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Abstract

In this paper, we analyze the convergence properties of a stochastic augmented La-
grangian method for solving stochastic convex programming problems with inequality
constraints. Approximation models for stochastic convex programming problems are con-
structed from stochastic observations of real objective and constraint functions. Based on
relations between solutions of the primal problem and solutions of the dual problem, it
is proved that the convergence of the algorithm from the perspective of the dual prob-
lem. Without assumptions on how these random models are generated, when estimates
are merely sufficiently accurate to the real objective and constraint functions with high
enough, but fixed, probability, the method converges globally to the optimal solution al-
most surely. In addition, sufficiently accurate random models are given under different
noise assumptions. We also report numerical results that show the good performance of
the algorithm for different convex programming problems with several random models.

Mathematics subject classification: 49N15, 90C15, 90C25.
Key words: Stochastic convex optimization, Stochastic approximation, Augmented La-
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1. Introduction

In this paper, we consider the following stochastic convex optimization problem:

min f(x) = E[F(z,€)
wEXo (1.1)

Here Xy C R™ is a nonempty bounded closed convex set, £ : 2 — = is a random vector defined on
a given probability space (2, F,P) and F: OXE - R, G; : OXE = R,i=1,...,p, where 0D X
is an open convex set and = is a measurable space. Without loss of generality, we assume that
expectations E[F(x,&)] and E[G,(x, )] are well defined and finite valued for every z € O and
the expected value function f(-) and g;(-) are continuous and convex on O. Any algorithm for
solving problem (1.1) has to be faced with the difficulty that the full evaluations of expectations
E[F(z,¢)] and E[G;(z,£)] are either impossible or expensive in practice. There are two types
of methods to resolve this problem: the sample average approximation (SAA) method and the
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stochastic approximation (SA). The SAA method usually solves the random approximation
model through sample averaging estimators of random variables. Let &;,---,&y be an i.i.d.
sample of realizations of random vector £ of size N and the average sample approximation
model is defined as
1N
min N Z F(z,&m)
m=1

z€Xo

(1.2)
1 N
s.t. ngzlGi(x’gm) Soa 221,...,]7.

Usually, the convergence of SAA depends on the special choice of parameters and the expensive
iteration cost, like [18,26,28]. However, so far no study has applied sample averaging methods
to the case of biased noise for stochastic convex optimization problem (1.1).

On the other hand, the stochastic approximation, in most studies (for example, [17,31]), is
to generate stochastic oracles F* : R" x = — R and G;* : R" x £ — R of the stochastic function
values of f and g;. More specifically, the random approximation model of (1.1) is defined as

min F' (z)
veXo (1.3)
st. Gi*(z) <0, i=1,...,p,

where F'* and G;* are function which are constructed by one or mini-batches of random samples
tk, si of stochastic function [5,29]. For each k,F® and G;* are continuous on x € O. Obvi-
ously, the iterate 511 = 2ry1(&[x)) can be seen as a function of the history &y := (&1, , &)
of the generated random process. The above two random models are considered as the noisy
computable version of the real optimization problem (1.1) and the convergence of both methods
relies on zero-mean noise with bounded variance (or even with decreasing variance), so estima-
tors in these random models need to be carefully chosen [1,30]. To the best of our knowledge,
no study so far has mentioned the convergence of the stochastic convex programming with
inequality constraints under the above two methods, for the case of biased noise. Regardless of
the random approximation model (1.2) or (1.3), we propose a stochastic augmented Lagrange
method and prove that when the random models are merely sufficiently close to the real op-
timization problems with high enough, but fixed, probability, the sequence generated by the
stochastic algorithm converges to the optimal solution almost surely. In this paper, we consider
a general random approximation model of (1.1) as follow:

. k
min x
2% ) (1.4)
st. G*(z) <o.
For each k, f¥ and G* =: (g¥,--- | g;f) are stochastic approximations of f and g; and continuous

on z € O. The augmented Lagrangian function of problem (1.4) is defined by
1
L5, N) = £@)+ o= [l A+ 1G* @) [P = INP], ¥ (@, 0) e R xR2, (15)

where HR’i (y) represents the projection of y onto RY for any y € RP. In the following we denote
[y]+ == Igr (y). The stochastic augmented Lagrangian method for solving (1.1) with the help
of the random model (1.4) can be described as Algorithm 1.1.

The augmented Lagrangian method for solving the optimization problem with constraints
can be traced back to the pioneering paper by Rockafellar [23]. Since the augmented Lagrangian
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Algorithm 1.1: Stochastic Augmented Lagrangian Method (SALM).

Require: Given parameter r > 0, the initial multiplier A’ € R? and the initial point
20 € R™. Let k= 0.

1 for k=0,1,...do
If 2* satisfies the termination criterion, then stop and return z*.
3 Select the estimation models f* and G* and compute

28Tt = argmin {Ef(x, oY,z e Xo},
AL = N e GR (P (1.7)

4 Let k =k + 1 and go to Step 1.
5 end

method is interpreted as the proximal point method applied to the dual optimality, a superlin-
ear convergence can be reached under certain conditions [4], which is widely used on various
optimization problems [2,9,11,22,27]. However, there is little research on stochastic nonlinear
programming. In the current research, [14] analyzes the convergence of the optimal value de-
pending on the sufficiently large sample and the boundedness of the gradient of the constraint
functions; [15] only obtains the convergence for the general Lipschitz continuous objective func-
tions with a high probability; [30] establishes convergence based on the assumption of unbiased
estimates. Inspired by [3,10], which analyze the convergence of the unconstrained stochastic
optimization problems under the trust-region method, we show the global convergence of Al-
gorithm 1.1 by analyzing the characteristics of the dual problem. Compared to assumptions
in classical stochastic algorithms in prior work, our conditions are weaker, which just assume
that:

e For each k, the estimation models f* and G* of objective and constraint functions are
sufficiently accurate with sufficiently high probability.

e For each k, the estimates of the gradient of the objective function ¢, of the dual problem
are sufficiently accurate at the current iterate with sufficiently high probability.

In particular, we do not assume that:

e The probabilities of generating sufficiently accurate optimization models and estimates
are increasing (they only need to be higher than a certain constant).

e The distribution of the random models and estimates has certain specific characteristics.
(That is, the inaccuracy of the random models can be arbitrary, and estimates can have
biased or unbiased noise.)

On this basis, the paper makes the following contributions to the convergence analysis of this
model:

e Under conditions that models and estimates are sufficiently accurate with sufficiently high,
but fixed probability and the optimal values of approximate dual problems are bounded,
the multiplier sequence {\*} generated by the stochastic augmented Lagrangian method
converges to the optimal solution of the dual problem with probability 1.
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e Moreover, if generalized Slater condition holds for (1.1), we prove that the sequence {z*}
converges to the optimal solution of the primal problem (1.1) with probability 1.

¢ In addition, different settings of noise (biased or unbiased) are discussed. In order to en-
sure the convergence, the selections of the parameters of the algorithm and the probability
of the accuracy of the models in different situations are given in this paper.

The paper is organized as follows. In the next section, using the duality theorem, the
gradient of the objective function of the dual problem is calculated and the significance of
the algorithm is discussed in depth in terms of duality. The global convergence results of
our algorithm are given in Section 3. In Section 4, various noise scenarios are discussed and to
achieve convergence, different accuracies of models and estimates are also constructed. Further,
in Section 5, we show the performance of the convergence of SALM in the stochastic convex
programming problems and the effect of the selection of parameters and sample sizes on the
convergence in some specific cases. Finally, the conclusion is given in Section 6.

Notations. We use the following notation throughout the paper. R’} represents n-dimensi-
onal positive octant space and || - || represents the ¢? vector norm. For a set C' and a point
xg, dist(C — o) denotes the distance between C and o, i.e. dist(C'—x¢) = sup,, ¢ ||z1 — zo].-
ri C represents the relative interior of set C. The conjugate function of the function f : R® — R
is denoted as f* : R® — R. The optimal solution set of a minimization problem f and
a maximization problem g are expressed as argmin f and argmax g, respectively. Let (2, F,P)
be a given probability space. We write £ € F for “¢ is F-measurable”. We use B(R") to
denote the Borel g-algebra of R™ and o(£?, -+, £¥) denoted as the o-algebra generated by the
family of random variables ¢!, - -- | £€¥. For a random variable ¢ and a sub-o-algebra S C F, the
conditional expectation of & given S is denoted by E[¢|S]. The abbreviations “a.s.” stand for
“almost surely”.

2. The Dual Problem of the Convex Problem

In this section, we discuss some properties of the dual problem of (1.4) and give an alternative
interpretation of the augmented Lagrangian method from the perspective of the dual problem.
Considering the Lagrangian function of (1.4) is

Lz, ) = () + \TGF(2), V(z,\) € R" x RP,

So the dual problem of (1.4) is

k k s k
(DO) )I\relﬁ)i CHONEES Ilelrl)f(0 Lz, N). (2.1)
For any r > 0, we consider
k k s k
(DT) max dr(N) = zlen)go L (z, N). (2.2)

The following proposition discusses the relationship between the optimal solution sets of (Df)
and (DIO€ ) and the expression of the gradient of the concave function ¢¥.

Proposition 2.1. For any k-th iteration and each r > 0,¢%(-) is concave on A € RP and
satisfies

oh) = max {84(2) = ol AP}, (23)
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Therefore, the dual problems (D]:) and (Dg) have the same optimal solution. Further, if ¢k %
—o0, then ¢F(-) is finite continuous differentiable on RP. In particular, if for a given X, the

function LE(-, X) minimizes at T (not necessarily unique), then fori=1,...,p,
IPE(N) 0Lk (z, N) Ni
r _ r\* — AN AR 2.4
) OB {2, gt @) (2.4
Proof. For any r > 0 and u* = (u},--- ,u’;) € RP, let
ki, k . k k
= inf [
pr(u®) = inf In(z,u"),

where 1¥(z,u*) is defined as

p
r

e+ 50 W) i gh@) <uf, i=1...p,
i=1

400, otherwise.

F(x,uf) =

Since ¥ (x,u") is convex on (z,u*) € Xo x RP, p¥(u*) is convex for any u* € RP. Noticed that
for any given k € N,
pr =pg +rd",
where
() = 5|
By [21, Theorem 3.1] and the definition of the conjugate function, we obtain that
or(N) = inf (P (W*) + (A uf) ) = = (pF) (=) (2.5)

Using the formula that calculates the conjugate function of the sum of convex functions (see [20,
Theorem 16.4]), it has

=) (=N = = (p6 +74") (=) = max { — (p5) (=) = (rg")" (2 = V) }. (2.6)

In addition, by simply calculating, we have (r¢*)*(y) = r(¢*)*(y/r) and (¢*)* = ¢*. Hence,
combining (2.5) and (2.6), it yields

k) = ma {0 (-2) — et (2 b m L) - 0 - w02
|

z€RP zERP

which implies (2.3). According to the definition of Moreau envelope function in [24, Defini-
tion 1.22], ¢¥()\) is Moreau envelope of the function ¢§()\) , i.e.

$r(N) = —er[ = 5] (V).

Then by [24, Theorem 2.26], —¢¥(\) is convex and continuous differentiable on RP, which
implies that ¢¥(\) is concave and

Vo) = Ve, [~ gl () =~ - B[ afl0] = 1[R[l - A, @)

where P.[—¢f]()\) is the proximal mapping of the function —@% and the parameter r. In
particular, for the given ), let Z be the minimum of £¥(-, \), then it has

#r(A) = Ly(z,N). (2.8)
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Hence, by the definition of the proximal mapping in [24, Definition 1.22], we get
_ 1 _
P~ 6] = angminzy {~4@) = T6@) + 5l - AP (2.9

Notice that for general convex programming problems min(x) s.t. * > 0, «* is the optimal
solution if and only if 0 < z* L Vi(x*) > 0. So the optimal solution z* in (2.9) is

P [ =¢8] (N) = max {0, + rG*(z) }. (2.10)
Therefore, taking the gradient of (2.8), combined with (2.7) and(2.10), the conclusions are
proved. O
The above proposition shows that the optimal solution \ of (Df) satisfies forany i =1,...,p,

O (A Ai
q;/\( ) :max{—7, gf(x)} =0, (2.11)

where Z be the minimum of £¥(-, X). We look at Algorithm 1.1 again, and from the perspective
of the dual problem, (1.7) is equivalent to

ML= AP 4 (max {0, A +rGF(zF 1)} — AF)
k
)\kJrrmax{)\T,Gk(ka)}
=\ =V (= gr)(\),

where
M = argmin{LF (2, \F), = € Xo}.

According to Proposition 2.1 and the definition of Moreau envelope function in [24, Defini-
tion 1.22], ¢¥(\) is Moreau envelope of the function ¢§(\), and (Df) and (DIS) have the same
optimal solution set. Therefore, (1.7) can also be seen as the stochastic negative gradient
method with constant step size used to solve the dual problem of (1.1). The main purpose of
our algorithm is to achieve the optimal solution * of the stochastic problem (1.1). Therefore,
the following proposition discusses the equivalence condition between the minimum of £F(-, \)
and the optimal solution of (1.4). Undoubtedly, this applies to the case of the real problem (1.1).

Proposition 2.2. For any k-th iteration, suppose that the dual gap between (1.4) and its dual
problem (Dg) is zero. Let X be any dual optimal solution of (Dg). Let r > 0 be a given positive
number. Then T is an optimal solution to (1.4) if and only if T is the minimum of the function
LE(N) on Xo.

Proof. Since \ is a Kuhn-Tucker vector, by [20, Theorem 28.3], T is an optimal solution to
(1.4) if and only if (Z, ) is a saddle point of £F(-,-), which indicates that Z is the minimum
of the function £¥(-,\) (see [16, Theorem SP2]). On the other hand, from Proposition 2.1, if Z
is the minimum of the function £F(-,)), it has VaLF(Z,\) = V¢F(A\) = 0. Hence, X is the
maximum of the function £F(Z, ), which demonstrates that (Z, \) is a saddle point of £¥. This
yields that Z is the optimal solution to (1.4). O
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3. Convergence Analysis

For the stochastic convex optimization problem (1.1), consider the following problem:

(Dr) )I\Ié?é)g d)T(/\) = zien)go ‘C’T (ZL', A)v (31>

where the augmented Lagrangian function of (1.1) is defined as
1 2
Lo(2N) = F(@) + 5= | [Ty (A + G @) |* = 1P

where G(x) := (g1(x),--- , gp(x)) as the constraint function. There is no doubt that (D) is the
dual problem of (1.1). The proof of convergence will be divided into the following two parts.
Firstly, from Proposition 2.1, it is easy to deduce that, with similar proof, if the algorithm con-
verges to the optimal solution A\* of the problem (3.1) almost surely, then \* is also the optimal
solution to the dual problem of (1.1) almost surely. Secondly, since the problem considered here
is convex, if generalized Slater condition? holds for (1.1), there is no dual gap between (1.1)
and the dual problem (D). Hence, from Proposition 2.2, we only need to prove that any cluster
point Z generated by the iterative sequence {z*} satisfies that Z is the minimum of £,.(-, \*).
In order to prove that the cluster points of the iterative sequence generated in Algorithm 1.1
are the optimal solutions for the real problem (1.1), we require the dual estimate ¢ is suffi-
ciently accurate. It can be established by sufficient accuracy of the objective estimate f* and
the constraint estimate G*. Modifying the definition of accurate estimates in [13] and [10], we
give the definitions of accurate estimates under the stochastic convex optimization problem as
follows.

Definition 3.1. For each k € N, the objective estimation model f* is said to be K g-accurate
estimation model of f with a given boundary M,{, if for any x € O,

2
£ (@) = (@) < mp (M), (3:2)
where O is an open neighborhood containing X.

Definition 3.2. For each k € N, the constraint estimation model G* is said to be Kg-accurate
estimation model of G with a giwen boundary M}, if for any x € O,

max {[|G(x) — G*(@)|, [|G(@)|I” = |G*(2)||*] } < #gmin { M, (M])?}, (3.3)
where O is an open neighborhood containing X.

Here it needs to emphasize that the boundary M kf or M} may be random and may change
with k. If f¥ is ks-accurate estimation model and G¥ is k,-accurate estimation model, then
for a given A, ¢¥()\) is an accurate estimate of ¢,()\). In fact,

inf L£.(z,\) — inf CF ,)\‘
Jnf (z,A) Jnf ey

< sup |, (2, A) — LE(z,N)|
< sup (f(z) — fF(x)) + AT (max{%,G(z)} - max{%,ck(x)b

1) Generalized Slater condition holds for (1.1) if there exists a 2o € ri Xo such that g;(z) < 0,i=1,...,p.
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A2 2o

< sup 1)~ @)+ 1A sup [ { =260} - max { -2, 60 } |
max{—%,G(m)}

g ‘ max{—%,Gk(x)} 2

< sup |f(@)=fF(@)] + A sup [|G(a)-G*(@)]|
reXo z€Xo

+ r
— sup
2 zeXo

+g sup |Q*(G(2))—Q(G*(x))], (3.4)

€ Xo
max{q ——,Yy
r

In the last inequality above, we use the nonexpansivity of the projection, i.e.

max {% G(:c)} - max{%,Gk(:c)}H
— sup

i (00 +2) e 2

< sup [|G(z) - G*(2)].
zeXo

Now let us estimate the upper bound of |Q*(G(x)) —Q*(G*(x))|. The discussion will be divided

into three situations.

where
2

QMy) =

sup
zeXo

Case 1. —\/r < min{G(z), G*(z)}:
QNG (@)) — QNG (@))] = [IG@)2 ~ G @) 2] < rg(M7)*.
Case 2. —\/r > max{G(z), G¥(z)}:
|QMG(@) — QMGH(@))] = 0 < rg (M),

Case 3. min{G(z), G*(2)}< — A\/r<max{G(z), G*(z)}: If min{G(z), G¥(2)}>0 or max{G(z),
G*(z)} <0, then it has

QXN (G(2))-QMN G ()| = ‘H max {G(z), G*(z)} |

< IG@)|> = [G*@)[?] < ry(MF)?.

It mln{G( ),GF(z)} < 0 < max{G(z),G*(2)}, then ||max{G(z), G*(2)}|| < ryM}, since
|G(z) — G*(2)|| < kgM{. So it implies that

|QMNG(2)) QG (x))| = ‘| max{G(z), G*(z)}||? - H%HQ

< | max{G(x), G*(@)}]|> < k2 (MF)*.
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Let 1y € (0,1), then £ < ky. In summary, the upper bound of |Q*(G(z)) — Q*(G*(x))] is
estimated by
2
|Q*(G(@)) = QX (G ()| < Ko (M)

Combined with (3.4), ¢¥(\) is accurate estimate of ¢,.(\) with the boundary
2 r 2
6,00 = GE O] < g (MT) + g (I + 5 ) (M)*. (3.5)

To ensure convergence, the algorithm further need that the distance between V¢, and V¢F is
not too far. So we give the following definition.

Definition 3.3. For each k € N, the estimate ¢ (\F) is said to be pg-accurate gradient estimate
of ¢r(NF) with a given boundary M;f, if

[Vér(AF) — Yk (AF)|| < g M. (3.6)

Definitions 3.1 and 3.2 propose the criteria for the estimation model (i.e. conditions must
hold on all # € O), while Definition 3.3 simply requires that the function V¢ be the accurate
estimate at \¥. However, it is not easy to calculate the difference between V¢, and VoF at A
So the following proposition provides a sufficient condition that V¥ is pgs-accurate estimate
at AF.

Proposition 3.1. Suppose that the “true” constraint function G is Lipschitz continue with
modulus Lg and G* is Kg-accurate estimation model of G with the boundary M. If the distance
between the optimal solution set of inf,cx, L(x, \¥) and 2%+ has the bound

dist (2", agrmin, ¢ -, £, (2, A")) < pp MY, (3.7)

then ¢F is le-accurate gradient estimate of ér(N*) with the boundary MY = M}, where pg =
prLg+ Kg.

Proof. Proposition 2.1 provides that V(¢¥)(\*) = max{—\*/r, G¥(z**1)} and V(¢,)(\F) =
max{—\*/r, G(Z)}, where T € agrminL, (z, \¥). By the Lipschitz continue of G and (3.3), it is
derived that

190, 0) = Tt ) = e { =22, 6600 | - {5, 4o |
< ||G(z) — GF ()|
< HG@) _ G(szrl)H I ||G(1,k+1> B Gk(karl)H
< Ly|lz — oF Y|+ kg M}
< Lydist (2", agrming ¢y, £, (2, \¥)) + 1, M]
< (Lgpr + “g)Mlg’

which prove the conclusion. O

Remark 3.1. The condition (3.7) can be satisfied under certain conditions. One of the suffi-
cient conditions is proposed by [6, Theorem 5.53]. Suppose that the true problem (1.1) has
unique optimal solution, Mangasarian-Fromovitz constraint qualification holds at the opti-
mal solution, the set of Lagrange multipliers is nonempty, the strong second order sufficient
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conditions are satisfied and the feasible set of the approximation problem (1.4) is nonempty
and uniformly bounded for any f-accurate estimation model f* and kg-accurate estimation
model G*, then there exists u;, > 0 such that the condition (3.7) is satisfied. Although there
are very strong conditions, in the proof of the convergence, we only need to assume that (3.7)
holds with high enough, but fixed, probability. Therefore, the above conditions only need to be
established with high probability.

Our models {f*, G*} are generated by some random samples of stochastic function f and G
on each iteration. Hence, the models themselves are random and contribute to the randomness
of the iterates Xj and the multipliers Ax. Let zp = Xi(w) and Ay = Ag(w) denote their
respective realizations. Moreover denote

Ak
AF = maX{T, Gk(XkJrl)} 5 (I)];,/\ = ¢ (AF)

and their realizations % = A*(w), ’j’/\ = CIDIT“’)\(w). We now combine Definitions 3.1-3.3 and
extend the definitions of probabilistically accurate estimation models and probabilistically ac-
curate gradient estimates that is used in the remainder of the paper.

Definition 3.4. A sequence of random function estimation models {f*,G*} is said to be a-
probabilistically k-accurate-model with the boundary | A¥|| where k = (ky,ky) and

k L
A¥ =maxq —— ,G"(X")
r

if the events

I, = {fk is 1 p-accurate estimation model with the boundary | A¥| and

5 o . k (3.8)
G* is kg-accurate estimation model with the boundary ||A* |}
satisfy the condition
P (I | F"1Y) > q,
where Ky and kg are fized constants and Fk=1is the o-algebra generated by fO,---, f*~1 and

GO kal‘

Definition 3.5. A sequence of random function estimates {@’jﬁ/\} is said to be [B-probabilisti-
cally pg-accurate-gradient with the boundary |A¥|| where A¥ =max{—A¥/r, GF(X**1)} if the
events

J = {@f)\ is py-accurate gradient estimate with the boundary || A¥||} (3.9)

satisfy the condition
P (Ju| F*=1) = B,

where pg is a fized constant and F¥~1 is the o-algebra generated by f°,---, f*"1 and
GO, ..., GFk-1.

For the parameters in the above definition, we make some comments. Firstly, to achieve the
global convergence of Algorithm 1.1, in the analysis, this is only required that xy, kg, pe are
fixed constants which have an upper bound and «, S are sufficiently large, but fixed, constants.
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Secondly, the boundary ||A¥|| seems to be an unknown value. In fact, according to Proposi-
tion 2.1, AF = VA(Q)',f,A). Here A* € F*=1 is a known, determined vector. Therefore, A* is
just a concrete representation of the gradient of ¢¥ at A¥. On the other hand,

ey L k k(ywk+ln] AR| _ LAkl Ak
JAF] = = [AF - rGH (X)) = AR = AR - AR

which can be thought of as the distance from the next iteration point to A¥, then the key
thought in the proof of convergence is ||AF|| converges to 0 almost surely. Finally, during
the iteration, it may happen that ||AF|| = 0. At this point, x-accurate estimate for random
function estimate {f*, G¥} is a too strict condition. Since Ij only needs to occur with a
certain probability a, the convergence can be achieved even if some {f* G*} do not satisfy
the condition. This conclusion also applies to estimates {q)ch 1 }. The following lemma provide
conditions to guarantee the decrease of the dual problem ¢, () in Algorithm 1.1.

Lemma 3.1. Suppose that ¢F # —co and estimates {f*, G*} are k-accurate with k = (k¢ k)
with the boundary ||6%| where 6% = max{—\*/r, GF(x**1)}. Let k, € (0,1/2). If at the k-th
iteration,

23k + kg ([A*] + [IN*1]))

3.10
1—2k4 ’ ( )

then the improvement of ¢, is bounded below as follows:
Gr(NF) = o (NFFY) < —reg]| 8% (3.11)

Proof. Let z(AF) is the optimal solution of the maximization problem at the right side of
(2.3) with A = A\¥ which derives that

S8 = g (V) = o= () = X2 (312)

From the definition of the proximal mapping, we have

P = o4 ) = argmin, {08 + 51— ¥
— argmax, {qs’g(z) ~ ol - )\k|2} — (A,
so combined with (2.7), we get
VOEO) = B[ - 5 (0) ~ X = L[-(0) ~ X,

which yields from (3.12) that

A () — 5|28 — V|

1 1
= ¢6(=() = 2 [l=(F) = X + H (V) = | = |2 = X
- ww)—§<X—Ak,z<Ak>—Ak>——||A'—Ak||2
= GROE) (X = X T ON)) - Y - N2
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For any \ € RP, from the expression of ¢¥ in (2.3), it has

1
Oor(X) 2 o (2(0) = - |2 = X, (3.13)

which derives that
Gr(N) 2 @ (A7) + (X = N, Vgr(A)) — %HN — M2, (3.14)

In the above derivation, taking A = A1 with 68 = 1/r(\*+1 — X\K) and VoF(\F) = 6%, it
implies that ,
o (AF) = gr(AH) < = 10", (3.15)

Since estimates {f*, G*} are k-accurate with the boundary ||6%||, by the analysis of (3.5), it
infers that for any A*,

r
|60 (F) = GEOF)] < g 10812 4 g (N1 + 5 ) 0% (3.16)
Combined with (3.15), (3.16) and the restriction of r, the improvement in ¢, can be bounded as

Sr (A7) = Gr(NH) < QF(NF) = or (V1) o+ (2h g + g (IN ]+ I+ 7)) 16712
< *%H(S’“IIQ + (265 + g (INF] + A + 7)) |07
< —sgl|o¥]*.

The proof is complete. O

In the above analysis, no assumptions are made on ~¢. Furthermore, it is observed that the
greater sy is, the weaker the condition for estimates f k is, and the faster the decrease of ¢, can
be obtained, but the stronger the condition for the parameter r is. In the convergence theorem,
it can be seen that r determines the choice of the probability o and 3. Therefore, in the
convergence analysis, the greater xy is obtained, the higher the requirement of the probability
«a and 8 will be.

To prove convergence of Algorithm 1.1, we need that || A¥|| converges to 0 with probability 1,
which has a close relationship with the boundedness of {||A*||}. Hence, we would like to discuss
under what conditions can guarantee the boundedness of {||A*||}.

Lemma 3.2. Suppose that the sequence of the optimal value {|| max ¢¥||} of the problem (2.2)
is bounded. Moreover, there exist a positive sequence e, | 0 and 0 < k € N such that for any
k >k, the selected estimation models f* and G* satisfy

sup f*7 (@) — fH(2) <ex,

zeXo
AR L 2 AR . 2 (3.17)
IIpr | — + G* —|pr | — + G < €.
oo (80 o (80 o

Then {||A¥||} is bounded.

Proof. We prove the conclusion now by a contradiction. Since G* is continue and Xy is
nonempty bounded set, there exists a positive constant My so that sup.cx, ||G*(2)| < Mx.
Suppose that there exist a subsequence {k;}; and a subsequence realization {£*} such that
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{|INFe (€%)||}; is unbounded, but for any j ¢ {k;}; and all corresponding realization &, there is
a positive constant My with |\ (€)|| < My. Therefore, there exists an 79 € N such that for any
i > g, \Fi(€F) > 2(My + rMx), but \¥~1(¢F—1) < M. On the other hand,

I = IV Em) 4 re ( il
< [WRTHETI ol et T @ (€)I] < Ma+ M,
which contradicts the assumption of the unboundedness of the subsequence {||\¥i||};.
So, in the following, we assume that there exists a sequence realization {£¥} the sequence

such that {||\*(¢¥)||} is unbounded with the probability ag. Algorithm 1.1 can unconditionally
guarantee that (3.15) is established. Let

R B ]
It yields that
SE(SFEH)) 2 oE () + gl (@8
> (R (V- (€)) — oL (N (€)) ) + b L (@)

+ 5 ([l65 (€1 &) + flo* (5. &) -

Thus, for any k > k, it has

k
k
+5 > [l E e (3.18)

Since (3.17) holds, for the sequence realization {£*}, we have

O (NF(EY)) — or (A (€Y))
= inf 37N, AH(EY) — inf £} (2, AM(E)

< sup (L5 (2 N () — £ (2, A" (6))}

xzEargminlk (z, Ak (EF))

< sup {(fk Ha)— f’“(x))+%(HHRi (AE(€") +rG 1 (@) |~ TIgs (A* (€5 +7“Gk(x))H2)}

r k(¢k 2 k(ck 2
< SEU)I? {fk_l(x)ffk(l')}+§ Seu)l() {‘ H]Ri<>\ (5 )+Gk 1( )) B H]Ri<)\ (f )+Gk(1')> }
< 2;7"516.

From the conclusion of Theorem 3.1, the sequence {||\*(£¥)||} is unbounded if and only if there
exists a positive constant 7 so that for any k € N, [|6% (£, £F+1)|| > 7 > 0. Since ¢ | 0, there
exists k > k so that e < r72/(2(2+r)). That is,

2

G (A(E)) — aE (N (€)= T < llet (€ e
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Therefore, combined with (3.18), for any k > k, it implies that

SHOWT(E) 2 3 (SN (E)) — ol (N(E) ) + of TN E)
+§_Z o (&, €+ |”

_H(Sz i z+1 H +¢§71(Al€71(gl€71))

TM

H(Sz i z+1 H
-1

l\Dlﬂ
L

1=

¢k 1()\]6 1 é—k 1 ZHéz 61 Ez—i—l ’
>¢k 1()\k 1 é—k 1 ZT - 4o00.

As k— o0, the right side of the above formula tends to be positive infinity, so ¢%(A\F+1(gk+1)) —
+00, which contradicts the assumption of the boundedness of the optimal value {|| max ¢¥||}.
As a consequence, {||A\¥||} is bounded. O

It should be emphasized that the conditions given above are only one of the sufficient
conditions for the boundedness of |A¥||. Since f*~1, G*~! and A* are both determined in the
k-th iteration, (3.17) is an operable condition.

The following theorem states that as long as the probability « can be chosen specially, under
the mild assumptions of Lemma 3.1, ||A¥| converges to 0 is equivalent to the sequence {||A*||}
is bounded.

Theorem 3.1. Suppose that ¢, is bounded from above on RP and ¢F # —oo. Moreover, es-

timates {f*,G*} are a-probabilistically k-accurate-model and {@f)\} is B-probabilistically pe-

accurate-gradient both with the boundary |AF|| where A* = max{—AF/r, GF(X*+1)}. Let
€ (0,1/2) and o, 8 satisfies

af >

1
—, (3.19)

where
2Ky

T 24 (1t pg)?

Then the sequence {||A¥||} is bounded almost surely if and only if there exists a constant T such
that for any r > T,

D IAR? < 0o (3.20)
k=0
holds almost surely.

Proof. We first prove the sufficiency and argue the conclusion by a contradiction. We
assume that if (3.20) holds almost surely, there exists a sequence realization {£*} such that the
sequence {[|\*(€¥)||} is unbounded with the probability a. Then, from (1.7) and
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)\k
6F = max {—, Gk(szrl)} = (AL 0Py,
T
for any r > 7, it holds that

k
INSEEL <IN+ 165 < N+ D 116712
=0

Since the sequence {||A\*(£¥)|}} is unbounded with the probability ay, the sequence Zf:0||5i (€H))?
is unbounded with the probability ag, which contradicts the assumption (3.20). Hence, the se-
quence {||A¥||} is bounded almost surely.

The following proves the necessity. As usual, let xj, \i, 8%, qﬁ’j, , denote realizations of random
quantities Xy, A, A¥, <I>’,f1 »» respectively. Now we consider all realizations of Algorithm 1.1 and
we estimate ¢,(A\F) — ¢, (A1) in two cases.

(a) The events I} and J; both occur. If {||A||} is bounded almost surely, i.e. the probability
that {||A*||} is unbounded equals to zero, then there exists a boundary M) such that

P(||A¥|| < M) = 1. Choose
2Bry o+ 2r0 M)
1 -2k, ’

7=
by Lemma 3.1, for any r > 7, (3.11) holds with probability a.. The event Jj implies that
[Vr(A") = 6% = [[Vor(AF) = Vor (W] < psllo™]

Hence, ||V, (A\F)|| < (1 + ue)||6%]| and (3.11) is rewritten as

fif*l/

rAkfrAkJrl < —k 5k2<71/5k277
Gr(A7) = r(AT77) < —rip[|67]]7 < —w[|67 (1+MMJ

Vo B> <0, (3.21)
(b) At least one of the event I}, or Ji does not hold. Observe that the proof of formula (3.14)
is similarly applied to ¢,. With X = A\¥*1 it has
1
¢T(>\k> . ¢T()\k+1> < <>\k o Ak+1,v¢r(>\k)> + 2_||>\k+1 o Ak||2
r
Hence, the change in function ¢, is bounded by
6r () = 6 (V1) < (8%, Ve (AF)) + 510" % (3.22)
Combining the above two cases, since the events I, and Ji both occur at least with the proba-
bility a3, it implies that
E [¢T(Ak) _ ¢T(Ak+1) | ]:k—l]

< —a| A — a1V (A
(1—ap)r

2
From the selection of «, § in (3.19), it has afv/2 > (1 — af)r/2. With

— (1= ap)r(A*, Ve, (AF)) + | AF)2.

14 Rf —V

2 (L4 pg)?
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so, it yields that

E [¢,(A*) = ¢ (A*F1) | FF1]
ozﬂl/HAkH2 ozﬂl/

< - =5 IVor (AR = (1 = aB)r(A*, Vo, (%))
- (aﬁ - ‘2‘“5) ) Q8412 + 70, (44)P
- % A + v, (AF)]* < 0 (3.23)

holds for any k € N. Since ¢, has an upper bound, summing (3.23) over k € (1, 00) and taking
expectation on both sides, it can conclude that (3.20) holds with probability 1. O

Remark 3.2. From the above analysis, it also can infer that

Z [V (AR Z Ak — v, (AR)|* < (3.24)

k=0

almost sure holds with probability 1. In fact,

Z||M Vo, (A9 Z(2||M+V¢T(A’C)HQ+8||V¢T(A’€>||2)
k=0 =0
<23 ||ak + Vg, (AM)| +8ZHV¢T (A <
k=0

holds with probability 1.

Remark 3.3. Since there exists a constant 7 such that for any r > 7, the probability a and 8
are totally constants and selected as « = 8 = /r/(v+r). In addition, observe that the
parameter [ has no restrictions in the above proof. Therefore, in theory, the convergence only
need the existence of g > 0. However, in actual situations, the larger pg is, the greater the
probability a8 of the occurrence of events I, and Jj, need to be.

In the last part of this section, the global convergence of the augmented Lagrange method
is established.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold. Moreover, suppose that generalized
Slater condition holds for (1.1) and the multiplier set {||A*||} is bounded almost surely. Then
any cluster point X of the sequence {X*} generated by Algorithm 1.1 is the optimal solution of
(1.1) almost surely.

Proof. Replacing ¢ in Propositions 2.1 and 2.2 with ¢,., the conclusions about ¢, are still
established. Hence, for any r > 0, the dual problems (D,) and (D,) have the same optimal
solution. Furthermore, let A* be the cluster point of the sequence {A*}. If A* is the dual
optimal solution of (D, ), A* is also the dual optimal solution of (D). Since generalized Slater
condition holds for (1.1), the dual gap between (1.1) and its dual problem (D) is zero. Based
on Proposition 2.2, if A* is the dual optimal solution of (D), then X is an optimal solution
to (1.1) if and only if X is the minimum of the function £,(-,A*) on Xy. Based on the above
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analysis, it only need to prove X is the minimum of the function £,.(-, A*), where A* is the dual
optimal solution of (D).
With the assumptions of Theorem 3.1, (3.20) and (3.24) hold almost surely. (3.20) implies
that
lim [[A*T! — A¥|| = lim 7|A*|=0 aus.
k—o0 k—o0

Since {||A*||} is bounded almost surely, { A*} converges to a certain limit point A* almost surely.
>ro [Vor (AFF1)[|2 < oo with probability 1 in (3.24) implies that

Tim ([ V6, (A )] = [V, (A%)] =0

holds almost surely. That deduces that A* is the dual optimal solution of (D,.) almost surely.
On the other hand,

AF A* -
k—o0 k—o00 T T

holds with probability 1. (3.25) implies that V¢,.(A*) = max{—A*/r,G(X)} holds with prob-
ability 1. By Proposition 2.1, X must be the minimum of the function £,.(-, A*) almost surely.
The conclusion is proved. O

4. Stochastic Noise in Different Settings

In this section, we discuss specific conditions where a-probabilistically k-accurate-model and
B-probabilistically p14-accurate-gradient are satisfied under various settings of stochastic noise.
The first one is unbiased stochastic noise, that is, functions are estimated by zero-mean noise
with bounded variance. We construct a random approximation model and achieve the con-
vergence by selecting the appropriate sample size. Secondly, we consider convex optimizations
with biased stochastic noise, where the random approximation models have noise with some
positive probability. We obtain a-probabilistically k-accurate-model and S-probabilistically
Hg-accurate-gradient by controlling the probability of the error of approximation models.

In the random approximation model (1.4), for each iteration, we select the noisy versions
of the objective function f and the constraint function g;. Let £ be a random vector defined
on the probability space (2, F,P). Each time the sample is selected to generate an estimated
model, let f*(x) := f(z,&) and G¥(z) := G(x,&).

4.1. Unbiased stochastic noise

In this part, we discuss conditions for a-probabilistically k-accurate-model and S-probabili-
stically pg-accurate-gradient under unbiased stochastic noise, which is most common in stochas-
tic optimization. The accurate estimate of ¢¥ is closely related to the convergence of Algo-
rithm 1.1. Recall that the accurate estimate of ¢¥ is obtained through f* being rs-accurate
estimation model and G* being kg—accurate estimation model. In the following proposition,
other conditions are given to ensure the accurate estimate of ¢~.

Proposition 4.1. Suppose that for each k € N, the estimation model {f*, G*} is K g-accurate
estimation conjunctive model of {f, G} with a given boundary M,{’g, i.e. for any x € X,

max {|£(2) = F*@)],|r (G (@) = ax(G*(@))] } < rpg (M), (4.1)
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where the function
2

ax(y) = HHM <% +y>

Then for a given A, ¢F(X) is (2 + r)/2k¢ g-accurate estimate of ¢,(\) with the boundary M,{’g.

Proof. For a given A, similar to the analysis in (3.5), it has

|6r-(A) — &5 (V)] < swp (f(@) = f*(x)) +2iT(HHRg(/\+TG( NI” = [Tze (A +rG* (@) || )
< sup |f(z) - @]+ 5 5 S 00 (G(2)) — ax(G*(2))
< Q;THf,g(M,{*g){ (4.2)
which prove the conclusion. O

It is not hard to see that the parameter x ¢, depends on ||A|| and 7. If {||\*||} generated by
Algorithm 1.1 is bounded and r is selected as (3.10), then for any k-th iteration in Algorithm 1.1,
the parameter k¢ 4 is chosen by

R = min{rs, x). (4.3)
Hence, (3.5) can be obtained, so the convergence analysis in this case is the same as Theorem 3.1
with M,{’g = ||6%||. Hence, our purpose is to construct a model so that the estimation model

{f*,G*} can satisfy r -accurate-conjunctive-model with some sufficiently high probability a.
One of the ideas is that the standard stochastic approximation is used to obtain effective
models. In particular, the algorithm choose the i.i.d. realizations &; of the random vector &.
Therefore, let

1 m m
fia)=—3 F(x.6), ad(G)( > (9() (4.4)
j=1 j=1

where G(z,&;) = (G1(x,&5),- -+, Gp(x,&;)), and

Z@ (N &) = %Zzlen;o {F ,&;) +§ [qA(G(:c,gj)) _

A

-

r
which implies that

Voh() = = 3 Vh ().
j=1

We now give several mild assumptions for the random approximation model.

Assumption 4.1. (A1) Functions f and G are estimated by zero-mean noise with bounded

variance, i.e. there exist positive constants Vi and V, such that for any j = 1,...,m, A €
Rp, xr € Xo,
E¢[F(2,85)] = f(2), Ee[r(G(2.&))] = ar (G(2)), (4.6)
Be[|F(x.&) ~ F@)P] <Vy, Ee[jar(0(.6)) — ar (C@)[] <V (A7)

where the function
2

(y) = HHRi (% +y)
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(A2) The gradient of ¢, is estimated by stochastic first-order oracles with zero-mean noise and

bounded variance, i.e. there exists a positive constant Vy such that for all k € N and any
@

j=1,....mAeRP z e X,

E, [V/\d;r(/\kvgj)} = Vadr(\), Ee [HVWBT(/\k,éj) Vg (W) } < V.

Proposition 4.2. Suppose that the random approzimation models (4.4) and (4.5) satisfy As-
sumption 4.1, and the sample size m selected by Algorithm 1.1 satisfies

m > max{ max{Vy, Vy} Ve - } , (4.8)
(0 a2 61 (1 p)uis?

where 0 < 6, < ||0%|| and 6% = max{—XF/r, GF(zFt1)}. Then estimates {f* G*} are a-
probabilistically ky 4-accurate-conjunctive-model and {(bf)\} is B-probabilistically pg-accurate-
gradient both with the boundary ||6%||.

Proof. By Chebyshev inequality, for any 6 > 0,

MUW@—f@H>@=POﬁ@%*QW@fW>9)3%%’
P(|a4(6)(@) — ax(G(@))] > 0) = P(|aS(G) (@) — Be[ar (9(x,))]| > 6) <

Yy
62

Choose 6 = 1,462 for some special 0 < 8y < [|0¥| and m satisfies

So the random approximation model (4.4) is Ky 4-accurate-conjunctive-model with probability
a provided with
S max{Vy, V,}
= 4
(1 —a)x} g6
Reuse the extension of the Chebyshev inequality, then {¢*} is Hg-accurate-gradient with

probability S if
Vo

2
(1-5 )M¢5k
As a result, the random approximation model (4.4) by Algorithm 1.1 guarantees convergence
provided with
mzmax{mam{\/f,v}4 Vv, “}_
(1 )Kf g5 (1 /B)Mqﬁék

The proof is complete. O

Proposition 4.2 states that if we select the appropriate sample size in Algorithm 1.1, the
random approximation models (4.4) and (4.5) are guaranteed to estimate the problem (1.1)
with sufficient accuracy, which can establish the convergence under the boundedness of the
multiplier set. We summarize as the following theorem.
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Theorem 4.1. Suppose that generalized Slater condition holds for (1.1), and ¢, is bounded
from above on RP. Moreover, the random approzimation models {f*,G*} in (4.4) and {¢F} in
(4.5) satisfy Assumption 4.1, and ¢F # —oo. Let k4 € (0,1/2),

74277:: %,
1—2k54

and o, B satisfies (3.19), where
2Kf.g
V=c—"7—"" 93
2+ (1 + 1)

and the sample size m selected by Algorithm 1.1 satisfies (4.8), where 0 < &, < ||0%|| and
§F = max{—N¥/r, GF(z**t1)}. If the multiplier set {|\¥||} is bounded almost surely, any
cluster point T of the sequence {x*} generated by Algorithm 1.1 is the optimal solution of (1.1)
almost surely.

Proof. By (3.15), (4.2) and the restriction of r, the improvement in ¢, can be bounded as
or(A) = dr (A1) <GF(N) = 6 (AH) + [0 () = 9F ()| + [ (AFHT) = F (A

< =505+ (2 + )rggl10¥]?

< —kpglld®|*.

It yields from Proposition 4.2 that {f* G*} are a-probabilistically & 1,g-accurate-conjunctive-
model and {d)’j ,} is B-probabilistically pg-accurate-gradient both with the boundary [|§%].
Similar to the proof of Theorem 3.1, we can prove that >, [|0%]|? < oo holds almost surely.
Then the conclusion can be proved by Theorem 3.2. 0

4.2. Biased stochastic noise

In many applications of economics and machine learning, there are many stochastic problems
with complex noise structures. One example is in portfolio problems which focus on minimizing
the variance subject to budget constraints as follow:

min w, ElaaT Jw
wGRi,Zle wi:1< , [ ] >

s.t. EK(I,'LU>] Z e

where parameters a in the convex optimization models are random because £ and the probability
distributions are even unknown. Therefore, the full evaluation of the objective and constraint
functions are impossible to obtain in practice. Other examples like Neyman-Pearson classifica-
tion optimization models [19] and some online convex optimizations [14]. In these stochastic
optimization models, due to unknown random components, the random approximation models
{f*, G*} may have large noise with some positive probability under some numerical methods.
More likely, the probability of these deviations caused by the noises depends on x (see [10]). So
it is reasonable to discuss a random approximation model as follows:

{f(:c) with probability 1 —v¢(z),

. k(o =
min  f¥(z) = f(z,§) = &r(z) < Vy  with probability ~f(z),

zeXo
(4.9)
0 with probability 1 — v,(x),

st. GF(z) = G(x,¢) = {
&q(z) <V, with probability ~4(x),
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where the probability v¢(z) and v4(z) depend on  so that the function f and G can not compute

accurately, and &f(x) and &,(z) are some random functions of # which are controlled by the

known upper bound V; and V. (4.9) is an idealized model due to the exact computation of f

and G with probability (1 —vs(x))(1 — v4(x)). In practice, a sufficiently small error is allowed

between the random approximation model and f, G under probability (1 — v7(z))(1 — v4(2)).
Obviously, the model is not unbiased, i.e.

Ee[f(z,€)] = (1 — 77 () f(z) + 77 (@)E[Ef (2)] # f(2),  EelG(x,)] # G(x).

Hence, traditional stochastic approximation techniques (like [7,8,12,25]), can not used in this
situation. However, this model satisfies our convergence conditions by assuming that probability
min{vs(z), v,(x)} < 7 is small enough, for any x € Xo. When (1—%)? > max{a, 8}, {f*, G*}
is the exact computation of f and G with probability (1 —#4)2. Hence, with probability (1—%)2,
{f*,G*} is k-accurate-model and estimates {¢F} is py-accurate-gradient with k = p, = 0.
As a consequence, if the sequence {||\*||} is bounded and choose r to be a sufficiently large
constant and a, 3 satisfy (3.19), under generalized Slater condition, the sequence {z*} generated
by Algorithm 1.1 converges to the optimal solution of (1.1) with probability 1. We conclude
this settings with the following theorem.

Theorem 4.2. Suppose that generalized Slater condition holds for (1.1), and ¢, is bounded
from above on RP. Moreover, the random approzimation models { f* G*} in (4.9) satisfy

(1—-%)? > max{a, 8},
where min{v;(z),v,(z)} <7 for any x € Xo and ¢ # —occ. Let
r>T:i=2kKg,

and «, 3 satisfies (3.19), where v = 2k /3. If the multiplier set {||\¥||} is bounded almost surely,
any cluster point T of the sequence {x*} generated by Algorithm 1.1 is the optimal solution of
(1.1) almost surely.

Proof. Since functionsf and G can be exactly estimated by the random approximation
models {f*, G*} (4.9) with probability (1 — )2, it implies from (3.15) that

,
r(A) = 6r (A1) < =161 < —rigllo™|?

holds with probability (1 —4)2. Then the conclusion can be proved by Theorems 3.2 and 3.1.
The proof is complete. O

5. Numerical Experiments

We concentrate on numerical experiments to verify the performance of the stochastic aug-
mented Lagrange method (SALM) for stochastic convex optimization problems with inequality
constraints under various noisy situations discussed in the previous section. All numerical ex-
periments throughout this section are performed using MATLAB R2019a on a laptop with
Intel(R) Core(TM) i5-6200U 2.30 GHz and 8 GB memory.
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5.1. Random models

In the following, we consider the minimization of a sum of problems of the form

min f(z) = Zfl(x)
ifnlg (5.1)
st. G(z)= ZGj (z) <0,

where G(z) = (g1(x), -+ ,gp(x)) € RP. Foreachi € {1,...,ms}and j € {1,...,mg}, f; and G;
are both smooth and convex mappings. Three different forms of noise will be discussed in this
section, namely multiplicative noise, additive noise and probability noise. The multiplicative
noise is composed of two groups of random variables & and &;, where ¢ € {1,...,ms},j €
{1,...,mg}, that follow the uniform distribution on [—o¢,o¢] and [—o4, 04], respectively. The
parameters o¢, 0, € (0, 1) are the main factors causing the instability of the functions f and G.
The random model generated by the multiplicative noise is expressed as follows:

min f(z,&) =Y (1 -&)fi(x)
s (5.2)
st. G(z,8) = Z(l —&)G,(z) <O0.

Obviously, for each x, it has E¢[f(z, )] = f(x) and E¢[G(x,§)] = G(x) which are different
from the assumptions of Proposition 4.1. Although the convergence under these assumptions
is difficult to prove by our theory, from the point of view of the numerical performance, as long
as the appropriate sample size is chosen, the gap between the stochastic augmented Lagrange
function generated in the random model and the “true” problem is sufficiently small. As
a consequence, the stochastic augmented Lagrange method ensures that the sequence {z*}
converges to the optimal solution almost surely.

For the second type of noise — additive noise, we are going to look at a more complex random
form. We suppose that the objective function in the problem (5.1) can be represented as the
sum of the squares of some functions, i.e.

fla) =3 fla) =3 (Fil@)”

For example, (5.1) is a quadratic programming problem, and so on. In additive noise, for each
ie{l,...,ms}, j€{1,...,my}, we also generate random variables §; and &; from the uniform
distribution on [—o, 0] and [—0y, 0,], respectively, where the parameters oy, 04 € (0,1). The
additive random model is written in the following form:

myg

min f(z,§) = Z(ﬁ(z) +&)?

i=1

st G(x,8) =Y Gj(x)+& <0
j=1
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Different from the multiplicative noise, for each x, it has

Eelf(z,€)] = f(x) + D _B(&)*.

Because of
argmin, E¢[f(z,&)] = argmin, f(x),

hence, the constant bias has no impact on the optimization process and the algorithm still
converges to the optimal solution.

The last type of noise, unlike the above two kinds of noise, is biased noise. In actual data
statistics, there may be some abnormal or missing data. These data are sometimes eliminated
during the calculation process. In another way, we can mark the missing data as a constant
that is quite different from the actual statistical data. At this time, there is a large deviation in
the computation of function values with a small probability in the optimization problem, that
is, for each component in the sum of the objective function in (5.1), for some parameter ¢, if
|fi(x)] < €, the value of f;(x) is computed as

filz) = {fz(:c) W%th probab%l%ty 1-P, (5.4)
1% with probability P,

where the parameter P > 0 is the probability of function computation failures and V is a very
large constant. If |f;(z)| > €, then the computation of f;(x) is deterministic and accurate. In
addition, the constraint function G(x) is considered to be accurately computation. Obviously,
this noise is biased and the bias depends on z. It can be seen that the convergence of this
random model depends on the number of iterations, the accuracy of the convergence chosen by
the termination criterion, €, P and the parameter r, but does not depend on V. Therefore, we
might as well choose V' = —10° in the following experiment.

5.2. Test problems

For the problem (5.1), we test two kinds of functions. One is the quadratic programming

problem, ie. for each i € {1,...,my}, fi(z) is a convex quadratic function and for each
jeA{l,...,my}, Gj(x) is a linear mapping. It can be expressed as
filz) = 2" Qix +clx +di, Gj(x) = Ajx — by, (5.5)

where Q; € R"*",¢; € R",d; € R, A; € RP*" b; € RP are randomly selected and the problem
(5.1) is guaranteed to be convex and has the optimal solution z*. Choose each Q; to be
a symmetric positive semi-definite matrix, so that @; can be decomposed into Q; = LT L;,
where L; is an upper triangular matrix. The objective functions in (5.5) can be rewrite as

filw) = (Liz + &) (Liz + &) + d;,

where

_T T T~
2¢; Liz=c;x, di=d;—¢G.

Hence, the objective function of the quadratic programming problem can be represented as
the sum of the squares of some functions. The other problem is selected as the polynomial
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programming problem, where f;(z) is a convex quartic function and G;(z) is still a linear
mapping, i.e.
filz) = (zTsz +clz+ di)Q, Gj(z) = Ajz —b;. (5.6)

SALM is used to solve all three random models in both the quadratic and polynomial program-
ming problem with the dimension n = 10, p = 5 and the number of functions m =100, m,=20,
while the true problem is solved by the augmented Lagrange method (ALM).

5.3. Algorithms and numerical results

In this part, we illustrate the performance of Algorithm 1.1 for different convex programming
problems with several random models and compare it with other stochastic convex programming
algorithms. We list the algorithms present in the following numerical experiments.

SALM. Algorithm 1.1.

SALM-SAA. Combining the standard sample averaging approximation techniques with the
stochastic augmented Lagrange method, the Algorithm is shown in Algorithm 5.1 for solving
the random model generated by multiplicative noise and additive noise.

SPDO. Stochastic primal-dual optimization with multiple objectives in [15], the optimal pri-
mal and dual solutions are obtained by using the gradient descent method for the convex-concave
optimization problem, where the objective function is the Lagrange function of random approx-
imation models.

SPDA. Stochastic primal-dual algorithm in [15], the optimal primal and dual solutions are ob-
tained by exactly solving the convex-concave optimization problem, where the objective function
is the Lagrange function of random approximation models.

Algorithm 5.1: SALM-SAA.
Require: The parameter » > 0 and € > 0, the sample size N, the initial multiplier
A% € RP and the initial point 2° € R™. Let k = 0.
1 for k=0,1,...do
2 If zF and A\ satisfies the termination criterion

[VoL(z", AF) = Vo f(2*) + (W) TV, G| <e, (5.7)

then stop and return z*.

3 Randomly choose sample sets Ny = {&1,--- ¢V}, N, = {¢1,--- &N} with sizes N,
then compute f* and G* as follows:

k 1 ZN i k 1 ZN i
i=1 i=1
4 Compute 2" = argmin {£F (2, \¥), z € Xo}, (5.9)

NAL = [\F 4 rGF (2P )] (5.10)

+

5 Let K =k + 1 and go to Step 1.
6 end
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The convergence trend of SALM under the four models is shown in Fig. 5.1. For the same
given initial multiplier A° and initial point z°, we use the nonlinear programming solver “fmin-
unc” in MATLAB to solve the inner problem (1.6) in SALM and (5.7) in SALM-SAA and the
parameters are chosen as r = 10,¢ = 10~7. The sample size in multiplicative noise and additive
noise is selected as N = 10°, the parameter o5 = o, = 0.01 and parameters in probabilistic
noise are chosen as € = 0.3, P = 10~*. Since the probability that each component in the sum of
the function fails to calculate is very small, in each iteration of SALM for solving the random
model (5.4), with a high probability, the approximations satisfy f* = f,G¥ = G. This implies
that in each iteration, SALM solves the deterministic problem (5.1) with a high probability.
Therefore, the convergence curve of the true problem coincides with the random model (5.4),
with a high probability, in both the quadratic and polynomial programming problem. However,
for multiplicative noise and additive noise, even if a considerable sample size is selected, there
is still a certain error between the approximation function f¥, G* and f, G, so the accuracy of
convergence is not as high as the true problem (5.1).

The random variable ¢ and the sample size N have a huge impact on the convergence in
SALM-SAA 5.1, which is illustrated in Figs. 5.2 and 5.3. We test SALM-SAA (Algorithm 5.1)
for the stochastic quadratic programming model with multiplicative noise and additive noise.
Choose the parameter » = 10 in the augmented Lagrange function and let oy = o, = 0.
For the given uniform distribution on [—o, o], as the sample size N increases, Algorithm 5.1
converges more accurately. Fig. 5.3 attempts to interpret the relationship of the variance of
the random variable ¢ and the sample size N. When the variance becomes larger, i.e. the

[F="true” problem
~e-multiplicative noise
additive noise additive noise

1L |4 probability noise |4~ probability noise

[+="true" problem 10°F
iplicative noise]

L L L L L L L s n )
4 6 8 10 12 14 1 2 3 4 5 6 7
Iteration Iteration

ok

(a) quadratic programming (b) polynomial programming

Fig. 5.1. The trend of the error by SALM under the true problem and three random models (5.1)-(5.4)
for two convex problems.

10° T T T T 10 T
[=sigma=0.1 [=sigma=0.1
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! sigma=0.001 107 F sigma=0.001

10! 102 10° 10

. .
107 10° 10*

10
Sample size Sample size
(a) multiplicative noise (b) additive noise

Fig. 5.2. The effect of the variance of the random variable £ and the sample size on the accuracy of
convergence under two random models for the quadratic programming problem.
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parameters o become larger, in order to achieve the same convergence accuracy 10~¢ chosen in
the termination criterion, SALM-SAA requires a larger sample size N.

In order to verify that SALM converges to the optimal solution with probability 1 when the
random models are sufficiently accurate with high enough but fixed probability, Fig. 5.4 shows
the relationship between the probability of function computation failures P and the probability
of successful convergence of SALM for the random model (5.4). It is said that SALM converges
successfully for an optimization problem, if SALM terminates within K iterations and satisfies
the error of the gradient of Lagrange function L(x, \) within . In our experiment, choose the
objective and constraint functions as (5.5) and the parameters » = 10 and e = 0.3. Let K = 30
and ¢ = 1077, In the left figure of Fig. 5.4, for a given P, SALM is used to solve the random
model (5.4) repeatedly 50 times, and we record the number of the successful convergence Sy.
The probability of the successful convergence of SALM is expressed as Pg = Si/50. From the
curve on the left in Fig. 5.4, it can be seen that when the probability of error P is reduced to
0.09, SALM guarantees to converge to the optimal solution with probability 1. Although SALM
can be guaranteed to converge when the probability P < 0.09, the convergence rate depends
on the value of P. From the curve on the right in Fig. 5.4, it can be seen that P = 0.08 and
P =0.0001 both can guarantee the successful convergence. However, P = 0.08 means that the
probability of making mistakes is greater, so the convergence curve has large fluctuations and
it converges much slower than P = 0.0001. On the other hand, when the probability of making
a mistake P = 0.5, the algorithm cannot converge.

In Fig. 5.5, we discuss the influence of the parameter r in the augmented Lagrange function
on SALM. From a theoretical point of view, it is not difficult to find that when r is larger,

4/'
4
107 /
7
o/'
g 3
@109 7
U 7
g il
] -
122] Vs
wr < 4
—’._— -
7 [~=multiplicative noise
- |-+ additive noise
1 1 1
10 >
10 10° 107 10"
Sigma

Fig. 5.3. The relationship between the variance of the random variable £ and the sample size selected
by Algorithm 1.1 for the quadratic programming problem with the same convergence accuracy 107°.
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Fig. 5.4. The trend of the convergence probability where with probability P, the objective function in
the quadratic programming problem is computed incorrectly (left) and the trend of the error at the
three specific values of the probability P (right).
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the convergence rate of SALM is faster. In the numerical simulation, we can easily see this
phenomenon. Looking at Fig. 5.5, we test the effect of the value of r on the convergence rate
under three random models. At this time, for the quadratic programming problem, to better
illustrate the effect of r, we substitute ||z¥ — z*|| for ||V, L(z*, \¥)|| for the error and get the
results in Fig. 5.5, where 2* is the optimal solution of the problem (5.1). Here, except for r,
the parameters are chosen as the same as those used in the test in Fig. 5.1. Another fact we
want to explain is that although the increase in r can make the algorithm converge faster, it
will lead to a decrease in the accuracy of the convergence. When ||V,L(x*, A\¥)| is used as
the error, we can see from Fig. 5.6 that when r = 100, the error flattens out after it drops
rapidly to 107¢. However, when r = 10, the error can be reduced to 1078, The reason is that
when the optimal solution z* satisfies, for some i € {1,...,p}, g;(x*) = 0, the accuracy of the
machine can usually only reach g;(z¥) ~ 1071 # 0. This leads to an error in calculating the

[==r=0.1
~o=r=1
r=10

[=+=r=0.1

o= r=1
=10

(=100

5 5 [oe=r=100
210°f 210°F 1
=) @
10 10°F
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5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
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(a) multiplicative noise (b) additive noise
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Fig. 5.5. The trend of the error at four different values of » under three random models for the quadratic
programming problem with respect to iteration number.
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Fig. 5.6. The trend of the error at four different values of r for the stochastic quadratic programming
problem with multiplicative noise with respect to iteration number.
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multiplier A in SALM-SAA (Algorithm 5.1), i.e. at this time, rg;(2*) # 0, when the parameter
r is too large. Therefore, the appropriate r should be selected in the algorithm, neither too
small leading to slow convergence rate, nor too large leading to low accuracy.

Finally, we show the comparison performances of SALM, SPDO and SPDA for the quadratic
programming problem in Fig. 5.7. For the same given initial multiplier A’ and initial point z:°,
we use the nonlinear programming solver fminunc in MATLAB to solve the inner problem in
SALM and SPDA. The parameters in SALM are chosen as » = 10, ¢ = 107 and the step
size of SPDO is tuned for best performance. For the random models with multiplicative noise
and additive noise, the sample size in SALM-SAA is selected as N = 10® and the parameter
of = 04 = 0.01. For optimization with probabilistic noise, parameters in SALM are chosen as
e =0.3, P =10~ From the numerical results, SALM converges more rapidly than SPDO and
SPDA in general for all random models.

10'f

(<=SALM-SAA|
[*-SPDO
SPDA

[==SALM-SAA|
|--SPDO
SPDA

Error

L L L L L
15 20 25 30 15 20 25 30

Iteration

(a) multiplicative noise

Iteration

(b) additive noise

10's

==SALM-SAA|
~*-SPDO

SPDA

L
15

30

Iteration

(c) probabilistic noise

Fig. 5.7. Comparison of three algorithms for solving the quadratic programming problem with respect
to iteration.

6. Conclusion

In this paper, a stochastic augmented Lagrange method is constructed basing on a class
of random approximation models for stochastic convex optimization problems with inequality
constraints. The convergence of the stochastic augmented Lagrange method depends on how the
estimates of the approximation model being sufficiently close to the true problem with high but
fixed probability. Without assuming the expectation and variance of the models and estimates,
if the coefficient 7 in the augmented Lagrange function is selected as an appropriate constant,
and the models and estimates are sufficiently accurate with high enough but fixed probability,
{2*} can converge to the optimal solution of the true problem almost surely. In addition, some
special approximation models are discussed under biased or unbiased noise assumptions. From
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numerical experiments, with high enough but fixed probability (which is guaranteed by the
sample sizes being large enough or the probability of making a mistake being small enough),
the distance between the stochastic augmented Lagrange function generated in the random
model and the true problem is sufficiently close, and the appropriate parameter r is selected,
the stochastic augmented Lagrange method can accurately and quickly converge to the optimal
solution.
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