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Abstract

In this paper, we consider the electromagnetic wave scattering problem from a periodic
chiral structure. The scattering problem is simplified to a two-dimensional problem, and is
discretized by a finite volume method combined with the perfectly matched layer (PML)
technique. A residual-type a posteriori error estimate of the PML finite volume method
is analyzed and the upper and lower bounds on the error are established in the H!-norm.
The crucial part of the a posteriori error analysis is to derive the error representation
formula and use a L?-orthogonality property of the residual which plays a similar role
as the Galerkin orthogonality. An adaptive PML finite volume method is proposed to
solve the scattering problem. The PML parameters such as the thickness of the layer and
the medium property are determined through sharp a posteriori error estimate. Finally,
numerical experiments are presented to illustrate the efficiency of the proposed method.

Mathematics subject classification: 65N08, 65L.60, 66N15, 35Q60.
Key words: Finite volume method, Perfectly matched layer, A posteriori error analysis,
Chiral media.

1. Introduction

Consider a time-harmonic electromagnetic plane wave incident on a periodic chiral struc-
ture. The chiral structure is assumed to be periodic in x; direction and invariant in x5 direction.
The medium inside the structure is chiral, and two regions with homogeneous medium are sepa-
rated by the periodic structure. From the point view of mathematical modeling, our discussion
on the scattering problem is simplified to the two-dimensional case. Recently, there has been
still a considerable interest in the study of electromagnetic wave propagation by periodic chi-
ral structure. In general, the electromagnetic wave propagation inside the chiral medium are
governed by Maxwell equations together with the Drude-Born-Fedorov constitutive equations
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in which the electric and magnetic fields are coupled. The property of the chiral media is com-
pletely characterized by the chirality admittance 3, the electric permittivity € and the magnetic
permittivity p. On the other hand, periodic structures have generated great scientific interests
in the past several years because of important applications in integrated optics, optical lenses,
anti-reflective structures, lasers and so on.

Over the past two decades, scattering problem in chiral structures has gained a great devel-
opment in the applied mathematical community. For the physical background and the model
equations of the scattering problem inside chiral media, many literatures have discussed these
issues and we refer to [1,20,23,24,34] on periodic and non-periodic chiral structures. From the
computational aspects, lots of results and references on solving the chiral grating problem may
be found in [1,2,35,36]. For other related mathematical analysis and numerical methods of
periodic achiral structures, the reader is referred to [3,6,15,17,18, 28] and references therein.

One of the difficulties for solving the scattering problem is to truncate the unbounded domain
into a bounded computational domain with some adequate approximation accuracy. A popular
and effective technique in truncating the unbounded domain is the perfectly matched layer
(PML) method proposed by Berenger [8]. The key idea of the PML technique is to surround
the computational domain by a special designed layer of finite thickness which can make the
outgoing waves decay exponentially. At this point, a variety of PML methods have been de-
veloped and studied in the literature (cf. [25,31]). Another difficulty for solving the scattering
problem is to deal with the singularities of the solutions, an economical and effective method is
the adaptive finite element method based on the a posteriori error estimate (cf. [5,11,13,26,27]).
By using the PML technique in combination, the field of the adaptive finite element method
attracted many researchers and has become more and more active in the numerical simulation
of the scattering problem, we can refer to [7,12,14-16,21,22,32] and references therein for the
adaptive PML finite element methods and the related methods. The adaptive finite element
methods combined with DtN or PML techniques are very attractive in solving the scattering
problems, largely for this reason that DtN or PML method is applied to deal with the diffi-
culty in truncating the unbounded domain and the adaptive finite element method can very
efficiently capture the local singularities. However, to our best knowledge, there are very few
works on the adaptive DtN or PML finite volume method for solving differential equations. For
the literature, there are also some representative results on the posteriori error estimates and
the adaptive computations of the finite volume method, the reader is referred to [9,10,19,33]
and references therein.

In this paper, we shall study the residual-type a posteriori error estimate of the PML finite
volume method (PML-FVM) for solving 1D chiral grating problem. As the PML finite element
method (PML-FEM) in [36], our PML finite volume method needs to surround the computa-
tional domain by a specially designed artificial layer which absorbs all waves coming from the
computational domain. Meanwhile, compared with the DtN finite element method (DtN-FEM),
our method can avoid dense blocks of the stiffness matrix generated by the computation of the
discrete DtN operator. In this work, the a posteriori error estimate, which includes the finite
volume discretization error and the PML error, is established by using similar arguments as the
a posteriori error estimate of the PML-FEM. The main difficulty of our error analysis is that
our PML-FVM is lack of the global Galerkin orthogonality in contrast to the DtN-FEM and
PML-FEM. We overcome this difficulty by using an L?-orthogonality property of the residual
which plays a similar role as the Galerkin orthogonality. The error estimate is used to design
the adaptive PML-FVM to choose elements for refinement and to determine the PML parame-
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ters and the medium property. Furthermore, the PML error decays exponentially with respect
to the distance to the boundary of the fixed domain where the PML layer is placed. Like the
adaptive PML-FEM in [15], our adaptive PML-FVM also has the ability to produce coarse
mesh size away from the fixed domain and make the total computational costs insensitive to
the thickness of the PML absorbing layer. And the lower bound, which shows the efficiency of
the a posteriori error estimate, is proved by using the bubble functions. In the last section, we
report numerical experiments to demonstrate the feasibility of our adaptive PML-FVM.

The rest of this paper is organized as follows. In Section 2, we introduce the model problem
and its variational formulation with the PML boundary condition. In Section 3, we present
the finite element discretization and the finite volume discretization for the scattering problem.
In Section 4, we analyze the residual-type a posteriori error estimate of the PML-FVM and
derive the global upper and local lower bounds of the error which lay down the basis of the
adaptive algorithm. In Section 5, we present numerical examples to show the effectiveness of
the proposed adaptive algorithm.

2. The Model Problem and the Problem Formulations

In this section, we present a mathematical model for the scattering problem, its DtN for-
mulation and its PML formulation.

2.1. The scattering problem

We consider an adaptive finite volume method for the time-harmonic Maxwell equations
(time dependence e~ %)
V xE—iwB =0,

(2.1)
V xH+iwD =0,

where E is the electric field, H is the magnetic field, and D and B are the electric and magnetic
displacement vectors in R3 respectively. In addition, the Drude-Born-Fedorov constitutive
equations satisfied by E, H, D and B can be stated as follows:

D = £(a)(E + f(2)V x E),

(2.2)
B = p(z)(H + B(2)V x H),

where x = (z1, z2, z3), and £, u and § denote the electric permittivity, the magnetic permeability
and the chirality admittance, respectively. After eliminating D and B, we can reduce (2.1) to
the following equations:

VXxE= ('y(z))Qﬂ(z)E + iwp(zx) <M) H,
, (2.3)
V x H = (y(2))*8(2)H — iwe(z) <L> E,

where k(z) and y(x) are defined respectively as

k(z) = wy/e(@)p(@), (y(@)’ =
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Through the article, it is assumed that (k(x)5(z))? # 1 for z € R3. In addition, we assume that
the structure is L-periodic with respect to z; and invariant with respect to z2. So it naturally
holds that

e(x1 +nL,x3) = e(x1, x3),
(w1 +nl,x3) = p(z1, v3),
B(x1 +nL,x3) = B(x1,23),

and E and H only depend on two variables z; and x3. Since the medium is homogeneous away
from a region {(z1,23) : by < x3 < b1}, there exists constants ¢; and u; such that

e(xr,x3) = €1, plwr,x3) = p1, Plxr,xz3) =0 for 3> by,

e(x1,x3) = €2, p(w1,x3) = po, Plar,xz3) =0 for a3 <bo,

where ¢;, t; and b; are positive constants, j = 1,2. As in [36], the following assumptions need
to be satisfied:

(1) e(z), p(x) and B(x) are all real valued L functions, e(z) > o, u(x) > po and S(z) > 0,
where €¢ and pg are positive constants;

(2) d=1—-kB > dy > 0, for some positive constant d.

We note that the first assumption is a technical one and the second assumption is a essential
one needed for the following numerical analysis. In fact, the second assumption is relatively
reasonable since g is generally small.

Next some notation is introduced for proposing the weak formulation of the problem. Let
(Er, Hj) be the incoming plane waves that are incident upon the grating surface from the top

PXq . . o _
, G-@=wcipr, P-G=0,
we

E; = 57", Hj = pe'?®, §=
where the incident wave vector ¢ takes the form

(j = (Oé, 07 7/31)T = Wy/E11 (sin@, 07 70059)T5

and 0 < 0§ < 7 is the incidence angle. The grating diffraction theory motivates to look for
quasi-periodic solutions, i.e. solutions (E, H) such that (E,, H,) = e~ ***1(E, H) are L-periodic
in 1. Under the radiation condition imposed on the scattering problem, it is known that the
electromagnetic fields (E,H) is composed of bounded outgoing plane wave, plus the incident
wave (Er,Hj) above the structure.

2.2. The DtNN formulation

Thanks to the periodic structure, we restrict our discussion to the bounded domain (see
Fig. 2.1)

0= {(:L'l,xg):o<$1 <L, by < x3 <b1},

along with the artificial boundaries T'; = {(z1,23) : 0 <x1 < L,z3 =b;},j =1,2.
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For any quasi-periodic function f € H'/2(T;), T is the Dirichlet-to-Neumann(DtN) oper-
ator defined by

TO (o) = 3 i felent®s o< <L, j=1,2, (2.4)
nez

where a,, = 2mn/L,3Y = 3 and the Fourier coefficient f (") and the coefficient B are respec-
tively given by

L
10 =1 [ et s, (2.5)
0

1
g — (k]2 — (o + a)2) 21, if k]2 > (ay + @)?,
’ i((om +a)? —k3)%, if k< (o + @)

Let E = (e1,ez,¢)™, H= (hy,ha,h)T. One can straightforwardly verify that e;, ez, h; and hy
can be expressed in terms of e and h. Then we obtain two coupled equations for e and h.
Following the procedure described in [36], the scattering problem is finally reduced to solving
the following problem:

1 2
-V <—Ve> _ X +iwV - (BVR) —iwy?Bh =0 in Q,
1 1

1 2
i v (EVh) _ 1 h—iwV - (BVe) + iw'y2ﬂe =0 1in Q,

% —TWe = —2iB, 5zetw1—ih1br on T, (2.7)
n
oh _ TWh = —2iB; pgee®r—br on Ty,
n
9e —T®Pe =0, Oh _ ey~ on I's.
on on

Define the following space which includes all the quasi-periodic functions:

XQ)={fe HYQ) : f(0,23) = e_iO‘Lf(L,x3)}.

l
|
by A
|
|
|

by 1 Ty

Fig. 2.1. The grating problem geometry in one period L.
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Let u= (e,h)",v = (p,q)T and w = (¢,?¥)". By integration by parts, we can easily derive the
weak formulation of the scattering problem (2.7): Giving an incident plane wave

~ 7;0411—7;,@113
)

e = Sse iax1—iB1T3 ,

hr = pse
find u € (X (9))? such that
A(u,v) = (f1,v), VYve (X(Q))Q, (2.8)

where the sesquilinear form A on (X (02))? x (X (£2))? is defined as

2

1
A(u,v) = /Q <;Ve -Vp — %eﬁ —iwpBVh-Vp — iw'yQﬂhﬁ> dx

1 2
+/ (gw.va %hqﬂwﬂve-wﬂwfﬂeq) dx
Q
> 1 > 1
- [ @Oopin -y = [ @O, (2.9)
=1 i Jry =1 G Iy

and

1 ) _ 1 , _
(fr,v)y =—— 2if1erpdry — — 2iB1 hrqdz, . (2.10)
H1Jry €1.Jr,
In [36], the uniqueness and existence of weak solutions to (2.8) was established for all but
possibly a discrete set of frequencies w. Here we simply assume that the variational problem
(2.8) has unique solutions in (X (€2))2. Then the following inf-sup condition:
[A(w, v)|

P ————— > Y|wl(mr )2, Ywe (X(Q)
ozve(x ()2 [Vl (1 (0))2 (H'(2)) ( )

? (2.11)

with a constant v > 0, based on the general theory of Babuska and Aziz [4], implies the estimate
el 7202 < Colllerllzzcryy + IallL2qry))- (2.12)

2.3. The PML formulation

Now we turn to the description of absorbing PML layers. We surround the computational
domain 2 with two PML layers Q?ML of thickness d;,j = 1,2, where

QllpML = (1‘1,:63) 0<z < L, b < T3 < by +51},

{
QEML:{(Z'l,SCg) : 0<SC1 <L, b2752<$3 <b2}
Let s(x3) = s1(x3) + is2(x3) be model medium property satisfying

s1,82 € C(R), s1>1, s3>0, and s(z3)=1, b <uz3<b. (2.13)

As stated in [15], compared with the original PML condition which sets s; = 1 in the PML
domain, a variable s; chosen here can attenuate both the outgoing and evanescent waves. The
advantage of this extension makes our following discussed method insensitive to the distance of
the PML region from the structure.
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According to the general idea developed for designing PML absorbing layers, we introduce
the PML differential operators

1 2
L=V (—AV) + ls(xg),
[ 1

1 2
Lo:=V- (—AV) + ls(xg),
€ €

L3 := —iwV - (BV) + iwy?B,

where

Ao (B 0 _ s(zs) !
0 Ao 0o —
s(z3)

The PML equations in the PML region (cf. [36]) can be written as
Li(E—ep)=0 in QPME £,@) =0 in QPML

Lo(h—h1)=0 in QPML £o(R) =0 in QFME.

L1 L3
£ =
(—53 52) ’
and D = {(z1,23) : 0 <21 < L, by — 02 < z3 < by + 61}. By using the assumption (2.13), we
can formulate the desired PML model to be numerically solved in this paper

Introduce the differential operator

Li=—g in D (2.14)
with a quasi-periodic boundary condition in x; direction
(0, 23) = e *FU(L, x3), by —dy < a3 < by + 61,
and the Dirichlet condition

)

ury on F?ML = {(xl,acg) 0<zy <L, x3=07 +(51},
0 on FSML:{($1,$3)20<$1<L, .1‘321)2—(52},

)
|

~

where @ = (€, h)T,u;r = (e, h1)T and the function g is defined as
—Lu; in QPME
g =
0, otherwise.
Introduce the spaces
X(G)={feH"(G): f(0,23) =e "V f(L,x3)}, VGCD,
XO(D)={f € X(D): f=0on M JTEME}.
Now we consider the weak formulation of (2.14) which reads: Find @ € (X(D))? such that

4 =uy on IYME 3 =0 on TEME and

Ap(u,v) :/Dg~ﬁdz, Vv e (XO(D))Q, (2.15)
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where for G C D, the sesquilinear form Ag on (X (G))? x (X(G))? is defined as
~ 1 ~ — '}/2 ~ . N — . 2907 —
Ag(u,v) = ;AVe -Vp — ;s(zg)ep —iwpPVh-Vp —iwy“Shp | dx
G
1 _~ 2 ~ . A_
+ / (gAVh -Vq— %s(:cg)hq +iwpVe - Vg+ iw'yQﬂeq) dx. (2.16)
G

For the PML model, we introduce the following DtN operator TU-PML) in [15]:

TOPMU (1) = " ifcoth(— iffoy) fMelontm 0 <oy <L, j=1,2
nez

for any quasi-periodic function f, where coth(v) = (e¥ +e7")/(e” —e™") and

o1 = / T . o = / " ) (2.17)

b1 ba—42

Similar to the argument in [36], we arrive at the equivalent formulation of (2.15) in the do-
main Q: Find @ € (X (9))? such that
APME @ ) = (fi,v), Vo e (X(Q)7 (2.18)

where the sesquilinear form A on (X (0))? x (X (£2))? is defined as
PML /~ 1A_’72A_. T o= - 27—
A (u,v) = —Ve-Vp— —ep— iwfBVh -Vp —iwy°Bhp | dx
Q \H H

Jr/ ( Vh- Vg — —hq +iwpVe-Vq+ zw7256q> dx
Q

B (TUPMIE) iy / (TUPMIRgda, 2.19
Z’u]/ 1 — Z 1 ( )

and
~ 1 . . _
(fr,v)y =—— 151 (1 + coth(—zﬁlal))ejpdacl
'y

1
- 51 (1 + COth(—iﬁla’l))h]adl'l.

51 Fl

We remark that the relation of the two variational equations (2.15) and (2.18) and the well-
posedness of their solutions are studied in [36]. Throughout this paper, we assume that the
variational problem (2.15) has a unique solution.

3. The Discrete Problem

In this section, we develop the PML finite element approximation and the PML finite volume
approximation of the PML problem (2.15). In addition, we will give the a posteriori error
estimate which plays an important role for the adaptive PML finite volume method.
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3.1. Finite element approximation

Let M}, be a regular triangulation of the domain D. It is required that any triangle T € M,
must be completely included in €, Q7ML or QPML To deal with the quasi-periodic boundary
conditions, we further assume that if (0, z) is a node on the left boundary, then (L, z) must be
a node on the right boundary, and vice versa. Let U, be space of the conforming linear finite

element over My, i.e.

Un = {on € X(D): ¢plr € Pi(T), VT € My,
gph(07$3) = eiiaLwh(L7x3)a b2 - 52 < T3 < bl + 51}7

where P;(T') is the space of all piecewise linear polynomials. Denote by Uy = U, N X°(D),
and the operator I,: (C(D))? — (Up)? is chosen as the standard finite element interpolation
operator.

The PML finite element approximation to (2.15) reads as follows: Find @ip=(e), hy,)T€(Up)?
such that 2y, = Iuy on TYME 4y, = 0 on TEME | and

Ap(tp,vp) :/ g-vpdr, Vv, € (U,?)2. (3.1)
D

In this work, the existence and uniqueness of the discrete problem (3.1) for sufficiently small h
can be proved by using the inf-sup condition satisfied by the continuous problem (2.15), the
argument of Schatz [29] and the general theory in [4]. Throughout this paper, we assume that
the discrete problem (3.1) has a unique solution.

3.2. Finite volume approximation

Let M} be a dual partition in D related to M}, and its elements are closed polygons called
the control volumes. Let Ty be the barycenter of the element 1" € M},. We connect T with line
segments to the midpoints of the edges of 7" and divide the element T into three quadrilaterals
Tp, where P € N(K) and N(K) is the set of vertices of T. For each node P of My, the
corresponding control volume T} is constructed by the union of the subregions T'p sharing the
node P. In the same way as [9], we finally obtain a collection of control volumes covering the
domain D, which is called the dual partition M. The test function space V}, corresponding to

5, is taken as the piecewise constant function space, i.e.

Vi, = {1/)h cL*(D): Y|y is constant for P € N,
andth; :OfOI‘PENj, j:1,2},

where N7 and A7 respectively denote the sets of all vertices on the interior domain of D and
the quasic-periodic boundaries and the sets of all vertices on F?ML,j = 1,2. For wy, € (Up)?,
let Z; be the interpolation projection operator of wy, onto the test space (V3)?

Trwy = Y wi(P)xp(x),
PeNT

where x p is the characteristic function of the control volume 7.

Now we formulate the finite volume scheme for the PML problem (2.14). The corresponding
variational formulation is derived by multiplying (2.14) by Z;vs, integrating by parts over
each T3 and summing over all P € N/

Ap (ﬂ,I;:vh) = f/ g-Titpdxz, Yo, € (Up)?, (3.2)
D
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where v, = (pn,qn)T, n is the outer-normal vector of the associated domain, and

Ap (@, Zjvp) = Z ﬁh(P)</ (lAva n —iwBVh - n> ds
T,

PeN! .

2 o~
+/ <ls(z3)€+iw725h> dx)
Tr \ M

+ Z %(P)(/ (%AV?L-n—i—inV’e\-n) ds
ory

PeNT
o
—|—/ (—s(acg)h - ivaB/e\) dac).
T \ €

The PML finite volume approximation to (3.2) reads as follows: Find @y, = (¢x, hn)T € (Un)2
such that uy = Iuy on TYMY 3, = 0 on TEME | and

AD (’ljh,I}t’L)h) = 7/ g IZWd:L‘, Yo, € (Uh)2. (33)
D

We must point out that, to the best of our knowledge, no relevant results on the well-posedness
and the priori error estimate have been derived for (3.3). Here our interest is focused on the
a posteriori and convergence analysis for the adaptive PML finite volume method. Thus, in the
following it is assumed that the discrete problem (3.3) has a unique solution.

3.3. The a posteriori error estimate

We begin with introducing some notation to define the error indicators. For any T € My,
denote by hr its diameter, we define the element residual

RT = ﬁah|T +g|T

Let By, be the set of all the sides that do not lie on TTME and TYML. For any F € By, hy stands
for its length. Given an interior edge F' € B, which is the common edge of T} and 1o € My,
we define the jump residual across F' as

1 ~
IW = (—Ava - inth)
"

*ng,
2

1 _ ~
“ny + (—AV@h — iwﬁth)
T U

s N,
2

1 _~ . 1 _~ ~
h (Ezwhh +z‘w5Veh) Lot (EAth +iwﬁveh)

where n; denotes the unit outward normal vector to the boundary of T}, j = 1,2. Define

Iy ={(z1,23) : 21 =0, by — 62 < 23 < by + 01},
Iy = {($1,l‘3) cx1 =1L, by — 09 < 23 < by +51}

If F =T (0T for some element T' € M,, F’ is a corresponding edge on I's which also belongs
to some element 7", the jump residuals across F' and F’ are defined by

, (3.5a)
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1. Oh, . 0& oo (1 Ohw . 8E,
J(Q) = [ ZA, 2 - — iaL —A —— —_— 3.5b
F e 1 or +iwp oz | | € e 9r +iwp Ox1 T{’ ( )
(1 0& . Oh 1 e ohn,
IO = ol [ Zp, 250 g,p TR | A S 3.5
pl=e LAng iwf 91 ) |, gy F ﬁaxl T{a (3.5¢)
; 1 af;h . aéh 1 aﬁh 6eh
J(Q/) _ ptal Z A —2 —_n — | —A —— —_— 3.5d
F=e SAngs + Mﬁazl . " i 68:01 . (3.5d)
The local error indicator ny for any T € My, is defined as follows:
1
1 2
nr = maxw(zz) § hr|Rellzziryz + (5 D helIrlfreie): , (3.6)
zeT 2 FCoT

where Jp = (J %1), J g))T, T is the union of all the elements in M}, with nonempty intersection

with 7', and
1, if xeQ,
w(zs) =

|s(xg)|e~ (), if 2 € QPML

with R;(z3) being defined below, j =1, 2.
We now state the main result, which lays a theoretical foundation for the following mesh
adaptive strategy.

Theorem 3.1. Assume that u and up, are the solutions of (2.8) and (3.3), respectively. Then
there exists a positive constant C, depending only on the minimum angle of the mesh My, such
that the following a posteriori error estimate holds:

lu = anl gy < C((l +C1 + CQ)( > 77%) + OMu i = wll ey
TeMy,

+ CM [[iin| 2y + CM [|ur — Tntdl] g2 prany ) :

where the constants M;, M3, C; and C are defined in the following Lemmas 4.4, 4.9, and 4.10,
respectively, 7 =1, 2.

It must be said that the error estimate can be viewed as a extension of the related work
for solving the grating problem(cf. [15]). As the corresponding constants used in [15], M,
7 =1,2, and M3 decays exponentially with the PML parameters af and UJI- , where O‘JR and O‘JI-
is respectively the real and imaginary parts of o; defined in (2.17). In particular, the exponential
decay factors e~ %i(*3) in the PML region Q?ML allows us to take thicker PML layers, and the
result is that the thicker PML layers allow a smaller PML medium property so as to ensure

numerical stability.

4. The a Posteriori Error Analysis

In the section, we derive the a posteriori error estimate in Theorem 3.1 and the local lower
bound in Theorem 4.1. We start with the following lemma (cf. [15]).
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Lemma 4.1. For any f € X (), there holds

18 ) < Ol sy

with C = \/T+ (by — by)~L. Here if f(w1,05) =3 cn F)(b))eilontalar on T

13 v, = (L > (+lan+ OéIQ)EIf(")(bJ—)F) L =12

nez

Let Z;, : X(D) — Uy be the Scott-Zhang interpolation operator. Both the operators Zy,
and Z; keep the quasi-periodic boundary conditions and enjoy the following properties (see,
e.g. [30,33]).

Lemma 4.2. For any f € X(D), there exists a function fr, = Ipf € Uy such that

If = full2cry < Chr|[V il a7,
1
Hf - fh||L2(F) < Chf«“HVf”p(ﬁ)v
Ifr = Ty fullLzery < Chr ||V fallLz(ry.
IV fullLz2ry < CIV I 2,
where T and F are the union of all the elements in M, with nonempty intersection with 7" and
F', respectively.
4.1. Error representation formulae
For any v € (X(02))?, we extend v to QM as follows:

-y

=, ¢ (by)

I

J ($3)U(n)ei(an+a)rl in Q?ML, j=12,

where the definition of (7' (z3) can be found in [15], v(™ is the Fourier coefficient of the vector
function as defined above, and

v(x,b;) = Z pMeilanta)e

nez

It can be readily seen that 7 = v on T'; and £o = 0 in QFME 5 =1,2.

The following lemma can be proved in a fashion similar to that of [15, Lemma 4.1].

Lemma 4.3. For any v,w € (X (Q))?, there holds

/ TUPME) opda, = */ Sﬁg—pdxlv
T, r;, onj
/ TP ygan, = — [ 2L gy,,
T, r, on;

where n; is unit outer normal to QfML,j =1,2.
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Whenever there is no confusion, v is written as v in Q?ML

, 7 = 1,2. Besides, we use the
following notations:

A= |k} = (o + @)? %, Uy ={n:k; > (an +a)’},
A;—mm{A nGU} A;r:min{A?:ngéUj}, j=1,2.

The following lemmas(cf. [15]) is important in the subsequent analysis.

Lemma 4.4. For any p,v € X (), there holds

/F (TD — TGPMDY G, < M|l a1l 22,
J

where
2 AT 2 AT
Mj = max T 7] ’ R +j
620]. AP 1 620]. Ay 1
and o; ,O'JI are the real and imaginary parts of o; defined in (2.17), j =1,2.

Lemma 4.5. For any v € (X(Q))?, which is extended to be a vector function in (X(D))? as
shown above, there holds

Alu = Tip, v) = / gods — Ap(iin,v) + — / (T —TPME) (@, — en)pday
D

M1
1 1 -
+ — (T(z) T2 PML))ehpdzl + = (T(l) _ T(l,PML))(hh — hp)gdz
H2 Jr, €1 Jr,
1 ~ 1 1 o5
+ = (T(2) — T(2,PML))hh§d$1 - — (er— Ihef)——pdacl
w2 e Jepue s(ws) Oy
1 1 0q
- hr—1Iph —d 41
€1 FfML( hhi) ) s(xz3) Ox3 e (4.1)

Proof. From (2.8), (2.18) and the definition of the sesquilinear form A and APMY| we know
that

Afu—1,v) = (fr,v) = (fi,v) + APME(@,0) — AT, v)

1 N 1 —
=— (T(l) — T(l’PML))(e —e1)pdry + — (T(Q) - T(Q’PML))epdzl
w1 Jr, H2 Jr,
1 ~ 1 ~
+= [ (W —7®PMYY (R — h)gdey + — [ (TP — TCPME) Rz, (4.2)
I €2 Jry
where we have used
Ouy .
an T(l) = _QZBIUD
dur (1,PML) . .
I "% ur = —if (1 + coth(fzﬂlal))ul

on I'; to derive the last equality. It follows from (4.2) that

Alu — p,v) = Alu — 0, v) + APME(@ — 1y, 0)
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2

1
/ TU: PML)) (€ — ep)pdxy
,Uj r;

2

1
_Z T(J) T(JaPML))(h hy)qdz:

j=1 LY
1
= APML(G — Gy, 0) + _/ (T(l) 71, PML))( en — e1)pdxy
H1
1 ~
+ - (T(l) — T(laPML))(hh — hi)gdz,
1
1 = 1 h
+— [ (T® = T@PMIG By + — [ (T® = TCPMUYE, gde, (4.3)
p2 Jr, €2 Jr,

Using Lemma 4.3 yields

~ 1 ; SO
APMYG —y,,0) = AT — Tp,v) — Z — / TWPML) (6 _ &) pday (4.4)
- Z / TOPML) (b — by )gda,
= Aq(u — up,v) / e—¢ —dz + / h h —dz
2 h MJ n) 1 Z h) 1-

From the Green formula and £ = 0 in Q?ML,j = 1,2, we obtain that

1
Agemve (U — up,v) = / (u—1up) - Lode + — (e —en)AVD - nds
/ QFML Hj JanEML
1 P
+ — (h — hh)AV§ -nds
€j BQ}DML

1 . .0p - 1 0p
;j(/l‘-(eeh)%ds+/I‘PML(eeh) @ )and>

aq ~ ~ 1 07
(5~ Tn) 2 der/F?ML (hhh)s(xg)%ds>,

2

which together with (4.4) and (2.15) implies that

) . 1
APML (G _ g, )7/Dgid:c—AD(umv)*Z/FPML(efeh) (@ )aZd

1 A7~) 1 8q
€1 F119ML h ( )an

J

where we additionally employed % = u;, = 0 on T5™ME. Then the proof is completed by plugging
the above equality to (4.3). O

4.2. L*-orthogonality and estimates for the residual

The following lemma will play a similar role as Galerkin orthogonality property for the
classic finite element method and is important in deriving the a posteriori error analysis.
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Lemma 4.6. For the interior residual Ry and the jump residual J., there holds

1
Z </ 11T 'I}tihdz - Z 5/ JF 'I}t?hd8> = 0, Vvh € (Uh)Q. (4.5)
T F

TeMy, FCoT

Proof. For each control volume T3 € Mj, the following vector equations are derived from
(3.3) by taking Z;v;, = (1,0)T and (0,1)™:

/6T;;

Using the integration by parts, we easily obtain the following vector formulas:

/.

P\ -V. (éAVﬁh) —iwV - (BVey)

2

1 - _ ~

—AVey, -n —iwfBVhy - n ls(xg)eh + dwy?Bhy,

K der/ H dz:f/ gdx.
T *

1 ~ . - 2 ~
EAth -n+ ZWﬁveh n —S(xs)hh — ZW’YQﬁ,é’h P

m‘Q

-V <1Avgh> +iwV - (BVhy,)
H dx

1 ~
—=AVep, -n+iwpBVhy-n

Z / K ds
arpnr) | 1

TEM,, f—AVlNLh -n —iwpVey - n
€

1 ~
—=AVep, -n+iwpBVh,-n

[ > oy (h
ds — —/ ds.
oT}: 1 2 Jrory Jﬁf)

P\ ——AVhy, -n— iwﬂV'éh ‘n TeM;, FCOT
g

It follows from the above two vector equations that
1
/ Cin+gyiz— 3 Y 1 / Ipds = 0. (4.6)
Tp Tem, Foor 2 /0T,
h

Then the proof is completed by doing dot product of (4.6) and Z;7y,, taking the sum over all
Tp € M;j and using the quasi-periodicity of the vector function vy, O

The two lemmas below establish robust estimates for the interior residual and jump residual.

Lemma 4.7. There exists a constant C > 0 that is independent of h such that the estimate
> /RT (B-Ton)de < C Y bl Rl 22l Vol o)
TeMy, T TeMy

holds true for the interior residual Ry and v € (X (D))?.

Proof. By triangle inequality and Lemma 4.2, we get

v =Zponllz2ery)z < l[v = onllzzeryz + lve — Zvallzery)z
<lp = pull2(ry + llon — Zhonll L2

+1lg = anllzzcry + llan — Zhanll L2 (1)
< Chr(IVPll 2z + IVall pa7))
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where vy, = Zpv. We have from the Cauchy-Schwarz inequality and the above inequality that

> [ Re-(-Tinde <C 3 hrlRalsy: (199l + [ Val )
TeMy, TeMy

which completes the proof. 0

Lemma 4.8. There exists a constant C' > 0 that is independent of h such that the estimate

>y /JF (v — Z;on)ds

TeMy FCOT

<C Y Y hElIRl @ IVoll Loy
TeMy FCOT

holds true for the jump residual Jg) andv € (X(D))?, j=1,2.

Proof. First, it follows from Lemma 4.2 and the fact that Z; v;, denotes a piecewise constant
vector function that

Wit lp = Zionl By < © (hE2lle — Tion sz, + 1901 )
< C (hE2lp = pull2a ) + RE2Ion = Tipnl2a ) + 190122 )
< O1Vp iz,
where to derive the first inequality, we use the trace inequality
11720y < C (h;‘1||f||2L?(T) + hFHVf||2L2(T)) , VfeHYT), FCIT, Te My,
similarly, there holds
hitla = Tl < CIValZa g,

where v, = Zpv.
Then, using the above inequality and the Cauchy-Schwarz inequality leads to

>y /JF (v — Z;on ) ds

TeMy, FCOT

=y / (33 - Tipn) + 32 (@~ Tian) ) ds

TeMy FCOT

i 1 2
< > 3 ni (3P 98] o) + 12 g IVl 2 )
TeMy, FCOT

which completes the proof. O

4.3. Proof of Theorem 3.1
As in [15], Rq(x3) and Ra(xs) are defined by

Rl(xg)min{Al/ t, AT / } x3 > by,
bl bl
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The following two lemmas are concerned with the estimates for the extension, and can be
respectively proven in the similar way as [15, Lemmas 4.3, 4.4] are done.

Lemma 4.9. For any v € (X(Q))?, which is extended to be a vector function in (X(D))? as
shown above, there holds

||5_16R1(Z3)V’U|| (LQ(Q;‘:’ML))Q < Cj HU||(H1(Q))2’

where ) )
2k;567  2(1420;(0] +ky))?

—or—l) oAt R
1_62Aj0]. 1_62Aj0].

C; = C max

Lemma 4.10. For any v € (X(Q))?, which is extended to be a vector function in (X (D))? as
shown above, there holds

ov ~
-1
HS a— S CMBHU||(H1(Q))27
X3 (LZ(FfML))Z
where
2 AT e~b191 2 At e—bior
M3 = max —, —
1 —e 28101 1 —e2b{04

Now we are in the position to prove Theorem 3.1.
Proof. Denote by

= / goudz, J? := —Ap(un, v),

D

1 1
Fo=— [ (@O -1 G —epdey, THi= — [ (T = TCPMI)g paa,

“1 Jr, H2 Jr,

1 = 1 T
Pt [ @0 - ren) Gy g, 1= L[ () - reRN ga,

€1 T €2 Ty

1 1 0p 1 1 0g
7 8
__ 1 ~ e —— 22 = hy — Inh .

J M1 F{)ML(eI hel)s(wg) 6303 1) J €1 FIIDML( ! h I)S(wg) 6903 o

It follows from the error representation formula (4.1) that

8
Au—Tp,0) =Y T"
i=1

Using integration by parts, (3.4)-(3.6) and Lemma 4.6, we obtain

1 1 ~ ~
— Z / (—Avgh -mp+ —AVhy, -ng — iwBVhy - np + iwBVey, - na) ds)
Fcor?F \H <

= Z (/TRT.(EIZEh)d:C Z %/F(Jg)(ﬁfz’tﬁh)+J%2)(§*I;{§h)) ds),

TeMy, FCoT
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From Lemmas 4.7, 4.8, (3.6) and Lemma 4.9, we have

I'+I*<C Z 77TH7~U_1VU||(L2(%))2
TeMp,

<C(1+Cr+0y) ( > 77%) V[l (e (2))2- (4.7)
TeMp,

Next, we estimate the term J3. Employing Lemma 4.4 yields
TP < Mullen —erllreyllpll 2y

similarly, there holds

J* < Malleénl 2o lIpll L2cra).
J5 < M1||hh - hIHL2(F1)HQHL2(F1)’
1% < Mo|hn | oy lall 22 -

Combining the above four inequality with Lemma 4.1 gives

| < C(Muflan — urllzacryyy + Mellanlzzwa2) 1ol @))e- (4.8)

It remains to estimate the term J7 and J®. Applying Lemmas 4.1 and 4.10, we have

Ip
T+ 38 <O ller - Ine S S
| | (H e IHM(FIIDML) 93 || p2(reur
9q
1 ||hr — Inh o
|| I h IHL?(FlfML) s 0xs LQ(FI{’ML)>
< 6M3HUI — [huIH(LZ(Fllale))zH’UH(HI(Q))Z- (49)

Finally, the proof of Theorem 3.1 follows by combining (4.7)-(4.9) and the inf-sup condi-
tion (2.11). O

4.4. Local lower bound

In this subsection, we establish a posteriori lower bound for % — %, in the H! norm. To
obtain the local lower bound, we need to use the arguments similar to those in [19] with the
aid of the bubble functions.

To proceed, we introduce some notations. Let R%. be the integral mean of Ry on 7', and J%
be the integral mean of Jp on F i =1,2.

Theorem 4.1. There exist constants C3,Cy and Cs, depending on the minimum angle of My,
and the mazimum value of w(xs) such that for any T € My, there holds

T]% S C3Ha_ ﬁh”%Hl(T*))? + 04 Z h%HRT - %H?L2(T))2
TCT*

+05 Z hFHJFfJaFH?LQ(F))m
FCoT

where T consists of all elements sharing at least one common side with T'.
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Proof. In the following, the proof is divided into three steps.

Step 1: Interior residual. Let by = 27A1A2A3 be the bubble function, which is supported in
T and satisfies

||bTR%||(L2(T))2 + hT||V(bTRaT)H(L2(T))2 = CHR%H(LZ(T))Z' (4.10)
Using (2.15), integration by parts, the Cauchy-Schwarz inequality and (4.10), we have
CRE|[( 2y < (RE,brRE) = (Ro,brRE) — (Rr — RE, brRS)

= —Ar (ﬂh, bTR%) + (g, bTR%) — (RT — R%, bTR%)
= Ag (@i — @in, brRE) — (Rr — RS, bR

S C(Hv(a_ah)H(LQ(T))Z HV(bTR%) H(LZ(T))Z+||a_ah||(L2(T))2 HbTRg“H(LQ(T))z
+ IR = R o [0rRE 2y
<cC (hFHQ* unl|(r(ry)> + HRT - RGTH(L2(T))2) HRGTH(L2(T))27
which implies that
HR%H(LZ(T))Z =C (h;”a_ Ul )z + HRT - R%H(LZ(T))Z) :
It follows from the triangle inequality and the above estimate that
hT”RTH (L2(my)2 = h HR H L2(T))? + h HRT RaTH?B(T))?

~ ~ a2
<C (Hufuhn(Hl(T))z +h2|Rr — RS (4.11)

H(LQ(T)V) '

Step 2: Jump residual. For any interior side F' = 9Ty (975, let bp = 4\ A2 be an edge
bubble function, which is supported in wp = T7 U T5 and satisfies

_1 .

hg? HbFJFH(LZ(T) + hFHV bF‘] H L2(T)))? = CHJFH(LQ(F))Z’ i=12 (4.12)
From (2.15), integration by parts, the Cauchy-Schwarz inequality and (4.12), we obtain
O8I e (T2 00 35) = (3, beT) — (35— T3.0033)

= — Rr- bFJaFd$ — AWF (ah,bFJ%) + (g,bFJaF) — (JF — JaF,bFJaF)

WFg

= — RT~bFJaFdZL'+AwF(’(/L\7’(’Ih,bFJ%) — (pr.]%,bp.]%)

WEg

C (IRl 2w [T 2oy HIV @0 | 222 |V R IE | 2 g2
+ ||a_ah||(L2(WF))2HbFJ%'H(LZ(we))Z+HJF_JGFH(L2(F))2HbFJ%'H(LZ(F))Q)
< C(h%vl\RTH(N(WF))Z 1 1@ = Tn ey
+hi||Te - Il (122 )HJFH(L2 (F)2>
which implies that

[ 9% ([ 2y < C(h?HRTH(L%wF»Z +hp? 1@ = nll 2 w2 + R [T — J%H(p(my)-
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Combining the above estimate and the triangle inequality, we obtain

hell I el w2y < hf?HJaF||(L2(F))2 + hl%”JF - %H(LZ(F))?
< C(hT”RTHLZ(WF) + ||a7 ahH(Hl(WF))2 + h’%‘HJF - JaFH(LZ(F))z)' (413>

For any side F' = T'jcpr N 0T, there is a corresponding side F’ on I'yigp: which belongs to
some element T3, and vice versa. We can use the similar argument as above to prove (4.13) for
FC j[‘left or Fright-

Step 3: Local lower bound. Therefore, by (4.11) and (4.13), we have

W=

1
2 2
Ny = Tﬁ%(w(zs) hr R || (z2(Ty)2 + (5 FgT hF||JF||(L2(F))2>

< C3H’/u\— ah”%Hl(T*))Q + 04 Z h%’HRT - R%‘H?LQ(T))z

TCT*
o 12
+C5 Y hp|Ir - N
FcoT
This completes the proof. (|

5. Numerical Experiments

In this section, two numerical examples(cf. [36]) are presented to validate our theoretical
findings and the effectiveness of our adaptive PML finite volume method. The implementation
of the adaptive finite volume algorithm is based on the PDE toolbox of MATLAB. We note that
the a posteriori error estimate from Theorem 3.1 is used to determine the PML parameters.
Using similar implementation as [15, Section 6], we choose the PML medium property s(x3) as
the power function, and choose the thickness § = §; = 2 of the PML layers and the medium
parameters o; satisfying Mle/ 2 <1078 such that the PML error is negligible compared with
the finite volume discretization error, j = 1,2. Once the PML region and the medium are
fixed, the adaptive finite volume strategy is designed to modify the mesh. Our adaptive PML
finite volume algorithm, which is similar to the adaptive PML finite element algorithm in [15],
is omitted in this paper.

Example 5.1. We consider a chiral grating with two sharp angles (see Fig. 5.1). Assume that
the plane waves
ey = 08" 1w = 0.6e" 101w

is incidence on the structure with L=1,b; =0.5 and by =—0.5, where §=7/6 and w = 2.5. The
other parameters are chosen as e; = ¢4 = 1, €9 = 2.56, €3 = 4.84, 5 = 0.2 and 83 = 0.1. The
thickness of the PML is set to be 6 = 1. In Fig. 5.2(a), the grating efficiency of the reflected and
transmitted waves as well as the total grating efficiency are displayed as a function of the number
of nodal points (DoF's) of adaptive refined meshes. It is clear that the efficiencies are convergence
for our adaptive PML finite volume algorithm. The adaptively refined mesh and the amplitude
of the numerical solutions of the electric field and magnetic field are illustrated in Figs. 5.3(a)
and 5.4 when the mesh has 11358 DoFs. It can be seen that although there is a difference in
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Fig. 5.2. Grating efficiency versus DoF's (a) and log-log plot of the a posteriori error estimates with
respect to DoF's (b) for Example 5.1.
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Fig. 5.3. (a): An adaptively refined mesh with 11358 DoFs for Example 5.1, (b): An adaptively refined
mesh with 12256 DoF's for Example 5.2.
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Fig. 5.4. The surface plot of the amplitude of the electric field (a) and the magnetic field (b) on the
mesh in Fig. 5.3(a) for Example 5.1.
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Fig. 5.5. Robustness of the transmission efficiency for the component h (a) and quasi-optimality of the
posteriori error estimates (b) with respect to the thickness of PML layers for Example 5.1.

the meshes, the surface plots of the amplitude of the associated solutions for our adaptive PML
finite volume method is completely similar to that of the PML finite element method(cf. [36]).
Fig. 5.2(b) shows the log-log plot of the a posteriori error estimates €5, = (7 oy, n2)1/? with
respect to DoF's which indicates that the mesh and the associated numerical complexity for our
adaptive method are quasi-optimal: €, = O(DoFs_l/ %) is valid asymptotically. Here we mention
that our adaptive method meets the the principle that the finite volume discretization error ey,
is not contaminated by the truncation error of the exponentially decaying factor M;,j = 1,2, 3,
in Theorem 3.1. Fig. 5.5 shows the curves of the transmission efficiency for the component
h versus DoFs and the curves of loge;, versus logDoFs for the thickness § = 0.5,1,2 of PML
layers. It clearly demonstrates that our adaptive method is robust with respect to the choice of
the thickness of PML layers: the transmission efficiency for h are convergence and insensitive
to the thickness ¢, and the meshes and the associated numerical complexity are quasi-optimal
for the different choice of 4.

Example 5.2. This example concerns a chiral grating whose surface has corners, as seen in
Fig. 5.6. The parameters are taken as follows: e; = 1,60 = 2.25,e3 = 1,82 = 0.1, and L = 2.
The incident plane waves are e; = €1 =123 p; = ( with w = 7 and 0 = /4. We set
d = 1.2. Fig. 5.7(a) shows the reflection efficiency, the transmission efficiency, and the total
grating efficiency as a function of DoFs. The mesh with 12256 DoF's and the amplitude of the
electric field and magnetic field are presented in Figs. 5.3(b) and 5.8, respectively. Just like
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Fig. 5.6. Geometry of the domain for Example 5.2.
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Fig. 5.7. Grating efficiency versus DoFs (a) and log-log
respect to DoF's (b) for Example 5.2.

Fig. 5.8. The surface plot of the amplitude of the electric field (a) and the magnetic field (b) on the
mesh in Fig. 5.3(b) for Example 5.2.

Example 5.1, it is observed that the a posteriori error has the ability to catch the singularities
of the solution to the problem (2.7) by using the local grid refinement. Fig. 5.7(b) displays
the log-log plot between the a posteriori error estimates €, and DoFs, and it can be seen that
€ = O(DOFS_l/ 2) is valid asymptotically. Fig. 5.9 shows the curves of the reflection efficiency
for the component e versus DoF's and the logep- logDoF's curves for the thickness § = 0.6,1.2,2
of PML layers, which further indicates that our adaptive method works effectively and is robust
with respect to the choice of the thickness .
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5.9. Robustness of the reflection efficiency for the component e (a) and quasi-optimality of the

posteriori error estimates (b) with respect to the thickness of PML layers for Example 5.2.
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