) + 1sg(€), - h <& <cth

Now we introduce an important Gronwall inequality.

Lemma 2.3 ([15]). Suppose {F"f}gc’:0 is a nonnegative sequence, ¢ and g are two non-
negative constants satisfying

FFU<(U4en)Fr +19, k=0,1,2,...,

then
F’fged”<F0+Q), k=0,1,2,... .
&
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3. A three-level linearized difference scheme

This part will focus on an unconditionally convergent and conservative difference
scheme for solving (1.1)-(1.3) with the convergence order O(7% + h?).

3.1. Derivation of the difference scheme
Define the grid function U = {Uf |0 <i<m,0<k<n}onQ,, where

UF = u(zity), 0<i<m, 0<k<n.

(2

Denote

co = max |u(z,t)]-
0<t<T

Considering Eq. (1.1) at point (z;,t;/5), we have
ut(xi,t%) — um(xi,t%) = A[u(mi,t%) — uQ(xi,t%)}, 1<i:<m-—1.

By the Taylor expansion, we have

u(zi, to) = u(%t%) - g“t(%t%) (™),

) = aoniy) + Suonty) + 0%,
or

u(xz,tl) = u(x;, tg) + %ut(xmt%) (7'2)7

u(zi,ty) = u(w;, t1) %Ut(xutl) +0(r%)
Consequently,

T T
u? (mi,t%) = [Uio + iut(xi,t%) + (’)(72)} [Uil — iut(xi,t%) + (’)(72)]
= UU! + O(?).
By Lemma 2.2 and the above equality, we get
1 1 1
SUP — S2UP = A(Uf - U?U}) YRS, 1<i<m—1, (3.1)
where there is a constant ¢; such that
(R)}| <er(r®+h7), 1<i<m-—1. (3.2)
Considering Eq. (1.1) at point (x;, tx), we have

(X, t) — Uge (T4, ) = )\[u(azi,tk) — u2(xi,tk)], 1<i<m-1, 1<k<n-1.
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By Lemma 2.2, we have
@W@ﬁﬁ:xw—gw*+W+Wﬂw
+(R)F, 1<i<m-—1, 1<k<n-1, (3.3)
where there is a constant ¢y such that
(R)F| <e(r®+h%), 1<i<m-1, 1<k<n-1. (3.4)
Noticing the initial-boundary value conditions (1.2)-(1.3), we have

Uio = o(x;), 0<i<m, (3.5)
U¥ =a(ty), UF=p8ty), 1<k<n. (3.6)

Neglecting the small term (Rl)’;?C in (3.1) and (3.3), and replacing the exact solution Uf
by its numerical one u}, the following difference scheme can be derived:

5%?4@§=A@§—ﬁ@)7 1<i<m-1, 3.7)
Al —52uF = [uf—%uf(uf_l—i-uf +u§+1)] , 1<i<m-1, 1<k<n-1, (3.8
uf = (), 0<i<m, (3.9)
uf = alty), uk =B, 1<k<n. (3.10)

3.2. Conservative law of the difference scheme
The next result illustrates the conservative property of this difference scheme.

Theorem 3.1. Suppose {uf |0 < ¢ < m,0 <k < n} is the solution of the difference
scheme (3.7)-(3.10) and a(t) = 0, 5(t) = 0. Denote

k
1 1 _
B = (P + IP) + 2r (;m s m%)
=1
Leooo1, L 212
+ 2AT 5[(u u,uz) — ||uz| ]
k 1 R ~
-1 l I+1y\, 0 1 2
= ) — , 0<k<n-—1,
—1—12;{(3(11 +u 4w u u> Hu||}} <k<n
1 1 1
P = 0 R )0 LA ) ()] = )}

k

1

-+%<§MWHP+§:W¥MW>7 0<k<n-—1.
=1
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Then, we have

EF =%, 0<k<n-—1, (3.11)
Fk = O 0<k<n-1, (3.12)
where
X 4 2
FO = + A g((uO)Q,ul) — g(uo,(ul)Q) — [lu®?].

Proof (I) Taking the inner product of (3.7) with u!/2 gives
(5tu%,u%) — (52u%,u%) = )\[Hu%HQ — (uoul,u%)].
Noticing

1
() = (I = elP), —(2ub,ub) =l

we have

1 1 1 1
S (It 1P = ®12) + e [+ A, ) = u¥ 2] =0,

which can be rewritten as

(a1 + 6°)f?) + 7luz |2 + Ar[(uul, uz) — [uz]?] = [[u]?,

DO =

that is
EY = ||lu0)2. (3.13)

Taking the inner product of (3.8) with u* yields

(Atuk, uk) — (52uk, uk)

xT

— 1 _
=\ [Hu’w? - <§(uk_1 +uf + u’f“)uk,ukﬂ . 1<k<n-—1.

Noticing

1 _
(Atuk,uk) — E(Huk+1‘|2 _ Huk 1”2)’ _((ﬁuk,uk) — |uk|%,

we have

1 1 _ i
3 (P2 1 IP) = G012 + ) ) + o

ﬂ|"
A

1 _ _
+ )\|:<§(uk1 +uk —i—ukJrl)uk,uk) _ HukH2] _ O, 1<k<n-—1.
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Replacing k by [ in the equality above and summing over [ from 1 to k will arrive at

k
1 —
5 U 4 %) + 2r ) [u'f}
=1
k 1 R B
2\ L=t ol a0yl ) — g2
+ TZ [(3(u +u 4+ uT ), [l ||

=1
1
= S P + ), 1<k<n-1.
Adding 7|u}/2[2 4 Ar[(u0ul, u!/2) — |[u/2||2] to both hand sides of the equality above

yields
EF=FE" 1<k<n-1. (3.14)

Then (3.11) is followed from (3.13) and (3.14).
(I) Taking the inner product of (3.7) with §,u!/2 gives

|6z ||* = (62u2, puz) = A[ (w2, §uz) — (wPul, 6u2)].

Noticing
2 1 1 1 12 02
—(5mu2,6tu2) = E(|u T—|u |1),
(b, 8pet) = o (P = [P).
(uoul,étu%) = l[(uo, (ul)Z) — ((uO)Q,ul)],
we have

o+ o (' = 1)
LTI @) - (@) - 5 (P = 1) | <o

which can be rewritten as

FO =2 + )\E((uo)z,ul) — ;(uo, (u')?) — Huon] = FY. (3.15)

Taking the inner product of (3.8) with A,u” yields
I8 - (2, B

r 1
= )\[(uk,Atuk) - g((uk_1 +uF + ukH)uk,Atuk)}, 1<k<n-1
Noticing

_ 1 B
— (02, A) = (W - ),
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_ 1 -
(Uk7Atuk) = E(HUHIHQ - Huk IHQ)?

and
%((uk_1 +uF + ukH)uk, Atuk)
_ 1 (M Vb, b 1) 4 ()2, b — b )]
67 ’ ’
— i [(uk (uk+1)2 _ (uk71)2) + ((uk)Q ukJrl _ uk:fl)]
67 ’ ’
= %[(uk’ (uk+1)2) + ((uk‘)27uk+1) _ (ukq’ (uk)Q) _ ((ukq)z’uk)]’
we have
0 e (0 O e
E{[ 5 “( 3 B 2 ﬂ
|uk|2 + |uk—1|2 (uk—l, (uk)Q) + ((uk—l)Q’uk) HukHz + Huk_lng
B [ : 2 : +)‘< 3 B 2 )]

+ |AWk? =0, 1<k<n-1
Replacing k by [ in the equality above and summing over [ from 1 to k, we arrive at
1

l(!ukﬂ 2+ it} +>\{—

: 2 [(uk7 (uk+1)2) + ((uk)2’uk+1)]

k
1
- SR )+ 2 Y A
=1

(u + 10B) + A 1 02) + (0]

DO =

1
— 5P+ 0}, 1<kt

Adding 7||6;u"/?||? to both hand sides of the equality above gives
FF=F' 1<k<n-1. (3.16)
Combining (3.15) and (3.16), we arrive at (3.12). O

Remark 3.1. Let

Blubt k) = [

2 3

k4112 k|12
Y e )] O<h<no1

’ukJrl’% + ’uk’% . )\((uk’ (uk+1)2) + ((uk)27uk+1)
2

2
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Then it is a discrete counterpart of the free energy (2.2). Then (3.12) implies

E(uk+1,uk) < E(uk,uk_l) <ZF° 1<k<n-1,

DN | —

i.e. the scheme (3.7)-(3.10) preserves the energy dissipation law with respect to the
discrete energy above.

3.3. Solvability and convergence of the difference solution

Theorem 3.2. Let {UF|0 < i < m,0 <k <n}and {uf|0<i<m0<k<n}be
solutions of the problem (1.1)-(1.3) and the difference scheme (3.7)-(3.10), respectively.
Denote

eF=UF—uf, 0<i<m, 0<k<n,
1
2
_ 2 2 +1)2X2L2%T
C3 = <2TL01 + ( 1)2)\2L 2> e(co ) .

Then when
1 2 L
<§ + c(]) AT <1, [1 + g(co + 1)2} ML <1, C3§(72 +hrH <1

it holds that:

(D) The difference scheme (3.7)-(3.10) is uniquely solvable.

@y
le¥]y < es(r2 +h?), 0<k<n. (3.17)

Proof. Subtracting (3.7)-(3.10) from (3.1), (3.3), (3.5)-(3.6), respectively, the error
system reads

- )\[ei% — (UPU} - uoul)} +(R)Y, 1<i<m-—1, (3.18)

) [t

2 P 1 1
Atef -2 f =A [ef —g(Uik*1 —{—Uf + UZ-kH)Uf —|—§(uk71 —|—ui-C + ukJrl)ul-C

) i 7

+(R)F, 1<i<m-1, 1<k<n-1, (3.19)
ed =0, 0<i<m, (3.20)
eg =0, eﬁb =0, 1<k <n. (3.21)

The value of «° is uniquely determined by (3.9) and the truth of (3.17) for k = 0 is
obvious in view of (3.20).
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(A1) Proof for the unique solvability of u!.
From (3.7) and (3.10), the system in ' can be obtained. Consider its homogeneous

one

1 1 1
Ll a(boad), iziseo am
T 2 2
=0, ul—0 (3.23)

Taking the inner product of (3.22) with u' gives

1 12 1 2,1 1 1 12 0,1 1

Noticing —(02u!, u') = |ul|? and ||u®||o < co, we have
1 1 1 1
TP+ 5l < (54 1ol NP < (5 o AP

When (1/2+ ¢o) A7 < 1, it follows |u!|; = 0. Thus, (3.7) and (3.10) uniquely determine
the value of u!.

(B1) Proof for (3.17) with &£ = 1.
Taking the inner product of (3.18) with &,¢/2 gives

H(Ste%HQ — (59266%,5,56%)
= )\(6%,6156%) — )\(uoel + eOUl,éte%) + ((Rl)o,éte%)
1 1 1 1
< Alez | - l6ze2 | + Allu®lloo - €M)l - 1€ || + | (R)°|| - l|6ze>]].

Noticing
loue|? (3262, due?) = |[oel P + o1 > 2= |lae? | - el
. Vo
we have
\/%161\1 < Ale2 [+ Mulloo - ]+ [[(R2)°]
< (5@l + 1R
< (1 + co> i)\|el|1 + e VL(T? + h?).
2T ) %

When (1/2 + ¢co)(L/vV6)vV271A < 1, i.e., (1/2 + ¢0)?A\2L%7/3 < 1, it follows:

ety < V2reVL(1? + h?) < V2T Ley (7% + h?), (3.24)

which implies that (3.17) holds for k£ = 1.
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Now assume that the values of u°,u',--- ,u! (I > 1) have been determined and
(8.17) is true for 0 < k < [, that is

le¥]1 < es(t? +h?), 0<k<L

Then by Lemma 2.1, we have

L L
le¥|oo < %w < %W +hH <1, 0<k<I, (3.25)
¥ |oo < U loe + [l€¥]l00 < co + 1, 0<k<lL (3.26)

(A2) Proof for the unique solvability of u'**.
From (3.8) (k = ) and (3.10) (k = I+ 1), the linear system in «/*! can be obtained.
Consider its homogeneous one

1 1 1 1
;ulﬁl - 55§u§+1 = A<§u§+1 - §u§u§+1>, 1<i<m-—1, (3.27)
ubtt =0, Wbt =o. (3.28)

Taking the inner product of (3.27) with u/*! gives

Ly Loy LN Ay I
EHU 2+ §|u < 5)\HU 2+ g”u oo [ T2

1 1
<[5+ 3o+ 12

Noticing
1 1
EHquHz + §‘ul+1 % l+1H i ‘ulJrlh,

u
VT

we have

1 1
<A+ e+ D] VAl

1.1 L i1
< a 5 .
_)\{2—#3(00—1-1)]\/7_'\/6@ 1
When

171 1 2
— 4= Dl NL%r <1

it follows |[u/*1|; = 0. Hence, (3.8) and (3.10) determine »'*! uniquely.
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(B2) Proof for (3.17) with k = + 1.
Taking the inner product of (3.19) with A,e* yields

1 _
e |2 + = (11 — e+ 1)

= )\(ek, Age) — %)\hmz_l [uf(effl +eb ety ek (Uikf1 +UF + szl{““Ll)]Ate;€
=1
+ ((Rl)k,Atek)
R B e
AN U 4 U8+ 0 - et + ICRDF - ek
M- 0]+ ML+ o5 €+ 1) - JArek]
+ 2 x@e) - e + (R - 1At
<IN+ IHIZ) + (FIAHIE + 50200 + 17k 4 4 412

1 1
(Gt + RGP ) + 1A+ (R 1< k<t

Hence, we have
1

E(|ek+1 % _ |ek71|%)
< 2 (b2 1 1E1) + 2 (o 4+ 12 (b2 + ek + €5+ 2)
<3 7 (o e e e

+ Ncflle”]|* + L(7* + h?)?

)\2 )\2 )\2 )\2
~ [+ S+ 0PI+ [+ e+ 7]

2
+ [%(co +1)% + A%ﬁ} |e¥]|2 + EL(r? + h?)?

11 L? 11 L g
< [§+§(Co+1)2])\2€|ek+l|%+ [§+§(Co+1)2})\2€|ek 3

1 L?
- [g(co +1)2+ cg} AQFW% + AL+ K%, 1<k<I,

that is
2 L?
{1 — |:1 + g(CO + 1)2:| AZ?T}‘ek—Fl’%

2 o] 2 L? k—12 , |2 2 o] 2L ke
<<1+ 1+3(co+1) A 37 le" T+ | 5(co +1)° + 2¢5| A 37'|6 11

+4ALr(T2+ 1?2, 1<k<L
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When )
2 L 1
1+ = 12N =—7<Z
[4—3(004-)] 37'_3,
it follows:
2
]e’““ﬁ < {1 + [1 + 5(00 + 1)2] )\2L27}\ek1 %
1
+ [g(co +1)%+ c%} AN L27|eR|? + 62 L7 (12 4 h?)?
< [142(co + 1)2)\2L2T] max{|ek|%, |ek71|%}
+6c3Lr (T2 + 1?2, 1<k<lI,
so that

max { "7 [T} < [1+2(co + 1)°A2L27] max {|e"[F, [¢* 1T}
+6c3LT(T2 + 1?2, 1<k<I

Applying the Gronwall inequality in Lemma 2.3 and noticing (3.24), we get

2

max {|6l+1|%, |€l|%} < 62(co+1)2>\2L217 |:maX {|6 | 0| } 302 _7{: 1+2QL2)L:|
< 2(cot1)* VLT (opy 2 4 3¢5 (72+h2)2
> 1 (CO 4 1)2)\2L :

Then

1
3 2
T (5 ) 6 = et 4 ),
which implies that (3.17) is also true for & = [ + 1. By induction, the theorem is
proved. O

In view of Lemma 2.1(b), the difference scheme (3.7)-(3.10) is unconditionally
convergent in the maximum norm and the convergence order is also O(72 + h?).

Remark 3.2. The Fisher equation (1.1) satisfies the maximum bound principle (MBP)
[5], i.e., the solution has the range in the set [0, 1] at any time if the initial and bound-
ary values have the same property, so the numerical methods are always expected to
preserve the MBP. For the proposed difference scheme (3.7)-(3.10), the unconditional
convergence in the maximum norm has been proved rigorously, which means that if
the mesh step sizes h and 7 are sufficiently small, so is the difference between the
numerical solution u} and the exact one UF. For any small positive ¢, it follows:
max |U hT)—u(h 7')‘<c(7' +h2) g,

0<i<m
0<k<n
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then u¥(h,7) € [~¢,1 +¢] if UF(h,7) € [0,1], so that

: k
lim 2 (h,T) €[0,1].
T—0

That is, the difference scheme (3.7)-(3.10) satisfies the MBP when the mesh step sizes
are sufficiently small.

4. A three-level linearized compact difference scheme

This part will concern on an unconditionally convergent and conservative compact
difference scheme for solving (1.1)-(1.3) with the convergence order O(72 4 h*).

4.1. Derivation of the compact difference scheme
Considering Eq. (1.1) at point (z;,t;/3), we have
(i, 1) — Uge (w4, t1) = A[U(%‘,t;) - UZ(%‘,M)], 0<i<m.
2 2 2 2
By Lemma 2.2, we have
1
'2

1 1
BU7 = Slttza(wis 1) + tsa(wisto)] = A(UZ _ U;)U;> +O>FY, 0<i<m.

Performing the operator A on both hand sides and noticing Lemma 2.2(d), we obtain
AU 207 = MA(UF ~ UPUH) + (R)), 1<i<m 1, 4.1)
where there is a constant ¢4 such that
(R2)?| <ea(r®+h"), 1<i<m-—1. (4.2)
Considering Eq. (1.1) at point (x;, tx), we have
W (@5, tg) — Uga (i, t) = Mu(ws, tg) — u2(m,~,tk)], 0<i<m, 1<k<n-1.

By Lemma 2.2, we have

AU - %[uxx(xivthrl) + Uge (i, th—1)]
=\ UF - %(Uf’l +UF + Uf“)Uf} + 01, 0<i<m, 1<k<n-1.
Performing the operator .A on both hand sides and noticing Lemma 2.2(d), we obtain
ANUEF — S2UF = a4 [Uf - %(Uﬁ*l +UF + UFYUF

+(R2)f, 1<i<m-1, 1<k<n-1, (4.3)
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where there is a constant c5 such that

|(R)F| <es(r*+h*), 1<i<m-—-1, 1<k<n-1. (4.4)

Noticing the initial-boundary value conditions (1.2)-(1.3), we have
U = (i), 0<i<m, (4.5)
Us = alte), Upn=5t), 1<k<n. (4.6)

Neglecting the small term (RQ)’;?C in (4.1) and (4.3), and replacing the exact solution Uf
by its numerical one v}, the following compact difference scheme can be produced:

1 1 1
Aduf — 62uf = MNA(u? —ufuj), 1<i<m-—1, (4.7)
P Pl
AAwf—ag§::x4uf—§uﬂu$4+uf+u?4), (4.8)
1<i<m-1, 1<k<n-1,
u) = (), 0<i<m, (4.9)
ulg = o(ty), uﬁl = B(tx), 1<k<n. (4.10)

4.2. Conservative law of the compact difference scheme

Theorem 4.1. Suppose {uf |0 < i < m,0 <k < n} is the solution of the difference
scheme (4.7)-(4.10) with a(t) = 0, 5(t) = 0. Denote

k
1 1 1 7
k k k = 1
P SO 1) 2 (Gl o+ 3 o )
=1
Lrooo1 1 L2
+ 2T 5[(uu,u2)—Hu2H]
k 1 R B
2o Y R NS R B A ST T 0<k<n—1
+;[<3(u +u 4 u )u,u) HuH]}, <k<n-1,
1
QF = L+ )

+ )\{% [(uk, (uk+1)2) + ((uk)2’uk+1)] _ %(Huk+1”2 + HukH2)}

k
2r (Gl |+ 3 1 aud). 0<k<n-1
=1

Then, we have
PP =l°%, 0<k<n-1, (4.11)
Q"=Q" 0<k<n-1, (4.12)
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where

(", (u)?) = ).

A 4 2
QO — |u0|iv4 + )\|:§((u0)2’u1) _ g

Proof. Applying the operator A~! to both hand sides of (4.7) and (4.8), one can
obtain

St — A2 = Auf —uful), 1<i<m-—1,
At — A7162 5 = )\[uf - %uf(uffl + uf —{—uf“) , 1<i<m-1, 1<k<n-1
Noticing

— (AT u u?) = uBf}

- (ARt dt) = o (- 0 ).

— (AT ) =

_ (A_ltﬁu%,Atuk) _ %(’ukH’Q,A _ ’uk—l %A)’
similar to the proof of Theorem 3.1, one can easily get this theorem. The details are
omitted for brevity. O

It is worth noting that the norm | - |, 4 is equivalent to the usual H! norm |- |; in
view of Lemma 2.1(b).

Remark 4.1. Let

k+1|2 k1|2 k k+1\2 k\2 . k+1
. 1] |u + |u u”®, (u + ((u")“,u
E(uftt ) = > | |1’A | |1’A + )\<( ( ) ) (( ) )

2 3

k412 k|2
IR ) )] 0<ben_1

be another discrete counterpart of the free energy (2.2). Then (4.12) implies

N N 1 4
B b)) < B, u* 1) < §Q0, 1<k<n-1,

i.e. the scheme (4.7)-(4.10) also preserves the energy dissipation law with respect to
this discrete energy.

4.3. Solvability and convergence of the compact difference solution

Theorem 4.2. Let {UF|0 < i < m,0 < k < n}and {uf|0 <i <m0 <k < n}
be solutions of the problem (1.1)-(1.3) and the compact difference scheme (4.7)-(4.10),
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respectively. Denote

Then when
zu+2%MT§1, p+2@m+nﬂx%?7§2,-%;%ﬁ?+w)g1
it holds that:
(D) The difference scheme (4.7)-(4.10) is uniquely solvable.
(D

le¥]y < es(r? +ht), 0<k<n. (4.13)

Proof. Subtracting (4.7)-(4.10) from (4.1), (4.3), (4.5)-(4.6), respectively, the error
system reads

1 1 1
Amf—ﬁqzxqq_@wﬁ—ﬁ@ﬂ+mmk1gigm—L (4.14)
- co 1 1
.AAtef — 5925 f =)A [ef —g(Uik*1 —{—Uf +Uf+1)Uik +§(uf71 —|—ui-C —i—u'ﬁl)ui-C
+(R)F, 1<i<m—1, 1<k<n-1, (4.15)
e?: , 0<i<m, (4.16)
ef =0, e =0, 1<k<n. (4.17)

The value of «° is uniquely determined by (4.9). And (4.13) holds obviously for & = 0
in view of (4.16).

(A1) Proof for the unique solvability of u!.
From (4.7) and (4.10), the system in ! is obtained. Consider its homogeneous one

1 1 1
—Au} — 55926211 = )\A<§u} — u?u}), 1<i<m-—1, (4.18)
-
uy =0, wul =0. (4.19)
Taking the inner product of (4.18) with u! gives
1 1 1
—(Aut,ut) - 5(5§u1,u1) = §A(Au1,u1) — MA@ ), ub).
-
By Lemma 2.1(b) and the Cauchy-Schwarz inequality, it follows:
h? h? 2
T N Nsa\ o1 1) o2 = 2 s 2,02
= (14 582 Jutsat ) = P = S50t = 21,
(Aut,ut) < [lAu] - [lut ]| < [lut]?,

(Aul), ul) <A@ D] - flut ] < flu®a | - lul] < collu]]?,
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2 112 1 1,2 1 112
= — <= .
R e e DY

When 3(1 + 2co)A7/4 < 1, it follows |ul|; = 0. Thus, (4.7) and (4.10) uniquely

determine u!.

(B1) Proof for (4.13) with k = 1.
Taking the inner product of (4.14) with &,¢/2 gives

then

(Aéte%,éte%) — (53266%,&6%)
= )\{(.Ae%,&te%) - (A(uoel + eOUl),(Ste%)] + ((R2)0,5te%).

Noticing

\V)

1
(Abie?, 5ict) — (26, die¥) = 23| 4+ ole!ff > 2 lsed ] - Je']s,

V37

w
—_

(Aez,5ye2) < HAelH ldie2 ]| < Sl - e,
(A(ule! +6°U1)75t62) <A@ - 10 || < [[uel | - [[5ee? | < colle?| - die ]

((R2)%, 81e7) < [[(Ro)°|l - |18e2],

we have
1
2 el < ( +Co>)\H€1H IR
< (1 + co> i>\|61|1 + eaVL(T2 + hY).

When 9

1 L 1/1

- ZV3rA<1. ie. == 21’r <1

<2+CO>\/€ 3rA<1, ie., 2<2+Co> AL T <1,
it follows:

le'y < V37reaVL(72 + h) < V3T Ley (72 + b, (4.20)

which implies that (4.13) holds for k£ = 1.

Now assume that the values of u% u!,---

(4.13) is true for 0 < k < [, that is

u' (I > 1) have been determined and

¥ < cs(r?2 +RhY), 0<k<L

Then by Lemma 2.1(b), we have

L L
glekh < gcﬁ(ﬁ +hh <1, 0<k<lI, (4.21)

¥ oo < U loo + [l€¥]l00 < co + 1, 0<k<L (4.22)

le*|le <
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(A2) Proof for the unique solvability of u!*!.
From (4.8) (k = 1) and (4.10) (k = [ + 1), the linear system in u!*! is determined.
Consider its homogeneous one

1 1 1
E.Aulfl 25925 i“ = )\.A< Hl 3 iui“), 1<i<m-—1, (4.23)
6“ 0, uif{l =0. (4.24)

Taking the inner product of (4.23) with u!*! produces

1 A A
E(AulJrl,ulJrl) | +1,2 2 = §(Aul+1,ul+1) _ g(A(ululJrl),ulJrl).
Then
1 1 1 1
IR + 3R <[5+ 5o+ 1) 1
Noticin
8 iHulJrlHQ | l+1 ||ul+1|| . |ul+1|1
\/_
we have
67 1
D s R P
711 1
< \2_ [2 + 5(60 + 1)] AL|ul 1.
When 9
171 1 5o
Z§+§(CO+1) )\L’T<1,

it follows |[u/*1|; = 0. Hence, (4.8) and (4.10) determine »'*! uniquely.

(B2) Proof for (4.13) with k = + 1.
Taking the inner product of (4.15) with A, yields

(AAe, Agek) + 41 (1" = 1e"1R)
= )\(.Aek, Age®) — §>‘<A(u (P14 eF P 4 (UL + UR + UkJrl)),Atek)
+ ((Rg)k,Atek)
< A - ek + A [ A@H 4 ek 4 )|
T [JACE R+ TR+ D) [ 1arek ] + (R - A
< M- At + %A[Hu‘“(e‘“‘l e+ D+ [P+ TR+ U] 1A
+(R2)" - 1 A"
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_ 1 B
< AleF] - (1A + G D)][eF! 4 eF 4 eF | - || Ae|

1
+ 2@ -] + (R - et
1 3 a 1 1 _
< (GIAHIP + D1EH1 )+ (GIAHE + 5320+ RIeb 4 k4 k1) )

1 3 1 3
+ (At + 3R + Glackl? + SIRP. 1< k<t
Noticing

2
(AAtek, Atek) 2 gHAtek‘P
and (4.4), it follows:

>J>|,_.

T

(I = 1" 1)

<

e~ w

92 (CO 1)2(||6k 1”2 HekHQ Hek 1”2)
3 3
+ —2)\2cg||ek\|2 + —20§11(72 + h4)2

3 2 )‘2 2 k412 3 2 )‘2 2 k—12
= 224 2 1 N4 S 1
[4/\+2(Co+) 17+ | 347+ 5 (o + 17l
)\2
! [7@“)2

)\2
)\2(H€k+1||2—|—||6k_1”2) +

3 3
+ 5)\208} HekH2 + 50%[;(7’2 + h4)2
3 A2 L2 3 A2 L?
<IN+ S (co + 12| =P 4 | SN+ (oo + 1) | =" 12
4 2 6 4
2 3 L2
+ [7(00 +1)% + 5)\208}

2 6 !
3

Sl SELE R 1<k <],

that is

1
{1 -5 [342(co + 1)2]/\2L2T}ye’f+1ﬁ

1 1
< {1 +2 [3+2(co + 1)2]A2L27}\ek—1y% +3 [(co +1)? + 3] N> LP7|eF|3
+62LT(T2 + Y2, 1<k<L

When [3 + 2(co + 1)?]A\2L%7r < 2, it follows:

1
|ek+1|% < {1 + 3 [3 +2(co + 1)2])\2L2T}|6k1 %

1
+ 3 [(co + 1)2 + 303])\2L27'|ek|% + 9C§LT(72 + h4)2

< [1 +3(co + 1)2)\2L27'] max {|e"[3, [e" 1|3}
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+9ELr(2 + Y2, 1<k<lI,

so that

max {\el”l]%, ]ekﬁ} < {1 +3(co+ 1)2)\2L27] max{]ek]%, \ek_lﬁ}
+9ELT(T2+ Y2, 1<k<L

Applying the Gronwall inequality in Lemma 2.3 and noticing (4.20), we get

2,272 3c2 (12 +h4 2
max{\e“‘lﬁ, ’el’%} < e3(co+1) ML lT[max{\el %7 ‘60’%} + 5( ) :|

(co + 1)2X2L

< 3(CQ+1)2)\2L2T 3TL 2
se c4+7(60+1)2)\2L

Then

1
2

2
1 3 25272 3c
le —l—l,1 < e2(cot)*APL T<3TLCZ + m) (7_2 + h4)

= CG(T2 + h4),

which implies that (4.13) is true for £ = [+ 1. By induction, the theorem is proved. [

In view of Lemma 2.1(b), the difference scheme (4.7)-(4.10) is unconditionally
convergent in the maximum norm with the convergence order O(7% + h?).

Remark 4.2. Similar to the discussion in Remark 3.2, the difference scheme (4.7)-
(4.10) also satisfies the MBP when the mesh step sizes are sufficiently small based on
the convergence Theorem 4.2.

5. Numerical experiments

In this part, we are concerned with the numerical test for the above two difference
schemes. Three numerical examples are used to test the numerical accuracy, conser-
vative property and the MBP of the difference scheme (3.7)-(3.10) and the compact
difference scheme (4.7)-(4.10). Denote

Eoo(2h,7) Eoo(h, 27)

_ k _ k _ o0 ’ _ oo\

Eoo(haT) _0212}; |Uz (h’T) uz (h57)|, Oh —10g2 Eoo(th) ) OT —10g2 Eoo(hyT) )
0<k<n
_ K ok, T _ Foo(27)

Fyo(r) = Jnax |u; (h,T) — u; <h, 5) ‘ , Ord; =log, Foo(r)

0<k<n

h Goo(2h)

Goo(h) - 02172}; Uf(h,’T) - ugz <§a7—> ) Ordh = 10g2 Goo(h) .
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Example 5.1 ([13]). In the problem (1.1)-(1.3), take L = 1,7 = 1, A\ = 6,

1 1 1
p(r) = At o) aft) = 0t oy B(t) = =

The exact solution is given by

H - 1
u(z,t) = m.
We fix a sufficiently small 4 and vary 7 to observe the temporal convergence, and fix
a sufficiently small = and vary h to observe the spatial convergence. The maximum
absolute error E(h, ) and related convergence orders are presented in Tables 1 and
2 respectively. From these two tables, it is clear that we obtain approximate second-
order accuracy in both the temporal and the spatial directions for the difference scheme
(3.7)-(3.10), while for the compact difference scheme (4.7)-(4.10), the second-order
and fourth-order accuracy in the temporal and the spatial directions, respectively, can
be read off, which is consistent with our theoretical results in Sections 3.3 and 4.3.

Table 1: Example 5.1. Maximum errors and convergence orders in time.

Scheme (3.7)-(3.10) (m = 400) Scheme (4.7)-(4.10) (m = 400)
T E(h,T) O, E(h,T) O,
1/20 2.388066e-03 - 2.388080e-03 -
1/40 5.624444e-04 2.09 5.624561e-04 2.09
1/80 1.380640e-04 2.03 1.380756e-04 2.03
1/160 3.423045e-05 2.01 3.424205e-05 2.01
1/320 8.517390e-06 2.01 8.528982e-06 2.01

Table 2: Example 5.1. Maximum errors and convergence orders in space.

Scheme (3.7)-(3.10) (n = 10000) | Scheme (4.7)-(4.10) (n = 500000)
h Eoo(h,T) Oh Eoo(h,T) Oh
1/10 2.158202e-05 - 4.087641e-08 -
1/20 | 5.405155e-06 2.00 2.548302e-09 4.00
1/40 | 1.348020e-06 2.00 1.564399e-10 4.03
1/80 | 3.309353e-07 2.03 6.959544e-12 4.49

Example 5.2. In the problem (1.1)-(1.3), take L = 1,7 = 1,\ = 72, o(z) = sin(rz),
a(t) = p(t) =0.

The exact solution is unknown. Take a sufficiently small /4 and different temporal
step sizes 7 = 1/80,1/160,1/320, 1/640,1/1280, 1/2560, respectively. Table 3 presents
the numerical errors F,,(7) and temporal convergence orders Ord, in the maximum
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Table 3: Example 5.2. Maximum errors and convergence orders in time.

Scheme (3.7)-(3.10) (m = 1000) | Scheme (4.7)-(4.10) (m = 1000)
T Foo(7) Ord; Foo(7) Ord;
1/80 3.002033e-03 - 3.002049e-03 -
1/160 | 8.445769e-04 1.83 8.445860e-04 1.83
1/320 | 1.987258e-04 2.09 1.987297e-04 2.09
1/640 | 4.493577e-05 2.14 4.493665e-05 2.14
1/1280 | 1.039646e-05 2.11 1.039656e-05 2.11
1/2560 - - - -
Table 4: Example 5.2. Maximum errors and convergence orders in space.
Scheme (3.7)-(3.10) (n = 1000) | Scheme (4.7)-(4.10) (n = 10000)
h Goo(h) Ordy, Goo(h) Ordy,
1/20 8.985675e-04 - 1.628731e-06 -
1/40 2.241644e-04 2.00 1.012496e-07 4.01
1/80 5.601100e-05 2.00 6.319529e-09 4.00
1/160 | 1.400086e-05 2.00 4.113894e-10 3.94
1/320 | 3.500102e-06 2.00 2.706591e-11 3.93
1/640 - - - -

27

norm, demonstrating that both the difference scheme (3.7)-(3.10) and the compact
difference scheme (4.7)-(4.10) generate the temporal convergence of order two.

Fix a sufficiently small 7 and take different spatial step sizes h = 1/20,1/40,1/80,
1/160,1/320,1/640, respectively. Table 4 records the numerical errors G (h) and
spatial convergence orders Ordy, in the maximum norm, verifying that the difference
scheme (3.7)-(3.10) generates the spatial convergence of order two, while the differ-
ence scheme (4.7)-(4.10) generates the fourth-order spatial convergence.

In order to verify the conservation of the difference scheme (3.7)-(3.10) and the
compact difference scheme (4.7)-(4.10), we compute the discrete energy E* and F*
in Theorem 3.1, and P* and Q* in Theorem 4.1 (0 < k < n — 1). Fig. 1 collects the
energy error curves of E¥ and P* under different step sizes, where the exact energy

1
E(t) = B(0) = [[u(-,0)||> = /O sin? () de — %

Note that the discrete energy E¥ and P* is almost equal to the exact energy F(0) in
this example. Indeed, the conservative law equalities (3.11) and (4.11) imply that

m—1
B = PF = |02 = Z =h ) ¢ @)
=1
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Figure 1: The energy errors of E¥ and P*.

which is precisely the result of composite trapzoidal formula applied to the integral

1
/0 ©?(z)dz = E(0).

Due to the special choice of p(x) in this example, it is easy to find that

m—1 1
By P = [ e de

=1

The error curves of F¥ and Q* are plugged into Fig. 2, where the exact energy
1 119 8
F(t)=F(0) = / 72 cos? (mx)dx + 772/ [§ sin®(rz) — sin®(rz) |da = o
0 0

The conservation property of the discrete energy of these two difference schemes is
numerically verified.
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Figure 2: The energy errors of F*¥ and Q*.
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Next, the performance of the numerical solution at some moments, including the
evolution of its maximum and minimum value, is displayed in Figs. 3 and 4 with
h = 0.01 and varying 7. Numerically we verified the proposed two numerical schemes
both satisfy the MBP unconditionally.
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Figure 3: The numerical solution u at different moments. (Left: scheme (3.7)-(3.10); Right: scheme
(4.7)-(4.10)).
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Figure 4: Max and min of u at different moments. (Left: scheme (3.7)-(3.10); Right: scheme (4.7)-(4.10))

Example 5.3. In the problem (1.1)-(1.3), take L = 1,7 = 1,A = 1, p(x) = 108z%(1 —
20)(1 — 2)2, a(t) = () = 0.

The exact solution is also unknown. We numerically calculate this example using
the difference scheme (3.7)-(3.10) and the compact difference scheme (4.7)-(4.10),

respectively. The discrete invariants are shown in Figs. 5 and 6. In addition, taking
h = 0.001 and varying 7, the calculated numerical solution and its maximum/minimum

values at different moments are plotted in Figs. 7 and 8, respectively, which shows that
the proposed schemes satisfy the MBP unconditionally in this example.
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Figure 5: The energy errors of E* and P*.
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Figure 6: The energy errors of F* and QF.

6. Conclusion

Two conservative difference schemes are proposed to solve the Fisher equation,
which are both three-level linearized and implicit. The coefficient matrices of these
two implicit difference schemes are both tri-diagonal, which can be solved using the
Thomas algorithm. The unique solvability and unconditional convergence of the two
difference schemes are rigorously proved by the energy analysis and mathematical in-
duction method. Numerical experiments are used to support the theoretical results.

The current work has its highlights:

(I) The numerical accuracy of the proposed algorithms can reach second-order in
time and second- or fourth-order in space, which is quite ideal and superior to the
existing results.

(II) The constructed numerical schemes are able to maintain two conservation in-
variants, energy stable for the free energy of the Fisher equation as a gradient flow and
satisfy the MBP unconditionally.

(II) The schemes we construct are linearized and computationally simple.
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Figure 7: The numerical solution u at different moments. (Left: scheme (3.7)-(3.10); Right: scheme
(4.7)-(4.10)).

(IV) We make clever use of the energy analysis and mathematical induction method
to rigorously prove the unique solvability and convergence of the schemes. There is
little convergence analysis in the existing literature. In particular, for the analysis on
the conservation invariants of compact difference scheme, a new equivalent norm has
been defined to get the corresponding results. There is one fly in the ointment that
we can not prove that the current numerical algorithms satisfy the MBP directly rather
than relying on the convergence result, which will be one of our future research.

It is worth mentioning that the analysis techniques developed in this work also work
for the forward Euler scheme, the backward Euler scheme, and the Crank-Nicolson
scheme to solve the Fisher equation.
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Figure 8: Max and min of u at different moments (Left: scheme (3.7)-(3.10); Right: scheme (4.7)-(4.10)).
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