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Abstract

An efficient spectral-Galerkin method for eigenvalue problems of the integral fractional
Laplacian on a unit ball of any dimension is proposed in this paper. The symmetric positive
definite linear system is retained explicitly which plays an important role in the numerical
analysis. And a sharp estimate on the algebraic system’s condition number is established
which behaves as N** with respect to the polynomial degree N, where 2s is the fractional
derivative order. The regularity estimate of solutions to source problems of the fractional
Laplacian in arbitrary dimensions is firstly investigated in weighted Sobolev spaces. Then
the regularity of eigenfunctions of the fractional Laplacian eigenvalue problem is readily
derived. Meanwhile, rigorous error estimates of the eigenvalues and eigenvectors are ob-
tained. Numerical experiments are presented to demonstrate the accuracy and efficiency
and to validate the theoretical results.

Mathematics subject classification: 65N35, 65N25.
Key words: Integral fractional Laplacian, Spectral method, Eigenvalue problem, Regularity
analysis, Error estimate.

1. Introduction

Nonlocal operators have been an active area of research in different branches of mathematics.
These operators arise in many applications such as image processing, finance, electromagnetic
fluids, peridynamics, and porous media flow [7,13,23,24,33,36], among which the fractional
Laplace operator is of common interests of mathematicians and physicists.
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In this work, we consider eigenvalue problems concerning the integral fractional Laplacian
(—A)* with s € (0,1) on the unit ball of any dimension

—AYu =\ B
(—A)*u u, x € B, (1.1)
u(z) =0, z € R%\ B
Here the fractional Laplacian is defined in singular integral [4]
, u(x) — u(y) 2255T(s + d/2) d
—A)? =C(d W)~ ul) 4 Cd,s) = ————"—= R“. 1.2
(-ayute) =0 | TR, O = Tt seRt 02)

It can also be equivalently defined via a pseudodifferential operator of symbol [|£]|?* in the
Fourier space. Indeed, for a function u of the Schwartz class,

(=A)u(@) = [Z7H([€1*0©))] (=), (1.3)

where we denote by .Z f or simply by f the Fourier transform of any function f (z) € L2(RY),
and denote by # ~1f the inversion of the Fourier transform

F©) =71 = @) —ieo) g,

1
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- oo [ Fleeeae

This eigenvalue problem is closely related to fractional quantum mechanics such as the fractional
Schrodinger equation. In this regard, eigenfunctions of the fractional Laplacian correspond to
the energy states of the system being modeled [31]. Many researchers have shown their interest
in this kind of fractional problem from the physical, mathematical and computational point of
view. Most of existing studies focus on the theoretical research [9,15,19,22,26]. Kwasnicki [30]
introduced the Weyl’s asymptotic law for the eigenvalues of the one-dimensional fractional
Laplace operator (—A)® on the interval (—1,1) with the zeros exterior boundary conditions:
The n-th eigenvalue ), is equal to (n7/2 — (2 — 25)7/8)%* + O(1/n). Chen et al. [14] and
DeBlassie [17] have derived the estimate for the n-th eigenvalue A,, on a bounded convex domain
in R9 is (nm/2)%%/2 < A\, < (n7/2)%. Owing to the non-locality of the fractional Laplacian, it
is usually impossible to obtain analytically a closed expression for the eigenfunctions, and it is
also hard to precisely specify the behavior of an eigenfunction near the boundary of the unit
ball. This motivates researchers to carry out numerical studies on eigenvalue problems of the
fractional Laplacian. Borthagaray et al. [10] have studied the finite element approximation for
one- and two-dimensional eigenvalue problems of the fractional Laplacian in which it showed the
eigenfuncions belonged to H**1/2=¢ for any ¢ > 0, and the conforming finite element method
exhibited a convergence rate of order 1 — . As mentioned above, the eigenfunctions of the
fractional Laplacian operator have only a limited regularity measured in usual Sobolev space,
and eigensolutions obtained by ordinary numerical methods have a very poor accuracy. Thus,
high order methods may be required to conquer this difficulty.

Some recent advances have been gained on related theoretical analysis and numerical com-
putations on the fractional differential equations [1,18,28,29,34, 38, 40,42, 43]. However, the
regularity estimates of solutions to the high-dimensional fractional diffusion-reaction equation
are not yet available. Acosta et al. [2] presented the regularity of (1 — 2?)~*u(x) was r + 2s
when the regularity index for the right hand side function was r in weighted Sobolev spaces
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with 2s being the order of the fractional Laplacian, which yielded a higher convergence order
of the spectral-Galerkin method for the fractional diffusion equation in one-dimensional space.
But the analysis in [2] is for the fractional diffusion equation and cannot be extended to the
fractional elliptic equation with a reaction term. Zhang in [43] used the Fourier-Jacobi analysis
and regularity bootstrap to show that the regularity index for (1 — 2?)~*u(x) was 4s + 1. For
the fractional diffusion equation on a disk, an exponential convergence rate was reported in [12]
when the righthand function was analytic. Hao et al. [27] proved the regularity index in radial
direction for (1 — ||z|?)~*u(z) was 5s + 1 — € with € > 0 arbitrary small when the righthand
function was smooth enough for the two-dimensional fractional diffusion-reaction equation.

The intrinsic singularity of the fractional Laplace operator is one of the challenges of effi-
ciently computing the fractional Laplace problem on bounded domains. Fortunately, evidences
showed that in general the eigenfunctions of the fractional Laplacian scale as (1 — %)% as
o — 1 [11,44]. Using the ball polynomials {P{*" %271 (2|z||2 — 1)Y;*(z)} together with the
multiplier (1 — ||z||?)* to mimic the singular behavior of the eigenfunctions, one may naturally
expect a spectrally high order of convergence rate of the spectral method for the eigenvalue
problems.

Our aim is to propose an efficient spectral Galerkin method for solving the eigenvalue prob-
lems of the fractional Laplacian on the ball of any dimension, and then to conduct a compre-
hensive numerical analysis. We start with the introduction to some Sobolev spaces, in which
the fractional Laplacian is proved to be self-adjoint and positive definite. Thus, eigenvalue
problems of the fractional Laplacian can be equivalently written in a symmetric weak formula-
tion, which plays an important role in the numerical analysis. Moreover, by adopting the ball
functions as the basis functions, an efficient implementation is given for this spectral Galerkin
method. Indeed, the stiffness matrix is identity owing to orthonormality of the basis function
with respect to the inner product induced by the fractional Laplace operators; while all entries
of the mass matrix can be explicitly evaluated via their analytical formula. Meanwhile, an elab-
orative analysis shows that the smallest numerical eigenvalue of the fractional Laplace operator
of order 2s behaves as O(1) while the largest one behaves as O(N*%). This indicates that the
condition number of the mass matrix increases at a rate of O(N%), the result of which is in
consistent with eigenvalue problems of the Laplace operator. Then, the regularity estimate of
solutions to source problems of the fractional Laplacian in arbitrary dimensions is firstly inves-
tigated in weighted Sobolev spaces which helps establish the regularity of eigenfunctions of the
fractional Laplacian eigenvalue problem. In what follows, the orthogonal polynomial approxi-
mation on the unit ball is studied. Following the approximation theory of Babuska and Osborn
on the Ritz method for self-adjoint and positive-definite eigenvalue problems, rigorous error
estimates for the eigenvalue problems of the fractional Laplacian (1.1) for both the eigenvalues
and eigenfunctions are presented.

The main features of this paper are:

e The resulting linear system is symmetric positive definite, which helps estimate the error
of the Spectral-Galerkin approximation for the eigenvalues and eigenvectors. Moreover,
all entries of the mass matrix and stiffness matrix can be explicitly evaluated via their
analytical formula.

e The estimate on the algebraic system’s condition number is established which behaves as
N*s_ where 2s is the fractional derivative order.

e The regularity of eigenfunctions of the fractional Laplacian eigenvalue problem is analyzed
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thanks to the regularity of solutions to source problems of the fractional Laplacian in
weighted Sobolev spaces.

The remainder of this paper is organized as follows. We introduce necessary notations and
Sobolev spaces and review relevant polynomials/functions which especially include the spherical
harmonics and ball polynomials/functions in Section 2. In Section 3, we propose the spectral
approximation methods for eigenvalue problems of the fractional Laplacian on the unit ball
of any dimension. In Section 4, we consider the regularity theory and error estimates of the
spectral-Galerkin method for the fractional eigenvalue problems. Numerical results are shown
in Section 5 to verify the condition number and the theoretical convergence order.

2. Preliminaries

In this section, we first introduce some notations. Let R? denote d-dimensional Euclidean
space. For x € R%, we write = (z1,---,24)". The inner product of z,y € R? is denoted by
. ¢ : — — ©
x-yor (x,y) =) . ;Y and the norm of x is denoted by |z| := \/(x,x) = Vzz', where
() denotes matrix or vector transpose. The unit sphere S¢~! and the unit ball B? of R? are
respectively defined by

Si-1.= {& € RY: |2]| = 1}, B? = {x e RY: ||z|| < 1}. (2.1)

Let D C R? be an arbitrary domain and w be a generic positive weight function which is
not necessary in L'(D). Denote by

(u,v)w.D ::/Du(a:)v(:l:)w(z)dz

the inner product of L2 (D) with the norm | - |,,p. Whenever no confusion would arise, we
shall drop the subscripts w if w = 1 and drop the subscript D if D = B,

2.1. Sobolev spaces

For s € R, it is well known that H*(R?) can be defined through the Fourier transform
(25,32, 39]
s !/
H*(RY) = {u e (Z(RY) : ||lul|lspe < 00}.

Its norm and seminorm for s > 0 are defined by

ol = (e [ 1+ Py RaE)

1 " 1/2
uloss = (e [, 00 aE)

And H*(Q) can be derived from H*(R?) by extension whenever  is a bounded Lipschitz
domain [25, 32, 39]

H(Q) = {u=Ulo:Ue H'®)}, ful.=  inf U],z
Ulg=u

The zero extension @ of u defined on Q is of particular interest [25,32]

’EL|Q =u and ﬁ|Rd\Q =0.
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Besides the zero extension induces a special type of Sobolev spaces
H:(Q) = {ue (2(2) :4€ H (R},
its norm and seminorm are defined by
Julls,e = lltlls ra,  luls,e = |0l Ra-

Actually, 2(Q) is dense in H$(§2) for s > 0 [39, Theorem 3.2.4/1], thus the completion of Z(2)
in H3(Q) is H:(Q) itself. As a result, one can obtain by Parseval’s theorem that

((7A)SU,’U)Rd = ((7A)S/2u7 (7A>S/2’U)Rd = (’U, (7A)SU)R(H U,V € H:(Q> (22>
Moreover, it gets from (1.3) together with Parseval’s theorem that
[0]s,0 = (=) 20|pa = |0l (2.3)

Lemma 2.1 ([25, Lemma 1.3.2.6]). Let @® := w*(x) = (1 — ||z||*)*. For all u € H(Q),
0 <s <1, it holds that

ull . = Jul? <l + ulZ e, uwe H2(9Q). (2.4)

Hereafter, we denote by C7 and Cs some generic positive constants which are independent
of any function, discretization parameter but possibly dependent on the geometry of 2. We
abbreviate a < b for ¢ < C1b and a < b for C1b < a < Csb.

Owing to the fact that H*(Q) with s > 0 is compactly embedded in L?(Q2) and H$(Q) C
H*(Q), it is concluded with the following embedding theorem.

Theorem 2.1. H$(Q) with s > 0 is compactly embedded in L?(2).
2.2. Jacobi polynomials
For parameters o, § > —1, the Jacobi weight function is defined by
w9 (2) =1 -2)*A+2)? zel:=(-1,1).

The Jacobi polynomials, denoted by {PISQ’B )(z), k > 0}, admit the following hypergeometric
representation on [:

N k 1-
Py ’%)( Z“)zm(k,mwmnaﬂ;?z), ~k—a-B¢{1,2, K}, (2.5)

where the hypergeometric function

G 2) = 3 Mzk
2F1(a,b, 3 )_kZ:O (C)kk' .

They are orthogonal to each other with respect to the weight function w®?

! ga+B+1T nr 1
/ PP () PSP ()w™ P (n)dn = (ntatDin+p+1) (2.6)

1 2n+a+B+D)In+D)In+a+p+1) """
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Alternatively, Jacobi polynomials can be defined via the following Rodrigues’ formula:

PP () = (;Clk)!k (1= 2)7 (1 +2)P05[(1 = 2)*TF (1 + 2)+H]. (2.7)

Moreover, replacing z by —z in (2.7) immediately leads to the symmetric relation
PP (=2) = (1) P (2), (2.8)
Then, we state some necessary results about Jacobi polynomials.

Lemma 2.2 ([5, p. 304]).

d 1 a
TP @) = 5k tat BRI (), (2.9)
2k+a+ B8+ 1P ) = (k+a+ 8+ )P (2) — (k4 8)PLTH(2), (2.10)

+ a N N
<k +2 5 by 1) 1-2)P ) = (k+a+ DPP ) - (k+ VPSP (). (2.11)
Lemma 2.3. For pu > 0, it holds that

1
/ PP (2)(1 - 2)°(1+ 2)#+Pdz
-1

:2u+a+ﬂ+1(u_k+1)kr(k+a+1)F(M+ﬁ+1)
RT(k+p+a+B8+2)

(2.12)

)

where the Pochhammer symbol (a)y, = a(a+1)---(a+n —1) for any a € R and n € Ny.

Proof. By the Rodrigues’ formula (2.7) and integration by parts, one obtains

/ PP - (1 + 2

—1

= (;;k)!k /_11 af [(1 B Z)kJra(l + Z)kJrﬁ] (1+ 2)"dz

1 1
= k—l/ (1= 2)"* (1 + 2)"* P95 (1 + 2)dz
okl ),
—k+1) [
= (n—k+ 1 - T )i / (1 — 2)M(1 + 2)»8dz
9! .
— 2u+oz+,8+1 (M —k+ 1)7€ F(k + o+ 1)F(M + ﬁ + 1)
RT(k+a+p+B8+2)

)

where we use (2.6) with m = n = 0 for the fourth equality sign. This completes the proof. O

2.3. Spherical harmonic

Let P¢ denote the space of homogeneous polynomials of degree n in d variables, i.e.
Pl = {.’1:’“ = afrabr ok k| =ki+ke+-+ka=n}.
Define H% be the space of all harmonic polynomials of degree n

He = {pePl:AP(z) = 0}. (2.13)
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It is known that (cf. [16])

dim P¢ = <n+d1> and a? :=dimH? = <n+d1> — <n+d3>.
n n n—2

The spherical harmonics are the restriction of elements in #Z on the unit sphere. Note that
for any Y € H¢, we have

Y(z)=r"Y(2), z=rz r=|z|, #cS"! (2.14)

in spherical-polar coordinates. It is evident that Y (z) is uniquely determined by its restriction
Y (%) € HZ on the sphere. With a little abuse of notation, we still use #% to denote the set of
spherical harmonics of degree n on the unite sphere S1.

Spherical harmonics of different degrees are orthogonal with respect to the inner product

(o= [ F@(@)o(@),

where do is the surface measure. Further, let {Y;* : 1 < ¢ < a?} be the orthonormal (real)
basis of HZ, n € Ny such that

(Y, Y, )ga-1 = bnmbp, 1<L<al, 1<.<a

L

m>0, n>0. (2.15)
Remark 2.1.

e For d = 1, there exist only two orthonormal harmonic polynomials: Y = 1/ V2 and

Y =x/V2.

e For d = 2, the space HZ has dimension a? = 2 — §,, 0 and the orthogonal basis of H2
can be given by the real and imaginary parts of (z1 4 iz2)™. Thus, in polar coordinates
x = (rcosf,rsinf)t € R?, we simply take

1 r" "
Y2 (z) = —, Yi(x)=—=cos(nb), Yi(x)=—=sin(nb), n>1.

e For d = 3, the dimensionality of the harmonic polynomial space of degree n is a3 = 2n+1.
In spherical coordinates £ = (7 sin § cos ¢, r sin @ sin ¢, r cos §)! € R3, the orthonormal basis
can be taken as

1
Y (z) = ——= P99 (cos 0), Vi (z
1'@) = =PI (cost), Vi a)

Tn
T ok /n

Yoo (@) = ﬁ(sin 0)F P*P) (cos 0) sin(ke), 1<k <n.

(sin Q)kPUf,]z) (cos ) cos(ko), 1<k <n,

n

n—

In spherical polar coordinates, the Laplace operator can be written as

? d-1d 1
A= —+——+=A 2.16
dr? * r o dr i P20 (2.16)
where r = ||z||. The Laplace-Beltrami operator Ag has spherical harmonics as eigenfunctions,

more precisely, for n =0,1,2,...,
AY (&) = —n(n+d—2)Y (&), Y(#)eH:, #eSi (2.17)

The following lemma shows that the spherical component of the Fourier transform of spher-
ical harmonics is related to the Bessel functions.
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Lemma 2.4 ([5, Lemma 9.10.2]). For any &,£ € S*! and w > 0, it holds that

—iw(€.&)vn 4 - 27T)d/2 _l)n n (¢
/Sdi1 e <§71>}/e (z)do(z) = (WI+WJ”+(d_2)/2(w)n (f), (218)

where J,(z) is the Bessel function of the first kind of order v > —1/2.
2.4. Ball polynomials/functions
For any a > —1, ball polynomials which are orthogonal polynomials on B¢ are defined by
PEMx) = POV Q|z)? - )Y (@), zeBY nkeNy, 1<(<al.  (219)

Note that the total degree of Pkof )" (x) is n+2k. They are orthogonal with respect to the weight
function @®(z) = (1 — ||z||?)® [16, Proposition 11.1.13]

|, rer@p @ @)
= X?mém,nék,jé&u kvja m,n S NO; 1 S f S a7d7,) 1 S L S a:lnv (220)
where

B I'k+a+1)I(k+n+d/2)
Xen = 90k tatntd/2)0(k+ Dk +a+ntd/2)

Theorem 2.2 ([16, Theorem 11.1.5]). The ball polynomials are the eigenfunctions of the
differential operator

KePl) (@)= (- A+ V- -zQ2a+z-V) - 2ad) P} (@) =7 P (),
where 77(7?) =m(m+ 2a + d).

The following theorem indicates that the Sturm-Liouville operator Kf has an equivalent
form.

Theorem 2.3 ([41, Theorem 2.2]). For a > —1, it holds that

Kg=—(1—|z|*)™V- (1 - |z]*)*™V - A,.

T

Lemma 2.5. For any integer v € Ny, it holds that

o,mn v d d a+2v,n
(=A)"P () = (—4) (kz +n+a+ 5) (kz +n+ 5~ 1/> Pkfje’ (z). (2.21)
To be undistracted from the main results, we postpone the proof of Lemma 2.5 to Ap-
pendix A.
For any a > —1, ball functions on B? are defined by

{Qi‘,n(l —l=l1*)* P @), = € B,

. o o B k,neNg, 1</£<al, (2.22)

Qp " (@) =

)

where
CIPk+1DI(k+n+a+d/2)

®kn = Tkt a+ DDk +n+d/2)
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Lemma 2.6. For a > —1 and n,k € No,1 < ¢ < a, it holds that

/ Qk 71§m>dz

)”+2k20‘(27r)d/21"(k:+n+a+d/2 s
= DT (1 + d)2) Jn+2k+d/2+a(/))ye &), (2.23)

n’

where & = p€ with p = ||€||,€ € S~

The proof of this lemma is given in Appendix A.
Based on the definition of the fractional Laplacian (1.3), we can obtain the following theorem.

Theorem 2.4. For s > 0 and any integer v € [0,s 4+ d/2), it holds that
(L) Q" (@) = oy P (@), = R (2.24)

where
oo 'k+n+s+d/2)T(n+k+d/24+s—v) (2.25)
k(2122 =2T(k4+n +d/2 + v)T(k +n +d/2) '

The proof of Theorem 2.4 is in Appendix A. Combining (2.2), (2.20) and Theorem 2.4 yields
the following theorem.

Theorem 2.5. For s >0 andn,k € No,1 < /¢ < ad, ;Z" form a complete orthogonal system
in H:/? (B4). More precisely,

225702k +n+ s+ d/2)
2k+s+n+d/2)I2(k+n+d/2)

((_A)S/QQIZ,ZW’(_ )5/2Q_ém)]Rd 5Z,l5k,j6m,n- (2.26)

3. Spectral Approximation Methods

3.1. Approximation scheme and implementation of the spectral Galerkin method

The variational form of (1.1) reads: To find nontrivial (\,u) € R x Hf/Q(IB%d) such that
a(u,v) = Ab(u,v), v e H*BY), (3.1)
where a(+,-) and b(-,-) are the bilinear forms defined by
a(u,v) = ((=A)2u, (—A)"?v) ., u,v € H*(BY),
b(u,v) = (u,v), u,v € L*(BY).

It is obvious that a(-,-) and b(+,-) are symmetric, positive definite, continuous and coercive
on H?(BY) x H*(B?) and L2(B?) x L2(B?) respectively.

Remark 3.1. Problem (1.1) has an infinite sequence of eigensolutions {(\;, ¥;)}$2, with eigen-
values being ordered increasing, A1 < Ay < A3 < ---. All eigenvalues of (1.1) are real and
positive. The following lemma indicates that

22T (s + 1)['(d/2 + )
I(d/2)

A >
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Lemma 3.1. Vu € Hi/?(BY)\{0}, it holds that

(=) 2 > 25\/r(s+ 1)F(d/2+s)HuHTS . 25\/F(s+ 1)F(d/2+s)HuH'

I'(d/2) I'(d/2)
Proof. We first show that for n, k € Ny,

Lk+s+1) (k+8)(k+8—1)"'(S+1)r(s+1)>F(s+1),

T(k+1) k!
F'n+k+s+d/2) (n+k+d2+s—1)n+k+d/24+5—2)---(d/2+s)['(d/2+ s)
T(n+k+d/2) (n+k+d/2—1)(n+k+d/2—2)---d/2T(d/2)
I'(d/2+ s)
I'(d/2)

Then, for any

[\

it is derived from (2.2), (2.20), Theorem 2.4 together with the Parseval’s identity that

&

, 2 et & 25Fk+s+1) (n+k+d/2+s) g 2 p
||(7A) /2uH]12§d = Z Z k+1) (k+7’b+d/2 } HPkZ qu

=1 k=0
22SF(S + d/2+5 ~s,n s,mn
> T{d Z Z Z ’ HPk ¢ H
n=0 ¢=1 k=0
_ 25D(s+ 1)0(d/2 4+ s) lul . > 2251 (s + 1)['(d/2 + ) ull?
- T(d/2) = T(d/2) “lls
which ends the proof.
Define
B 2k +s+n+d2l(k+n+d/2)Q ")  ~ ..
Wik = Span{\/ 9251 T(k+n+s+d/2) Q@)

1<€<a ,0<Ek <K, 0<n<N}

(3.2)

the Galerkin spectral approximation to (1.1) amounts to find a nontrivial eigenpair (An, i, Un, k)

€ R x Wh, K such that
a(uNﬁK,v) = )\NﬁKb(uNyK,v), Yv € WN,K-

Let us expand un, i as follows:

and denote

T
~ _  (~0 ~0 ~0 ~1 ~1 ~1 ~N ~N ~N ~n _ (~n ~n
ui (u1)u2)... u d)u1)u2)... u ?7... )ul 7u2 7... )uade) y ue P (u0725u1787...

(3.3)

3 a’?{,l) )
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S = dia’g{(s?)oﬁnglv,lgfgaz}v S? = [a(©;27n7 @;ls’m)]OSkJSKa
M = diag{ (M7 )ocnenaci<as }s M7 = [B(Qrs"™ Q7™ oer ek

Then the algebraic eigen system associated with (3.3) can be written as
Su = Ay kM.

The following lemma indicates that the stiffness matrix S is diagonal. Thanks to the or-
thogonality of spherical harmonics, M is a block diagonal matrix.

Lemma 3.2. Fork,j,n,m €Ny and 1 <{<al,1<:<al, it holds that
(=) 2Qs™ (=8)2Q5™) g = Omnde. Ot (34)
(QI;ZH’ Q;fm) = mi:?némynama (3.5)

where

etm (DM +s+n+d/2)2j+t+n+d/2)T(n+k+j+d/2T(s+t+1)
kg 20+t —k+1)(k+s—j+D(s+t+n+k+j+1+d/2)

Proof. In view of (2.26), one readily gets (3.4). To prove (3.5), we first resort to the
following connection identity of two Jacobi polynomials with different indexes of the weight
function [5, Theorem 7.1.3]:

n

POD@) = 3 Pl @),

m=0 (3.6)
e — B+Dn(v—a)p-mla+B+Dmla+B+2m+1)(B+y+n+Dm
hm (a+B4+2)nn—m)(B+Dmla+B8+1)(a+B+n+2),

We now concentrate on the main body of the proof. By Rodrigues’ formula and integration
by parts, one can obtain

(@™ Q5™

= | Y @)Y @)do(z)
§d—1

1
x / Pt (9p2 ) plm T (902 (1 p2)sttpntmtd-ly,
0

1\ SHttntd/2+1 1 (/1) o)
- <_) 5m’"5e’b/ B (p) 5" (0)(1 = p)* (1 4 p)t¥/2~1dp

2 -1

1 s+t+n+d/2+1 1 k
=13 5m,n5€,b%

2 2k k!

1 k
d s n — n+d/2—

< [l o PR )1 g
_ 1 5s 1(1_ )s+k(1+ )k+n+d/2—1d_k[P(t,n+d/271)( )(1_ )t]d
T sttntd/2irkg Omonfhe | P P dpk L P p)|dp,

where the second equality sign is derived from variable substitution p = 2r? — 1.
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To proceed, we recall the property of the hypergeometric function derived from [5, p. 123,
Exercise 43(b)]

di( (¢ aFi(a,b;¢50)] = (¢ = 1)¢" %2 Fi(a,b;¢ — 150),

which is equivalent to the following form:

el c—2
d%[(#) zFl(a,b;c;l;QC)}:_c;l(%) 2F1(a,b;c—1;%). (3.7)

Using (3.7) repeatedly together with (2.5) yields that

d* n+d/2— . _ —kntd/2—1+k
o O = )] = (CDMG = ke (1= p) TR TR ),

As a result, one obtains that

! s n - dk n+d/2—
| @t g [ =

1

_ (*1)’6(]’ 4t—k+ 1)k/ (1 _ p)ert(l Jrp)kJrner/2f1Pj(t—k,n-i-d/2—I-Hc)(p)dp7
—1

Pj(t—k,n+d/2—1+k)

where is the generalized Jacobi polynomial as discussed in [37, §4.22] whenever

t—k < —land/orn+d/2—1+k < —1. Then, we use (3.6) to expand P](t_k’"+d/2_1+k) as

J t—k,s+tP(s+t,n+d/271+k)
m=0 ~j,m J ’

holds that

—s,mn —t,m
(Qk,ﬂ 7Qj,L )
B (—1)k L(j+t+1) 5
— 25+t+n+d/2+1+kk! F(j Tt — k T 1) m,n0¢,.

1
% /1(1 - p)s+t(1 + p)k+n+d/2—1cz;)k,s+tpo(s+t,n+d/2f1+k)dp

_ (—1)k+ F'G+t+1) (n+d/2+k)j(s+k—j+1); sttmtd/2-14k
osttdntd/2H14REIT(j +t —k+1) (s+t+n+k+d/2+1);5 °

(= DMTG A+ )+ d/24+ k4 )T (s +k+ DD(s+t+ 1)
2kt 4+ —k+ D (s+k—F+ D (s+t+n+k+d/2+1+]

Owing to the orthogonality of Jacobi polynomials (2.6), it

m,n(sﬂ,l

) m,n(sﬂ,l-

Thus, (3.5) is an immediate consequence of the above equation. 0

3.2. Estimate of the spectral condition number

The goal of this subsection is to give estimates on the smallest and greatest numerical
eigenvalues, and thus on the condition number of the mass matrix M.

Let {A§V7K,1/)§V7K}E]:Vfl)2 be eigensolutions of (3.3) such that Ay o <A} g < -+ < )\5\],\7[;1)2,
here we take K = N in the finite dimensional space (3.2). The following lemma indicates that
each numerical eigenvalue satisfies )\ZJ'\L N SN

Lemma 3.3. For any uy € Wy, n, it holds that

1(=2)Pun|Za S N*Jluwll?. (3-8)

~
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Proof. For
ad

N N
ZZZ kéle EVVNNv

n=0 ¢=1 k=0
it follows from (2.2), (2.20) and (2.24):
N af N
I8 2unlida = S S [ o 1B
n=0 ¢=1 k=0
N af N
=DIPID I CESON e i o
n=0 (=1 k=0
ad N
SN2 2 e Vo i (3.9)
n=0 (=1 k=0

where we have used the limit for asymptotic approximations [35, Eq. (1.66)]

. Iln+a)
1 — =1. 3.10
n—l>r-ir-loo L(n)ne ( )

On the other hand, we resort to the following inequality which is derived from [8, Corol-
lary 6.2] extended to high dimension that for any ¢n € Py (B?),

[N llws S N*l|on 2 (3.11)

The detailed proof of (3.11) is postponed to Appendix B. Since w*uy € Px(B?), one obtains

lunl? = o un |22 2 N™* o un|Z. = N~ %ZZZW\ [z

n=0¢=1 k=0
Combining this with (3.9) leads to the desired result. U
Theorem 3.1. As N tends to infinity, it holds that

My =00), AR =0n*), (3.12)

Moreover, the spectral condition number of the mass matrix M satisfies

AW
(M) = /\1’ = O(N*). (3.13)
N,N

Proof. By means of the min-max principle and Lemma 3.1, we get that

928 T ) —A)S/ 212 —A)S/2y12
(s + D0(d/2+ 5) <M = min IE=2)" ullga QUHRd < min I(=2)"ullga QUHREL = AN.N
I'(d/2) ueHS/z(IB'i) [l uEWN [ ’
s/2 3 —s,n||2
1T [(=A S/QUHRd || /2Q0€ H]R'i _ 1
Ay = m 5 < =
ueWnN ||U|| HQES nH mo,o0

22T (s + 1)’ T'(2s+n+d/2+1) V7(2s+n+d/2)T(2s+n+d/2)[(s+ 1)

 (s+n+d/2)T(n+d/2)L(2s+1) (s+n+d/2)[(n+d/2)[(s+1/2)
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where the identity ['(2)T'(z +1/2) = 21722/7 '(22) is used for the last equality sign. This leads
to the conclusion Ay n = O(1).
In the sequel, it follows from the equality (3.8) that

~A)
)\(N"rl)z _ ||( Rd < N4S.
NN ez~

To prove )\%\fj\;lf = O(N*%), it suffices to verify that for

_T@2s+n+d/2+N+1)
ONE) = T Ta T a2 N
I(=A)*pn e = O(N®F2), lon|* = O(N*F?), N — +oo.

s n+d n
(1~ [lz|2)*PE 2D 2|22 — )Y (=) € Wi,

In fact, thanks to (3.6), we obtain that

2\s N 2s+n+d/2+2m)T(2s +n+d/2+m
(1 22 3 ¢ [ )03 0+ o2+ m)

x PRtz l|z)? - 1)) (@),

on(x) =

m=0

By the orthogonality relation of (2.15) and (2.6) together with (3.10)

zN: (25 +n+d/2+2m)°T(2s +n +d/2+m)?

2 _
Il = T(n+d/2+m)?

m=0

1
> / Pr(an,n-i-d/Q—l)(QTQ - 1)P,r(n25’n+d/2_1)(27"2 - 1)(1 . T2)287’2n+d_1d7"
0

B <1>25+"+d/2+1 XN: (25 +n+d/2 + 2m)?T(2s +n + d/2 + m)?
2
— Tin+d/2+m)
1
. / Pt a2=1 (o) PRem 20 (0) (1—p)S (14p)" T4/ Ldp
—1
B i (25 +n +d/2+2m)D(2s + n+d/2 +m)[(2s + m + 1)

2T (n + d/2 +m)L'(m + 1) = OVE™),

m=0
where the second equality sign is derived from variable substitution p = 2r% — 1.
Meanwhile, by the connection relation (3.10) once again

N T(s+14+N—m)T(s+n+d/2+m)T(n+d/2+2s+1+ N+m)(s+n+d/2+2m)

V@)= 2 TR DN — DD+ /2 5 )T+ d/2 fm 11 )
x Plentd/2=1) 912112 — 1) Y () (1 — |la||?)*,

which together with (2.4) and (2.26) gives that

225 ! [(s+14+N—-m)* T (s+n+d/24+m)’T(n+d/2+2s+1+N+m)?
(s+1)* £ (N —m+1)2T'(n+d/2+m)?T'(n+d/2+s+1+N+m)?

1(=2)*"2 ¢ Ifa =

" I(m+s+1)2%(s+n+2m+d/2)

T(m+1)2 = O,

This completes the proof that AS\I,Y;VH)Q = O(N**). And (3.13) is an immediate consequence
of (3.12). O
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4. Regularity Theory and Error Estimates

4.1. Regularity theory

We first introduce a weighted Sobolev space for our regularity analysis and error estimates,
then present our regularity results in weighted Sobolev spaces and their proofs.
Define the weighted space B (B) for any u,v > 0,

B (BY) == {u € LZ.(B) : |ulgs v @e) < 0o},

furnished with the semi-norm

|ulBuw gay = R (4.1)
where
— (—Ag)H/2, i is even,
O (=AY, p s odd,
and
@]l v=0,
1/2
| (IVull2.ps + [ Voul2.) "2, v=1,

||(*A+V'IL‘(204+:L‘~V)720&d)lth7ws, v=2l+t>2 te{0,1}.

The semi-norm |u|ze» ey admits an equivalent norm

d oo oo afl oo
S 930 DRI L ¥/ ITED ) 9) oL ST
n=0 (=1 k= n=0{=1 k=0
The norm in this space is defined for any p,v > 0 as || - || g (ga), that is

0l oo
lull gy = D 2 D [+ 02 + (n 4+ k)] [@57 X (4.3)

n=0¢=1 k=0

4.1.1. Regularity of solution to the source problem

In order to obtain the regularity estimate for the eigenfunction of the eigenvalue problem (1.1),
the regularity of solution to the following source problem of the fractional Laplacian in weighted
Sobolev spaces is firstly considered

{(—A)Su +cu=f xeB, (4.4)

u(z) = 0, z € R4\ B,

where f is a smooth and given function, ¢ > 0 is a constant. A combination of (2.2), (2.3),
Lemma 2.1 as well as the Lax-Milgram theorem leads to the well-posedness of the problem (4.4)
shown in the following theorem.

Theorem 4.1. For the problem (4.4) with ¢ > 0 and f € H;*(B%), there exists a unique
solution u € HE(B?) such that ||uls < || f|lsre, where H7*(B%) is the dual space of H(B?)
with respect to the inner product (u,v)y.q.
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The full regularity for the solution (1—||z||?)~*u instead of u to the problem (4.4) is obtained
as stated in Theorem 4.2. For the proof, please see Appendix C.

Theorem 4.2. For the problem (4.4) with ¢ = 0, if f € B&Y(BY) N\ H*(BY) with p,v > 0,
then
(1= ll2l*)*u € BL+=r+2:(B7).

However, the regularity result in above theorem does not hold for the fractional Laplace
equation (4.4) with ¢ > 0. The following lemma plays an essential role in the analysis of
regularity for the Eq. (4.4) when ¢ # 0.

Lemma 4.1. If veB»Y(BY) with u,v>0, then (1—||z|?)%v € plomin(v:3stl=e) (B?) with & > 0.
The proof of this lemma is given in Appendix C.

Theorem 4.3. For the problem (4.4) with ¢ > 0, and f € B»Y(BY) (" H,*(B?) with p,v > 0,
we have for any arbitrary small € > 0 that

(1 _ ||$||2)—su c Bg+s,min(u,3s+1—8)+25(Bd).

Proof. Denote @i = (1 — ||z||?)"*u. Since f € H:(BY), it follows u € L2 .(B?%) from Theo-
rems 4.1 and 2.4. Then it yields that

f=f—cueB*®B).

Now we use the bootstrapping technique to lift the regularity of solution #. Due to the
conclusion of Theorem 4.2 and (—A)%u = f, it yields

e B?in(y,O)Jrs,min(V,O)Jr% (Ed)
Thence by Lemma 4.1, we obtain

= B;nin(;,a,O)—‘,—s,min(l/,O)-‘rQs (Bd)

Repeating the above procedure if p, v > 0, we obtain
F=f— cue Brins)min(:29) gy
and then by Theorem 4.2 and (—A)%u = f, it vields that
= B;ﬂin(u,s)+s,min(u,28)+25(Bd)_

If we further have u > s and v > 2s, we repeat the above procedure and obtain

= B;nin(,u,?s)+s,min(v,4s)+25 (Ed)

If v > 4s, by Lemma 4.1, it yields that

= B;ﬂin(p,Qs)+s,min(u,3s+1—8)+25(Bd).

If i is large enough, we can repeat the above procedure k times and obtain

= B;nin(,u,ks)Jrs,min(V,Berlfs)+2s (Bd)

until k¥ > p/s. Thus by Lemma 4.1, we get the desired conclusion. O
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4.1.2. Regularity of eigenfunctions for the fractional eigenvalue problem
In this subsection, it is to obtain the regularity estimate for the eigenfunction of the eigenvalue

problem (1.1).

Theorem 4.4. Assume u is an eigenfunction of the fractional eigenvalue problem (1.1), we
have for any arbitrary small € > 0 that

(1= [l2]*)~*u € BX>**1=(BY). (4.5)

Proof. For the problem (4.4) with ¢ > 0 and f = 0, using the result of Theorem 4.3, it leads
to the desired conclusion (4.5). O

4.2. Error estimate

This subsection studies the orthogonal polynomial approximation on the unit ball. Then,
an optimal error estimate for the spectral-Galerkin method in weighted Sobolev space is given
at last.

Introduce the orthogonal projection 11y, 4 : HE(B?) — Wy i such that

((7A)S(H?V,Ku - ’LL), U)Rd = 07 (S WN,K-

Owing to the orthogonality relation (2.20), Yu € H?(B?) can be represented as

d
s o (=P P
:Z doapt - |z|?) Pop(e), any = ( ki) , (4.6)

S
1 k=0 Xk,n

S

and II%; ,u is then a truncated series of u,
:

My cu(@) = S5 S a1 - (e Pl @), (4.7)

n=0¢=1 k=0

Lemma 4.2. For (1 — ||z|?)~%u € B%Y(B?) with u,v > 0, we have the following estimate:
|u =Ty gul| . S (N7 + K792) @™ ulgn e gay, (4.8)
where v1 = p+ s and v2 = 2s + min(3s + 1 — e, v) with arbitrary small € > 0.

Proof. Tt follows from (4.6), (4.7) and Parseval’s theorem that
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Using the facts that

N2 <p* 4 (n+Ek)*, n>N+1, k>0,

4.9
K2 <n?" + (n+k)?*, n>0, E>K+1, (4.9)
we have
0 ad 0
£ 50K 355 o
n=0¢=1 k=0
which implies by the definition of the semi-norm (4.2) that
Ju = el S (V# 4 K1~ [l2ll?) "l e o). (4.10)
Above result together with the regularity estimate in Theorem 4.3 leads to (4.8). (|

Lemma 4.3. For (1 — ||z||?)"*u € BrTv+5(BY) with p, v > 0, we have the following estimate:
lu— Ty geul|, , S (N 4+ K°772) @ ulgn e, (4.11)
where y1 = 1+ s and 2 = 28 + min(3s + 1 — e, v) with arbitrary small € > 0.

Proof. Tt follows from (4.6), (4.7), (2.2), (2.3), (2.22), (2.24) that

s 2

lu—
= [|(=2)*/2 (u — 113, geu) 2

= ((-4) S(u—HfVKu) u—H?\,Ku)Rd

=) 22 Fk+s+1) (k+n+s+d/2) onp2
(S ETeRS S Iy

n=N+1/4=1k=0 n=0/¢=1k=K+1

Using the facts (4.9) and the estimate (C.2), we have

|’LL - H?\/,K“lf,*

d
a, oo

225T( k+s+1) (k+n+s+d/2)

2n 2v]|~s,n
The DTk rnraz 0+ erRE Hipr

Mg
N

S (N72,u. 4 K72V

n=0 (=1 k=0

3

Mg

]

Mg

5 (N72,u +K72V 2,u+25 7’L+ k)2U+2S} ~8, n‘ an,

n=0 ¢=1 k:O
which implies by the definition of the semi-norm (4.2) that

w— T geul, S (N 4+ K| (1= [l2]?) "t gy
Above conclusion together with the regularity estimate in Theorem 4.3 leads to (4.11). O
Remark 4.1. Thanks to Lemmas 4.2 and 4.3, the convergence order of the spectral-Galerkin

method for source problems of the fractional Laplace equation (4.4) with ¢ > 0 can be derived,
which is 55 + 1 in L2 _,-norm and 4s + 1 in H$-norm.



Spectral Methods for Eigenvalue Problems of the Integral Fractional Laplacian 19

Recall that a(-,-) is symmetric, continuous and coercive on H:/?(B4) x H:/*(BY), b(-, ")
is continuous on L?(B?) x L%(B%), and Hf/Q(IB%d) is compactly imbedded in L?(B?). Thus,
based on the approximation theory of Babuska and Osborn on the Ritz method for self-adjoint
and positive-definite eigenvalue problems [6, pp. 697-700], we now arrive at the following main
theorem.

Theorem 4.5. Let {)‘l}v,K} be the eigenvalues of (3.3) ordered non-decreasingly with respect
to i, repeated according to their multiplicities. Further let A\, be an eigenvalue of (1.1) with the
geometric multiplicity q and assume that A\, = App1 = -+ = Aggq—1. It holds that

Og)\g\/,K_)‘ksK_gs_Q-‘rEa J:kak+1a7k+q_1a
where

E(\) = {1/) is an eigenfunction corresponding to A\ with ||(7A)S/27/)||]Rd = 1}.

Let 1/15\, x be an eigenfuction corresponding to /\g\/ g forj=kk+1,...,k+q—1, then there
holds
inf ||u— 7 < K AsTlte
uEE(kk)H wNyKHs,* ~
Let ¢y be an eigenfuction corresponding to \i, there exist a function

UN € Span{w?\f,l(a Ty ;CVJ,rIq(71
such that
[k — onllse S K471

5. Numerical Tests

In this section, we present several numerical examples to illustrate the accuracy and effi-
ciency of our spectral-Galerkin method and validate the theoretical results related. We first
present the numerical results on the condition number of the mass matrix M, then show numer-
ical approximation results to verify the expected convergence orders of numerical eigenvalues.

5.1. Condition number

In this subsection, we present in Fig. 5.1 the condition number versus N with various
fractional order s from 0.3 to 1.0 in logarithm-logarithm scale. The result shows that, for
each s, the condition number x (M) grows algebraically with respect to N. In order to
investigate the growth tendency of the condition number numerically, we draw the condition
number together with the function N4 in logarithm-logarithm scale. The straight lines indicate
that xn (M) = O(N**), which is predicted by Theorem 3.1.

5.2. Convergence order

At the beginning of this subsection, our results are compared with those available in the
literature. In [20], the authors provide sharp estimates on the eigenvalues of the fractional
Laplacian in the unit ball of any dimension; meanwhile, the finite element approximation for the
fractional Laplacian eigenvalue problem is studied in [10]. Table 5.1 reports the first eigenvalue
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Table 5.1: The first eigenvalue in the unit ball in R?. Estimate from [20], upper bound obtained by
FEM in [10] with a meshsize h ~ 0.02, results by our spectral-Galerkin method with N = 6.

s Ref. [20] | Ref. [10] | Present
0.005 | 1.00475 1.00480 | 1.00475
0.05 1.05095 1.05145 | 1.05095
0.25 1.34373 1.34626 | 1.34373
0.5 2.00612 2.01060 | 2.00612
0.75 3.27594 | 3.28043 | 3.27594

by our spectral-Galerkin method with N = 6 for various s and the numerical approximation to
A1 computed by the methods in [20] and [10]. We can observe that these outcomes are in good
agreement.

On the other hand, in logarithm-logarithm scale, the approximation errors of the 4 smallest
eigenvalues with different fractional orders are presented in Figs. 5.2-5.4. Error plots reveal
that the computational eigenvalues converge at a rate of O(N~85=2), which is consistent with
the result in Theorem 4.5.

Finally, we present some figures of the first two eigenfunctions in two dimensions with
different fractional order s = 0.6,0.8,1.0 and K = N = 10 in Figs. 5.5-5.7, respectively. Fig. 5.8
visualize of Wv, x With s = 0.8 and different n, k, ¢ in three dimensions.

20 ]\'90 160 230 300 20 . 90 160 230 300 20 V90 160 230 300

(a) d=1 (b)d=2 (©) d=3

Fig. 5.1. The condition number and polynomial function N** versus N with different fractional orders

s =0.3,0.7,1.0 in logarithm-logarithm scale.

8 12 16 20 32 48 64
N

(a) s =0.2 (b) s =0.8

Fig. 5.2. Approximation errors )\'I'V’K —Xi(o: A1,V i Ag, A 2 A3, 0 : A\4) versus the reference function
N~85=2 with different fractional orders in logarithm-logarithm scale in one dimension.
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8 18 28 38 48 5868 8 12 16 2?\, 32 40 56 80
N

(a) s =0.2 (b) s =0.8

Fig. 5.3. Approximation errors A?V,K —Xi(o: A1,V : Ag, A 2 A3, 0 : \4) versus the reference function
N78=2 with different fractional orders in logarithm-logarithm scale in two dimensions.

12 16 20 28 40 56 80
N

(b) s=0.8

Fig. 5.4. Approximation errors )\’ﬁV,K — A0 : A1, V i A2, A 1 A3, 0 Ag) versus the reference function
N78=2 with different fractional orders in logarithm-logarithm scale in three dimensions.

1 1 1
05 05 05
0 0 0
05 05 05
1 A 1
1 05 0 05 1 1 05 0 05 1 1 05 0 05 1
(a) s =0.6 (b) s =10.8 (c) s=1.0

=3

Fig. 5.6. The figures of ¢12V,  corresponding to Y;! =1 cos 6 for different fractional orders with N =K =10
in two dimensions.
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” - N ‘ * ‘

0 0 0
™ 05 0 05 1 ™ 05 0 05 1 ™ 05 0 05 1
(a) s =0.6 (b) s =0.8 (c) s=1.0

Fig. 5.7. The figures of 1/}}‘)\, e corresponding to Y3 =1 sin @ for different fractional orders with N =K =10

in two dimensions.
I i

(a) (n,k,£) =(0,0,1) (b) (n,k,£) =(0,1,1) (c) (n,k,£) =(0,2,1)

z z

(d) (n,k,£) =(1,0,1) (e) (n,k,2) =(1,1,1) (f) (n,k,£) = (1,2, 1)
(g) (n,k,2) =(1,0,2) (h) (n,k,£) =(1,1,2) i) (n, Kk, £) =(1,2,2)

Fig. 5.8. The figures of 1/}}\, x corresponding to k and Y,;" with s = 0.8 in three dimensions.

Appendix A. The Proofs in Section 2
A.1. The proof of Lemma 2.5

It is obvious that (2.21) holds for v = 0. When v = 1, one can obtain from (2.16), (2.17)
and (2.14) that

AP () 1 [, d-1 nn+d—2)1  , (ant+d/2-1) 4 2
7}/@”@) = [5‘7, + " Oy — 3 ] [r P, (2r° — 1)]
_ |:63 2n+d — 16,,~:| Pk(:a,n+d/2—1)(2r2 _ 1)7
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where the last equality sign is derived from a direct reduction. Making a change of variable
p = 2r? — 1, one deduces by (2.9) that

2n+d—1

[63 + = aT] plentd2=h g2 )

d wntd/2—
—8 [(p+1)a§+ (n+§) ap] plen 2= )

Q(k‘—i—a—i—n—i— )[(kz—f—a—l—n—i——;—i—l) (P-l—l)P]E ) ’ d/2+1)())
« n
+2(7’L d)Pé +11, +d/2)()):|_

Note that a combination of (2.8) and (2.11), (2.10) leads to the following relations:

(k; + 2 ; b, 1) 1+ 2P ) = (k4 a+ )PP @) + (k+ PP (), (A1)
2k+a+ B8+ 1P ) = (k+a+ 8+ )PP () + (k+ B)PT(2). (A.2)

Thus, one can get from (2.10), (A.1) and (A.2) that

APY () 4(k+a+n+d/2)s d srmta2) s
’ = k ——1| Pt k—1)pPet?
Y (z) 2k +a+n+d/2 [( Tntg ) k—2 (p)+( )P (p)]

dn+d/2)(k+a+n+d/2) d (a+2,n+d/2)
k —+1)P '
* 2%k +a+n+d/2 tatnto s k-l 2

d (03 n
- (k —14n+ 5) plet? *d/”(p)}
dk+a+n+d/2)(k+n+d/2-1) d (a+2,n+d/2)

_ k ¢ 1) plet?
Sk tatntd? tatnt g+ 1 (p)

+ (k+ o+ 1) plef2ntd/ 2)(p)}

d d\ (at2ntd/2—
:4(/€+n+§—1) (k"'”-i-a—i—g)PéJ{Q’ +d/2 D(p),

which proves (2.21) in the case that v = 1. For the integer v > 1, we repeat the above process
and deduces that
A) pen _ 4 v—1 k d k d 1 APoz-i-Q(l/—l),n
(—A) k0 (@) = (—4) +”+O‘+§ +”+§*V+ k—v+1,0 (@)

v—1 v—1

d d o v,n
(—4)”(k+n+a+§) (k+n+§_l/> ijz?f ().

v

This ends the proof. O

A.2. The proof of Lemma 2.6

We first note the fact that

Bdf(z)d:z: = /01 rdildr/Sdil f(r#)do(z).
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Then, by the definition (2.22), a technical reduction and Lemma 2.4, one can obtain
[0l By @) e €2 da
Bd ’
1 ;.
— / (1 — p2)e plontd2=1 9,2 _ qypntd-1q, / e &2y (3)do (&)
0 Sd 1

! d/2(_:\n
o a,n+d/2—1 ntd— (27T) ( 1) n2
:/0 (1—1r?%) p]g +d/ >(2r2 — 1)t 1WJn+d/2,l(rp)dryé )
2m)4/2(—j)n 1 on B R
= (;d% |:/ (1 — 7‘2)aP]£ ;n+d/2 1)(2r2 — 1)rn+d/2Jn+d/2,1(Tp)dT an(f) (A.S)
0

Using the expression of the Bessel function of the first kind

() = ;%(g)mﬂ’

the variable transformation z = 2r? — 1 and (2.12), one further derives

1
/ (1 —r2) 2 P20 (02 1)yt g s (rp)dr

TQ)QPISa,n—i-(d—Q)/Q) (27"2 i 1)Tn+d/2d7,

o) Tp)2m+n+d/2—1

Z m+n+d/2)/ (?

2m+n+d/2—1 1
) / P]ga,n+(d—2)/2)(Z)(1iz)a(1+z)m+n+d/27ldz
—1

:i m2amnd/21(/_)
= m!T(m+n+d/2) 2

(=™ p\2mintd/2=1 (m —k+ 1), T(k+a+ 1)I'(m+n+d/2)
- Z m!T( ) ( ) -

(m+n+d/2 2k! 'k+a+m+n+d/2+1)
B (k +a+1) (p) —a—1 i (_1)m—k (p)Q(mfk)Jr(ner/QJerJra)
O 2(=D)kE \2 (m—k)T(k+a+m+n+d/24+1) \2
k2T (k+a+1)
= (1) ](fl )p 1Jn+2k+d/2+a(p)-
This together with (A.3) leads to the desired conclusion (2.23) immediately. O

A.3. The proof of Theorem 2.4

Owing to (2.21), it suffices to prove Theorem 2.4 with the integer v € [s/2 — 1/2,s + d/2).
To this end, we start with (2.23) in view of the definition of the fractional Laplacian (1.3)
(7i)n+2k(27.r)d/2251’1(k +n4s+ d/2)
[gll4/2=42T(k 4 n + d/2)

I€*=2 [7Q; 5] ©) = Tntorraszss (1€]) YE),

and get from (2.18) that

77 [l #Q "]
- / 2°T(k+n+s+d/2)  Jnyorrdszes(€])
Rd (27T)d/21n+2kr(k+n+ d/2) ||§Hd/27s+2y

© (—i)"H2k25T(k 4+ n + s+ d/2) / 5 .
(p)d ior€2)
| et gy s (de [ V7@€ a0 @)

v (€)eee)ag
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(=) 2R2T (k4 n+ s+ d/2) (2)4/2im
= /o )2 == T (k + 1 1 d/2) Jn+2k+d/2+s(P)Wt}n+d/2 1(pr)dpY," (%)

2T (k+n+s+d/2)

o > s—2v n(L
- (l)kr(k+n+d/2)rd/21/0 p n+2k+d/2+s(p)Jn-‘rd/Q—l(pr)dpn (Z), (A4)

where £ = p€ with p = ||€]|,€ € S
Further, we derive from [21, Eq. (8.11.9)] that when p+v+1> A > —1

+oo
/0 Ju (), (zy)a ™y 2da
 T((ptv—A+1)/2)y /2
AT+ DI (A +p—v+1)/2)

+v—-—A+1 v—- A—pn+1
><2F1<ﬂ ) ; 2”

;V+1;y2>, O0<y<1. (A.5)

For0<r <landv e (s—1/2,s+d/2), it yields by (A.5) and (2.5) that

“Hliel T 7 Q" (@)

B 228—2V1“(k+n+s+d/2) (N+’f+d/2+3_”)yn(z)
T DMkt nt AT+ 2Tk F v 1)

d d
X2F1(_k_Van+k+§+S—V;7’L+§;r2)_

If v is integer, then

-1 [”5”25721/:755@];2,71]

_ Ttk ts+d/0(n+k+d/2+s—v)

C(=1)F22 =BT (n+ k4 d/2)D(n+k+ v +d/2

_ Dtk +d/24 )t k+d/245=0)  poavn iy
(=122 =2s(n+ k+d/2)T(n+k+v+d/2) k4,0 .

n+d/2,s—2v
Y 2) PP T (1 - 2r?)

The proof is complete. O

Appendix B. The Proof of Eq. (3.11)

We prove (3.11) in two steps. The first step asserts that any polynomial ¢y in Py (BY)
satisfies

lon |2 2 L (BY) S NH<PN||L2 L@y, a>-—L (B.1)
Indeed, for
N ad | EF2]
(PN(x) — Z uk-l‘l nPoz-l-l n(x),
n=0¢=1 k=0
we have

1/2
I o)

3
Il
=)
~
Il
—
=~
Il
=]
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Meanwhile, it follows from the triangle inequality and the Cauchy-Schwarz inequality that

dLNn

lonllzz , Ba) <ZZ Z |Aa+1nwpa+ln”L2wa(lBﬂd)

n=0/¢=1 k=0

ad [ N3] 1/2
(Z a+1n‘ HPQ+1nHLia+1(Bd)>

=0/¢=1 =0

1/2

I
pyet

(x

e [V i

a+l(]Bd)
LA |t v
k.0 2 d
< llewllzz .m0 3 Z e
n=0¢=1 k=0 P,e "LQWQ+1(]BSd)

To evaluate this inequality further, we derive from (3.6) that

_ d/2
P]Ea+1,n+d/2 1)(7”)7 (n+d/2)y

(a+n+d/2+1

k ma+n+d/2) (a+n+d/2+2m) (a,n+d/2—1)
XZ Wt 2 mla+nrd2) (r)

B (n+d/2+k)
C D(a+n+d/2+k+1)

k
" Z NNa+n+d/24+m)(a+n+d/2+2m)

Pr(na,n-l-d/2—1)(r).

= P(n+d/2+m)
Then one can get from (2.20) that
I(n+d/2+k)?

1P 2z oy =
Loa®D)  T(a+n+d/2+k+1)2

" zk: T(a+n+d/2+m)*(a+n+d/2+2m)?

= I‘(n+d/2+m)2 H ZHL2 o (B4)
B I'(n+d/2+k)?
(a4 n+d/2+Ek)2T(a+n+d/2+k)?

k

y Z Fa+n+d/2+m)I(m+a+1)(a+n+d/242m)
2I'(n 4+ d/2 4+ m)I'(m + 1)

)

m=0

which indicates that HP]zZl’"HQ = O(1). Recalling that [|P/"[7, (ay Dehaves like

L2 . (B4)
(n + 2k)~1, it yields that
PaJrln )
H a+1,n ||L = 5714—2/{3,
[P HLia+l(IB'i)

which completes the proof of (B.1).
Next we obtain the following result via an interpolation argument that any polynomial ¢
in Py (B?) satisfies

H‘PNHLQQ(]BW)NNﬁ ”‘JDNHLZWB(]BSd)a a>-1, >0, a<p. (B.2)
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In the case that § —a < 1, we consider the identity operator which is continuous from the space
Pn(B?) with the norm L3(B?) into the space Py (B?) with the norm L2 (B?). One can obtain
by the interpolation argument that

lenllze , - @) SN lenllze @y, 0<A<T,

which is based on the fact

lenllze s S lenlicz , @a),

H‘PNHLZWBA(]BW) < N”SDNHLZWB(]BW)-

Taking o = 3 — \ gives the result (B.2). In the case that 3 —« > 1, one can obtain by iterating
inequality (B.1)

lenllze , @y S N lenllze ., @

This ends the proof of (B.2). Thus (3.11) is an immediate consequence of (B.1) combined with
(B.2). The proof is complete. O

Appendix C. The Proofs in Section 4

C.1. The proof of Theorem 4.2
For

R

HfHBMV(]Bd)*ZZZ 1+n2ﬂ+ n+k 2u}|fljn‘2 s,m

n=0 (=1 k=

For f € H_*(B%), it is derived u € H(BY) from Theorem 4.1. And it is readily to derive
uweL?_ (Bd) due to (2.4). Then it follows that (1 — ||z||?)~*u € L2.(B%). Thus, using the
deﬁn1t1on (2.22), it yields that

One gets from (2.22), (2.24) with v = 0, the equation (—A)*u = f that

w272 T(k+1)I(k+n+d/2) o
T T(k+s+D(k+n+s+d/2)" B

Then it follows from the norm (4.3) that

”(1 - H-'L'” )_su|‘zg+s,y+2s®d)

d
a, oo

o0
= Z [1 4op2et2s (n + k)2u+4s} ‘azzf sn
n=0¢=1 k=0
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750: i 274T2(k + 1)I'%(k +n +d/2)
N I2(k+s+1DI2(k+n+s+d/2)

x [14n**% 4+ (n+k) 2”+4s]|f,j"|2 o (C.1)
Based on the asymptotic formula (3.10), we have the asymptotic estimate

T(k+ 1T (k+n+d/2)

=k (k e C.2
T(k+s+1)0(k+n+s+d/2) (k+n) (C2)

Substituting (C.2) into (C.1), we get

s 12
H(l - H$||2) u"Bg+s,u+25(Bd)
<O SOS T n (B X < oo (C.3)
n=0 ¢=1 k=0

This completes the proof. 0

C.2. The proof of Lemma 4.1

can be rewritten as

rn n ~s,n p(s,n+d/2—1 o
U*ZZW Y/ (Z), W(T):ka,ep( +d/ )( -1), z=rz.

n=0¢=1 k=0

Define an equivalent semi-norm of | - |gu» ey analogous to the two-dimensional case in [27]

0[5+ @) = D (n+ k)2#|‘5n||%§m+d/271(1x) + |5"|2B;’,n+d/271(/\)a (C.4)
n=0 n=0

where
~ B (1+2)/2
Un(2) = vf o(n+d/2—1)/2"

Here L2 5(A) with the associated norm || - ||L2 SN (7,6 € R) in one dimension is denoted by
the We1ghted space of all functions defined on the unit interval A = (-1,1)

1
H“H%Z ) = UQ(Z)(l —2)(1+ Z)'ﬁdz < 00.
.8 _1

The non-uniformly Jacobi-weighted Sobolev space B;Y], B(A)’ when J is a nonnegative integer, is
defined by
J o j 2 .
By () = {u|dluec L2 ;5 ;(N),j=01,...,J},

which is equipped with the following norm:

1/2
HUHB’ 5(A) (ZMBJ (A)) J |U|Bf = [|8Ju |‘L7+Jﬁ+J(A)
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When J = s is not an integer, the space can be defined via classic interpolation method, e.g.
K-method [3]. To prove the lemma, we need the following conclusion [28].
If v(z) € BY,,,(A), then

(1- 7“2(,2))81)(2) € B?};‘(”’SSH_E) (A), (C.5)

where 7(z) = /(1 + 2)/2 and € > 0 arbitrarily small.
Since v € B (B?) with u,v > 0, the semi-norm (C.4) of v can be bounded

|03 @y = Y (n+ k)2“||§””%§,n+d/271(/\) +> |5n|23g7n+d/271(/\) < 00, (C.6)
n=0 n=0
where
~ 1 2
5a(2) = vp oY

o(ntd/2—1)/2"

It suffices to show semi-norm of product (1 — 72(z))%v can also be bounded. Applying the
result (C.5), we have

~ |12 ~
[ =72 s aor ) S nly ) < 00 (1)

Then it is obtained
2 2 2
‘(1 —7r )S’U‘Béb,mixl(u,l‘}s#»lfs)(]Bd) < |’U|B§“”(IB¢)’
which completes the proof. O
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