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Abstract

Consider the inverse scattering of time-harmonic acoustic waves by a mixed-type scat-
terer consisting of an inhomogeneous penetrable medium with a conductive transmission
condition and various impenetrable obstacles with different kinds of boundary conditions.
Based on the establishment of the well-posedness result of the direct problem, we intend to
develop a modified factorization method to simultaneously reconstruct both the support
of the inhomogeneous conductive medium and the shape and location of various impene-
trable obstacles by means of the far-field data for all incident plane waves at a fixed wave
number. Numerical examples are carried out to illustrate the feasibility and effectiveness
of the proposed inversion algorithms.

Mathematics subject classification: 35R30, 35Q60, 35P25, 78 A46.
Key words: Inverse acoustic scattering, Modified factorization method, Numerical recon-
struction, Inhomogeneous medium.

1. Introduction

In this paper, we study the inverse problem of reconstructing a mixed-type scatterer from
the far-field measurements produced by all the incident plane waves at a fixed wave number.
The scatterer is supposed to be the union of an inhomogeneous medium with the conductive
transmission condition and different kinds of impenetrable obstacles. This problem occurs in
lots of application areas such as radar and sonar, medical imaging and non-destructing testing,
etc. Precisely, let an open bounded obstacle D1 denote the inhomogeneous penetrable medium
with a C2-smooth boundary D; and an open bounded obstacle Dy denote the impenetrable
obstacle with a C2-smooth boundary 9Ds. Denote by Dy := R™\(D;UD5) (where n = 2,3, for
convenience, we will consider the case when n = 3) which is connected. We further assume that
Dy N Dy =0 (See Fig. 1.1 for the geometric configuration of the mixed scattering problem).

Suppose that D is filled with an inhomogeneous material characterized by n(x), which is
known as the refractive index satisfying that n(z) € L>(R?) with Re[n(z)] < 1 and Im[n(z)] >
co > 0 with a positive constant cg, whereas the exterior part Dy is filled with a homogeneous
material with the refractive index n(x) = 1. For simplicity, we only consider the case when
an impedance boundary condition is imposed on 0Ds. The same results can be similarly
extended to the other cases, e.g. the Dirichlet or the Neumann boundary condition on 9Ds.

ikx-d

Consider the incident wave field u* = e with the wave number £ > 0 and the incident
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Fig. 1.1. Graphical representation of the mixed scattering problem.

direction d € S?. Then scattering of time-harmonic acoustic waves by the mixed-type scatterer
can be modeled by the following Helmholtz equation with a conductive transmission boundary
condition on dD; and an impedance boundary condition on 9Ds:

Au+Eu=0 in Dy,

Av + k?n(z)v =0 in Dy,

u—v=20 on 0D,

@—@—i— u=0 on 0D -y
v ov M7 v

Ou +idu=0 on 0Ds.

ov

Here v is the unit normal on dD; directed into R*\ D, and on 9D, directed into R3\Da,
respectively, and p is the constant conductivity parameter satisfying that Re(u) < 0,Im(u) >
1o > 0, A > 0is a positive constant, and u = u*+u® denotes the total field in Dy and v = u?4v*
denotes the total field in D; with the incident wave u* = e***¢ and the scattered fields v® and v®,
respectively. Moreover, the scattered field u® satisfies the Sommerfeld radiation condition

Ou zku@( ! > as |z| — oo (1.2)

Olal ER
It is well-known that the scattered field u® has the asymptotic behavior [6]

. ezk\z\ N 1
u’(z) = mum(x) +0 <W) as |z|] — oo, (1.3)

uniformly for all Z = x/|z|, where uq, is known as the far-field pattern of «*, which is an analytic
function defined on S2.

The well-posedness of the scattering problem (1.1)-(1.2) can be established by applying the
variational method (see also [15,23]). In the current paper, we are interested in the inverse
problem of simultaneously reconstructing the shape and location of the inhomogeneous pene-
trable medium D; and the impenetrable obstacle Dy from a knowledge of the far-field pattern
Uso for all incident plane waves at a fixed frequency by using a modified factorization method.
The factorization method was first introduced by Kirsch [9] for the Dirichlet scattering prob-
lem. We also refer the readers to the monographs [3,12] for a comprehensive account on the



Simultaneously Imaging an Inhomogeneous Conductive Medium and Various Impenetrable Obstacles 3

inverse scattering by obstacles with different kinds of boundary conditions. Kirsch et al. [10,11]
also extended the method to the inhomogeneous medium scattering problems or to the layered
cavity scattering problems [16,21]. Recently, the factorization method has been applied to the
inverse problem of reconstructing an inhomogeneous medium with unknown buried objects in-
side [20,25] or recovering an impenetrable buried obstacle from an inhomogeneous background
medium [5, 14, 26]. There are also some related numerical results for the inverse scattering
of time-harmonic acoustic plane waves by mixed scatterers. In [22] the classical factorization
method of [9] has been justified in reconstructing a mixed scatterer which is the union of
a sound-soft impenetrable obstacle and an imperfect crack. A mixed inverse scattering problem
of acoustic waves by a union of an impenetrable sound-soft obstacle and an inhomogeneous
penetrable medium was studied in [13] by using the factorization method. For the special case
when an impenetrable sound-soft obstacle is buried in an inhomogeneous medium, the numeri-
cal analysis of the factorization method for the recovery of the inhomogeneous medium can be
found in [24]. For the case when Dy = (), the validity of the classical factorization method pro-
posed in [9] was justified in [2], which was later extended to the anisotropic medium scattering
case in [1]. However, the mathematical theory and numerical method developed in [1,2] can
not be applied to solve our inverse problem due to the fact that the factorization of the far-field
operator is only compact. To overcome this difficulty, we shall develop a modified factorization
method for our inverse problem. In fact, we are trying to construct a sequence of perturbation
operators F;, of the far-field operator F' in an appropriate way such that F;, is independent of
the refractive index n(x) of the inhomogeneous medium and the boundary conditions imposed
on the impenetrable obstacle Ds. It is expected that the perturbation operators F},, can satisfy
the range identity in [12, Theorem 2.15] for each m € N, .. Then the far-field operator F' can be
viewed as a sufliciently small perturbation of a perturbation operator F,, for some sufficient
large mo € Ny. This further means that the noisy operator F? is also a small perturbation
of Fg%. Consequently, the inhomogeneous medium D; and the impenetrable obstacle Dy can
be numerically reconstructed by using the spectral data of F and F?.

Some other qualitative methods such as the linear sampling method or the reciprocity gap
functional method have been developed for the inverse scattering associated with the inhomo-
geneous background [4,17,18]. We remark that the factorization method could give a rigorous
characterization of the support of the target, which implies that it is the most rigorously justi-
fied technique within the class of qualitative methods in inverse scattering. So we would like to
derive a modified factorization method as an analytical as well as a numerical tool for solving our
inverse problem. Many other non-iterative techniques for inverse medium scattering problems
are also developed, including point source methods [19] and the iteration method [8,27].

The remaining part of this paper is organized as follows. In Section 2, we provide the
well-posedness result of the direct scattering problem (1.1)-(1.2) and some properties of the
data-to-pattern operator. Section 3 is devoted to the justification of a modified factorization
method for simultaneously recovering the inhomogeneous conductive medium and the shape
and location of the impenetrable obstacle. Numerical examples are provided to illustrate the
efficiency of the developed inversion algorithms in Section 4.

2. Properties of the Data-to-pattern Operator G

In this section we provide some important properties for the data-to-pattern operator G
defined in the following (2.3). We begin with the statement of the well-posedness result of
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the scattering problem (1.1)-(1.2) (for a proof we refer the reader to [15,23]). Noting that the
incident field u? satisfies the Helmholtz equation Au’ + k%u’ = 0 in R3, thus the scattering field
denoted by (u,v) := (u®, v®) satisfies the following boundary value problem:

Au+ k?u =0 in Dy,

Av+ k*n(z)v = —qf  in Dy,

u—v=20 on 0Dq,

ou v

- _ — 2.1
3 2y + pu g on 0Dq, (2.1)
% + i \u = —h on 0D>,

v 9

TE}IEOT(E — zk:u) =0, r=|z,

where f = v’ in D1, g = pu’ on D1, h = Ou'/Ov + i\u’ on Dy and q := k*[n(z) — 1] in Dy.
We now state the well-posedness results for problem (2.1).

Theorem 2.1. For any f € L*(Dy),g € H '/2(0D,) and h € H~Y2(8Dy), there exists
a unique solution (u,v) € H'(Br\(D1 U D2)) x HY(Dy) to problem (2.1) satisfying that
s @iy + Wlirs o) < € (1Flzon) + 1903 op + 10l opy)  22)

where C' is a positive constant depending on R. Here Br is a large ball with the radius R large
enough such that D1 U Dy C Bg.

Based on Theorem 2.1, we introduce the data-to-pattern operator G : Y — L?(S?) by

G(f’gah)T = Uco, (23)

where
Y := L*(Dy) x H3(0Dy) x H%(8D),

and u is the far-field pattern of the solution u to the problem (2.1) with the given data
(f,g,h)T € Y. For the solution operator G, we have following lemma.

Lemma 2.1. G is compact and has dense range in L*(S?).

Proof. 1t is obvious that the compactness of the operator G can easily derived from the
interior regularity results of elliptic equations [7]. In order to prove the denseness of the range
of G in L?(S?), it suffices to prove that the L?-adjoint operator G* of G is injective.

Let (u,v) be a solution of the problem (1.1)-(1.2) corresponding to the incident field

u'(y) = /S2 eiikd'y@ds(d), yeR3 e L*S?). (2.4)

Assume that (w,p) is a solution of the problem (2.1) with the data (f,g,h)”. It then follows
from the Green’s Representation theorem that

) = [ [t 2 = e st

Je~hdy Oy

+ /6D2 [w(y)m - E(y)eikd'y]dS(yl
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Hence, it is deduced from the definition of the operator G that for ¢ € L?(S?), we have

(GO0 9o = [ 0@ - G(Dids(a)

_ /9D1 {w(y)%zfj (y) — g—f(y)ui(y)} ds(y)

ou’ Ow ;
+ /aDz [w(y) e O (y)} ds(y). (2.5)

Then by using the transmission boundary conditions on dD; and the impedance boundary
condition on 9Dy and the fact that both u® and w satisfy the Sommerfeld radiation condition,
we have

[ ou ow

(G(f.9: W), 0) 2oy :/ w(y)a(y)g(y)U(y)]dS(y)

0D,

# [ w5 - Grwum|aso)

= / qufdy + / guds + / huds
Dl 6D1 6D2
= <(fa 9, h)T7 G*SD>L2(S2)'
Therefore, the adjoint operator G* can be characterized as

G*QO = (q_v|D15ﬂ|6D1;ﬂ|aD2)T- (26)

Let G*¢ = 0, which leads to that v = 0 in D; and v = 0 on dD; U 0D5. This together with
the transmission conditions on dD; further gives that u = v = 0 on 9Dy and u = du/dv =0
on OD;. It then follows from the Holmgren’s uniqueness theorem that v = u’ 4+ v* = 0 in
R3\D,. Since u’ does not satisfy the radiation condition, one thus obtains that u* = 0 in
R3\D,. This allows us to employ [6, Theorem 3.19] to deduce that ¢ = 0, which shows the
injectivity of the operator G*. This completes the proof of the lemma. O

Theorem 2.2. For z € R?, define ¢.(Z) = e *** for & € S®. Then we have
z€(D1UDy) <= ¢,(Z) € R(G),
where R(G) denotes the range of G.

Proof. Let us first assume that z € (D1 U D). Then we can choose a small ball B(z) with
center at z and the radius € > 0 satisfying that B.(z) C (D1 U D3). Choose a cut-off function
X € C°(R3) with x(t) = 1 for |t| > € and x(t) = 0 for |[t| < ¢/2 and define

w,(z) = x(|lx — 2))®(x,2), =€R3

It is easily seen that w,(z) € C°°(R?), which satisfies that w, = ®(-, 2) for [z — 2| > €. A direct
computation yields

Aw, + E*nw, = DAy + YAD 4+ 2VxVD + E*ny® =: —¢f@ in Dy,

and

ow, .
pw:|ap, = —g'?, ( ey —l—z)\wz) lop, =: —h©.
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It can be checked that f(©) € L?(Dy),¢® € H=Y/2(9D;) and h(®) € H='/2(0D,). Clearly, w,
is a solution of (2.1) with the data (f(©), g(® r(©)). Thus, G(f©@, ¢ AONT = > = ¢,, that
is ¢, € R(G).

Now let z ¢ (D;UD5). We assume that there exists (f, 3, )T € Y such that G(f, 3, h)T = ¢.
and we let @ be a solution to the problem (2.1) with the data (f,g, iL) Thus one has Wy, =
G( f.q. iz)T = ¢,. With the aid of Rellich’s lemma and the unique continuation principle, we
immediately have that @(x) = ®(z, 2) for z € R3\(D;UDyU{z}). However, 1@/ g1 (p(ay) < +o0
and [ (-, 2)[| ;1 (), tends to +oo, where B(z) is a sufficiently small ball centered at z. This
leads to a contradiction. The theorem is thus proved. ([l

3. A Modified Factorization Method for the Simultaneous
Reconstruction

In this section we focus on the simultaneous reconstruction of the location and shape of the
inhomogeneous media and the impenetrable obstacle. We begin with introducing the far-field
operator F': L?(S?) — L?(S?) defined by

(Fg)(z) = /S uss (T3 d)g(d)ds(d), g € L*(S%), (3.1)

where 1o, is the far-field pattern of the scattered field u of the problem (2.1) associated with the
incident wave u’ = ¢, Obviously, Fg is the far-field pattern corresponding to the incident
field of the Herglotz wave function

vg(x) = /s2 e*dg(d)ds(d), =€ R3. (3.2)

Define the incident operator H : L?(S*) — Y by H = (Hy, Ho, H3)T with

Hyg(z) = /82 e dg(d)ds(d), x € Dy, (3.3)
Hag(z) = ,u/S2 e dg(d)ds(d), x € 0Dy, (3.4)
Hsg(z) = /S2 (621/ + i/\) e dg(d)ds(d), x € dDy. (3.5)

It then follows from the superposition principle and the definition of the operator G that
F = GH. In order to derive the factorization of the far-field operator F', we next introduce the

operators VD1D1;VDlaDiagaDleaSBDiaDjakﬁDleaKBDiaDjaKIBDiﬁDjaTBDiaDja ,7 = 1,2,
defined by
(VDlDl(p)(‘T) = / (I)(:Cay)(p(y)dya HARS Dla
Dy
(VDlaDi(p)(‘T) = (I)(.’L',y)(P(y)dy, T e aDla
D,

(Sap, D, ) (2) :/aD O(z,y)p(y)ds(y), =€ D,

J

(Sonon,2)@) = [ ®wset)ist). = oD,
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~ 0P (x,y
(Kop,p,9) (x) = / #sﬁ(y)dsw), z € Dy,
aD; Yy
00(x,y
(Kop,op,¢)(x) = / %w(y)dS(y), x € 0Dj,
aD; Yy
/ 0]
(K 000, )@ = 50 | @a)eisty). =€ oD;,
Ve JoD;
9 0P(z,y)
Top.oD, = — d D;.
Tomon,o)@) = 5o | Z5De)dsty), @ < oD,
By the boundedness of the trace operator, we deduce that the operators
Vp.p, : L2(D1) — H*(Dy), Vpop, : L*(D1) — H?(9D;),
gaDle H_%(GDJ) — Hl(Dl), SBDiaDj H_%(GDZ) — H%(GDJ),
Kop,p, : H(dD;) — H(Dy), Kopop, : H2(OD;) — H:(dD;),

K op,op, - H2(0D;) — H~%(dD;), Top.op, : H2(0D;) — H~%(dDy)
are all bounded. Based on these operators, we have the following factorization theorem.

Theorem 3.1. F' has the following factorization form:

F =GM*G", (3.6)
where M : Y* =Y is defined by
¢ 'I-Vp,p, ~7iSop, D, ~Kop,p, +iASap,p,
M= —uVp, oD, —|ul?Sap,op, +11 —uKop,op, HiALSoD,0D, (3.7)
_%—MVD@DQ K 1y o, —iNTSoD,0D, Ass
with Asz == —Top,op, +iNKyp_op, — iNKop,ap, — A2 Sap,op, — iAL.

Proof. By the definition of the incident operator H, one can deduce that the adjoint incident
operator H* : Y* — L?(S?) has the form

o)) = [

D1y

- /am (aE B “) ey ()ds(y), (3.8)

which is the far-field pattern of the function W defined by

ey (y)dy + /6 ey (y)ds(y)
Dy

W () = /D B, y)or (v)dy + o /a B )ea(n)ds(y)

o . _
+ /E)D2 <0_ - z)\> ®(x,y)ps(y)ds(y), xR\ Ds. (3.9)

14

It is easily found that W solves problem (2.1) with the following data:

f=q Y1 —Vp,p,01 — iSop, 0,02 — Kop,p, ©3 + iASap, 0, ¢3,
g = —1Vp,op,p1 — |11|*Sapiap, P2 + w2 — 1Kop,op, 93 + iASap,oD, 93,

~ OVp,op,

h= ov

01 — iAVD,ap,01 — WKy p,op, P2 — IALSeD, 0D, P2 + A3303,
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where Assz is defined above. Therefore,
H*o =Wy =G(f,9,h)" = GMe.

Thus, H = M*G*. Recalling F = GH yields that F = GM*G*. This completes the proof of
the theorem. 0

In what follows, we first decompose the middle operator M into M = M; + M> as follows:

g1 0 0
M=1 0 —[u’Sip,op, 0
0 0 —T3p,0p,
~Vp.p, —1Sap, Dy —Kop,p, +iASap, D,
+ —1Vp,oD, ~|ul*(Sop,op: —Shp,op, ) FEL  —11Kop,op, +iMiSap,00,
OVp, s . o N
—%—MVDIM ~iK pp.op, —iAESaD 0D, AL,
= M1 + MQ’ (310)
where
Ay = —(Ton,om, — Thp,op,) + iMKop,op, — iINKaD,0p, — N> Sop,0p, — A,

Shp.op, and Thp op. are the single-layer and the derivative of the double-layer boundary
operators corresponding to the wave number k = ¢, respectively.
Then by direct calculations we have the following theorem.

Theorem 3.2. Suppose that k? is not a Dirichlet eigenvalue of —A in Do. Then the opera-
tor M defined in Theorem 3.1 is invertible and M~' = M, * + M3, where

ql 0 0
Mt =10 —|u®S;pan, 0 , (3.11)
i,—1
0 0 _T8D26D2

and the operator Ms = —M1_1]\42M_1 s compact.

Proof.  Obviously, M can be decomposed into (3.10). Then we can derive that M; is
invertible on Y. The compactness of Ms follows from the compact embedding theorem and the
compactness of the ingredient operators in Ms. This ensures that M = M; 4+ M is a Fredholm-
type operator. Now we let My = 0 for ¢ = (1, @2, p3)T € Y*. Based on Theorem 3.1, it can
be concluded that w(x) defined by (3.9) is the solution to problem (2.1) with the boundary data
(f,g,h) = (0,0,0)T. Then the uniqueness of problem (2.1) leads to that W (z) = 0 in R3\Ds.
Since AW + k?W = —¢; in Dy, we have that ¢, = 0. In addition, @3 = 0 can be derived by
using the jump relations of the derivative of the single layer boundary operator defined on 9D;.
Moreover, it can be verified that W (x)=0 in Dy due to the assumption that k? is not a Dirichlet
eigenvalue of —A in D5, whereas @3 = 0 follows again from the jump relations of the derivative
of the single layer boundary operator on dDs. This proves the fact that the operator M is
invertible, and a direct calculation yields that M~' = M ' — M *MyM~" := M, + M3, where
M3 is compact. This ends the proof of the theorem. O
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From Theorem 3.2 we can easily observe that the middle operator M in the factorization
of the far-field operator F' can not be decomposed into a coercive part for the case when
Re[n(z)] < 1 since

2

i 2
H™%(0D,)’ —(T"¢,p)op, = Cillell, 3 1=1,2.

<Si%<ﬁ>6Dl > Cillell HZ(8D;)’

Hence, the classical factorization method proposed by Kirsch [12] can not be applied directly.
In order to derive a suitable factorization of the far-field operator F', we first rewrite it in the
form

F=H"M'H. (3.12)

Then we intend to introduce a series of perturbation operators F), of F' in the sense that
limy, o0 || Em — F||L2(S2) = 0. It will be shown that for any m € N, F,,, has a suitable factor-
ization satisfying the range identity [12, Theorem 2.15]. Therefore, the mixed-type scatterer
can be recovered approximately from a knowledge of the far-field data F'. Before going further,
we can easily obtain the fact that R(H*) = R(G) since H* = GM and M is invertible. This
together with Theorem 2.2 yields the following result.

Theorem 3.3. It holds that
z € (D1UDy) < ¢,(Z) € R(H"). (3.13)

To derive a suitable modified factorization of the far-field operator, we introduce the follow-
ing auxiliary operators:

Hp, : L*(S*) — HZ?(0),
Hp, : L*(S?) — H?(0Qy),

defined by
(}NIDlg) () = /82 ehrdg(d)ds(d), =€ Iy, (3.14)
(}NIDQg) () = /82 ek dg(d)ds(d), = € s, (3.15)

Clearly, H p,; L = 1,2, is bounded and well-defined. Here the open and bounded domains
with C%-boundaries 99, [ = 1,2, satisfy that D1 C Q1, Dy C Qs and Q1N Qs = @, see Fig. 3.1.
Hence, we can define the perturbation operators

O S (3.16)

where Spq,, | = 1,2, are the single-layer operators on 0f2; with respect to the wave number

k =1, and pSQ, | = 1,2,3, are positive numbers satisfying that pﬁ,? — 0 as m — oo. This

ensures that

— 0 as m — oo, [=1,2.

)

1t = Fl| o oo
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5

u

)

.

Fig. 3.1. Graphical representation of domains.

Theorem 3.4. The operators FP1 and FP2 have the following factorizations:
—x — — - 7
FP"=Hp Mp,Hp,, Hp, = (H,Hs, Hp,) ,
—x — — -~ T
FP»=Hp, Mp,Hp,, Hp,= (Hp,,Hp,, Hs)

with the middle operators
Mp, : L*(Dy) x H"3(0Dy) x H?(89) — L*(D1) x H?(9Dy) x H™2 (%),
Mp, : H7(0Q1) x H?(0) x H™2(dDy) — H~3(9Q) x H2(90) x H?(9D,).

Here Mp, and Mp, are given by

ql 0 0
Mp, = | 0 —[ulS5plon, 0 + Mp,, (3.20)
0 0 —p S5,
P Sy 0 0
Mp, = 0 P Spd 0 + Mp, (3.21)
0 0 ~Tp.0m,

with the compact operators M3, and M3, , and
Re(—Mp,) =Cp, + Qp,, Re(Mp,) =Cp, + Qp,
with the positive coercive operators Cp,,Cp, and the compact operators Qp,,Qp,.
Proof. First, we define a compact operator Lz : H'/2(0Q) — H~'/2(0D) by

L3h3 = <% + Z)\’LU3>
ov

)
0D>

where ws satisfies the following boundary value problem:

Awsz + k2w3 =0 in o,
w3 = h3 on 892
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with hg € HY/2(9y). This leads to that Hs = LsHp,, which allows us to obtain

o, I 0 O H, -
H = H2 = 0 I 0 H2 =: LDlHDl-
Hs 0 0 Ls/ \Hp,

Therefore, with the aid of (3.12), (3.22) and Theorem 3.2, we derive that

Frgl =F — PSZ)EBZS(;(%ZETDQ = ﬁ*D1 [L*D1M_1LD1 + Jg)}ﬁDl

ql 0 0
=H, {| 0 —uPSinlon, 0
0 0 —p Saa,
0 0 0
+ |Lp, |0 0 0 Lp, + L} MsLp, | ¢ Hp,
0 0 ~Typ,om,
— H,, (Mb, + M2 )Hp, = Hp, Mp, Hp,,
where J,(n1 ) is defined as
0 0 0
JW =10 0 0

whence (3.20) follows.
Second, we define the compact operators
Ly:H?(09Q4) — L*Dy) by Lih=uw|p,,
Lot H3(8Q) — HZ2(0Dy) by Lyh = pwlap,,
where w satisfies the following boundary value problem:

Aw+k2w=0 in Q,
w=nh on 0

with h € HY/2(0Q;).
It is easily seen that Hy = L1Hp, and Hs = LoHp,, and

H, Ly 0 0\ [Hp,
H = Hg = 0 L2 0 I‘ID1 = LDQHDQ'
Hs o o 1)\ H;

Therefore, we conclude that
Fn?Z =F+ pg)ﬁBIS&%lﬁDl + Pg)ﬁz)l Sa}%lﬁDl
= ,ﬁDz [_1‘12)2]\4_1]:/[)2 =+ J,,(f)]ﬁlb
. P S, 0 0
—H,, 0 P Sd 0
i,—1
0 0 ~T9p,op,

11

(3.22)
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ql 0 0 -
+ L, [ 0 —uSsplop, 0| Lo, + L, MsLp, | 3 Hp,
0 0 0
= ﬁD2 (M1172 + Mg)g)ﬁDz =: ﬁDzMDzﬁDza
where J,(Tf ) is defined by

(2) p%)Sgé (2)0 !

_ -1
I 0 P Sa0, ’
0 0 0

whence (3.21) follows.

The decomposition of Re(—Mp,) and Re(Mp,) follows directly from (3.20), (3.21), the
coercive properties of Shp, 5p. fTéDZBDZ,Sgél,SgéZ and the fact that Re(q) < 0. The proof
of the theorem is now completed. O

Theorem 3.5. ﬁ;l and ﬁZZ are compact and have dense range in L*(S?).

Proof. It is obvious that ﬁ*Dl and ﬁ*m are compact since they have continuous kernels.
Moreover, based on Theorem 3.4, we know that H* = ﬁ;lL*Dl = ﬁ;ZLBZ, this indicates
that R(H*) C R(Hp,) and R(H*) C R(H p,). In addition, since H* = GM and M is known
to be invertible, one has G = H*M !, which implies that R(G) C R(H*). So, we derive that
R(G) C R(ﬁ;l) and R(G) C ’R(ﬁ;). Then by Lemma 2.1, we conclude that ﬁjﬁh and ﬁ;Z
have dense range in L?(S?). The proof of the theorem is complete. O

Theorem 3.6. It holds that

(i) Im(Mp, @, @) >0 for all ¢ € L>(Dy) x H=Y/2(0Dy) x H/2(0Qy), and Im(Mp, ¢, ¢) > 0
for all o € HY2(0Q) x HY?(0) x H=1/2(0Dy).

(i) Tm(Mp, @, ) > 0 for all ¢ € R(ﬁpl) with ¢ # 0, and Im{Mp,¢,¢) > 0 for all

¢ € R(Hp,) with ¢ # 0.

Proof. (i) For any ¢ € L?(Dy) x H=Y/2(0D;) x HY?(993), define ¢ = (M~')*Lp, p, we
have

Im(Mp, ¢, ) = Im(Lp, M~ Lp,p,0) = Im(M~"'Lp, ¢, Lp,¢)
= Im<LD1 2 (M_l)*LDl (10> = Im<M*¢a¢> = Im(wa M¢>

To prove Im(Mp, ¢, ) > 0, we first prove that Im(M1,4) < 0. Define a function W (z)
by (3.9) with ¢ replaced by ¥ = (¢1,%2,%3)7 € Y. Then by similar arguments as that in
Theorem 3.1, we obtain that

(Map,ah) (q71¢1,¢1)D1 — (W_,4p1)p, + 12, ¥2)op, — w(W,2)ap,

oOW- .
- < 3 +ﬂ/}3> — MW, ¥3)ap,
v 9D,

=h+1I+ I3+ 14+ I5s + Is.
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It is easily verified that
(h) = [ Tm(g e P,
D,

Immzmm/ ol 2ds.

0D,

Clearly, Im(I;) = 0 if Im[n(z)] = 0, Im(I;) < 0 if Im[n(z)] > ¢y > 0 and Im(I3) < 0 since
Im(p) > po > 0. Applying Green’s theorem, the jump relations, the transmission conditions
on 0D; and the asymptotic relationships yields that

I = —(W_,n)p, :/ W_ (AT + 2T )de

Dy
— <W_,%> —/ (IVW)? - k2| W |?)dz,
81/ 8D1 Dl
ow oW _
I = — (W, 92)op, = Wi * s — w_ ds
dD, v dD, ov

[ w2l <W+, 8W+> - <W, —8W>
9Bn ov o /ap, o /ap,
—/ (VW |* - B2|W|*)d,
BR\(ﬁlLJﬁZ)

Iy =— <—6W+,¢3> = / 6W+W—d8 —/ 6W+W+d3
(91/ dDs 9D 81/ dDo 81/

. . OW.
:/ (IVW 2 = K2 |W ) dz + (iXs, Wi )ap, — (iAUs, ¥3)ap, — W, ,
Ds ov dDs
Is = (Wi, iMps)ap,.

Therefore, we have

ow
Im(IQ +I4+I5+I6) :Im< W—ds) —)\/ |w3|2d8.
oy OV dDs
Combining the above analysis leads to that
Im (M1, 1) = Im < Wa—st) + Im(qil)/ |1 | da
dBr ov Dy

Hmm/|wwww/|wms
8D1 6D2

= —k lim |W|2ds+1m(q*1)/ |91 [*dze
Br D,

R—oo F)
thm(@) [ P -3 [ fusfds
0D 0D>
k
::————gm/“|vva42ds+—1nmq*1>J/ i da
|7| S2 D

ttm( [ JuaPds—a [ juaPas <o, (3.23)
8D1 6D2
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where v = e?*f' /47 R. Hence, we have

Im(Mp,p, ) > 0. (3.24)

Similarly, it can be deduced that

Im{Mp,p, ) > 0. (3.25)
(ii) Recalling H* = GM implies G = H*M~!, which further gives G* = (M~1')*H. This in
combination with the fact that H = Lp, Hp, yields that G* = (M~1)*Lp, Hp,. For any
¢ € R(Hp,), one has that

Y= (M~1)"Lp,¢ € R(G*).

Therefore, to obtain strictly positive property of the operator Im(Mp, ), it is sufficient to prove
that

Im(p, Mp) >0 for all o € R(G*) with o # 0. (3.26)

Let Im(y), M) = 0 for some ¢ € R(G*). Since Im[n(z)] > ¢g > 0,Im(u) > po > 0 and
A > 0, it then follows from (3.23) that ¢ = (¢1,12,13) = 0. The strictly positive property of
the operator Im(Mp,) can be similarly obtained. The theorem is thus completely proved. O

Theorem 3.7. For z € R3, define ¢, € L*(S?) by ¢.(Z) = e %% 7 € S2. Assume that
Re[n(x)] < 1. We have the following results:

(i) For any point z ¢ Qa, then z € D1 <= ¢, € R(ﬁ*pl)
(ii) For any point z ¢ Qy, then z € Dy <= ¢, € R(ﬁ*DQ)

Proof. (i) Let z € Dy, it is found from Theorem 2.2 that ¢, € R(H*). Since H* = ﬁ;lL*Dl,
we have R(H*) C R(Hp,). Thus, ¢. € R(H p,).
Now assume z ¢ D; and let ¢, € R(ﬁ*Dl), which means that there exists ¢* such that

ﬁ;l ©® = ¢,. Then by Rellich’s Lemma and the unique continuation principle, we derive

14

9 . .
/ O(x,y)pidy Jrﬁ/ D(x,y)psds Jr/ (8_ — Z)\> O(z,y)pids(y) = ®(z, 2)
D1 0D 0o

for x € R3\(D; U Q2 U {z}). However, the left hand is continuous at = = z(z ¢ Qs and z ¢ D)
but the right hand is singular at x = z, which yields a contradiction.

(ii) By applying the similar arguments as that in the proof of (i), one can derive that

_ . o 2
/ D(z,y)pidy + u/ O(z,y)p3ds +/ (a_ - M) O(z,y)p3ds(y) = (x, 2)
21900 o0 OD>

v

for € R®\(Q1 U D2 U {2}). Similarly, we arrive at a singularity contradiction. This ends the
proof the theorem. O

Finally, Theorems 3.3-3.7 in conjunction with the range identity [12, Theorem 2.15] and
Picard’s range criterion implies the main result of this section.

Theorem 3.8. For z € R3, define ¢, € L*(S?) by ¢.(Z) = e %% 7 € S2. Assume that
Re[n(z)] < 1. Then
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(i) For any point z ¢ Qo, we have that

z€D) < ¢, € R((F,fjj#)%)
-1
> ((bza wgm))L2(S2) ‘2
— Wl = |3 T

J

Jj=1

>0

with m € N, where {A;m), <p§-m)} is the eigensystem of the self-adjoint operator
Dy | _ D D
F = [Re(F)| + [Tm(F7)).
(ii) For any point z ¢ 1, we have that

2eDy = 6. e R((F22)")

—1
>0 ¢Z} (p(m) ?
= Wh2(z) = Z ( J)\(m))U(Sz)‘

i

Jj=1

>0,

with m € N, where {Agm), <p§m)} is the eigensystem of the self-adjoint operator

2 = [Re(F7) | + [tm(£27) |

4. Numerical Examples

In this section we give some numerical examples of the digital simultaneous imaging of the
inhomogeneous medium D; and the obstacle D in R? for verifying the validity and applicability
of the developed factorization method for our inverse problem. We use the limited incident
directions d = d; € S, which are equidistantly distributed on the unit circle S, and the limited
observation directions ¥ = z; € S with j = 1,2,...,m. Moreover, the finite data is used to
discretize the far-field operator. Therefore, one can obtain the matrix

Fry = (Uno(Ep, dp)) € C™*™

represented by the measurement data. So, the indicator function W, (z) is defined by the finite
sum

W(z) = [i/\i ] for z¢€R? (4.1)

p=1""7

m
Z ¢2,qPp.a
q=1

where {\,; 0, }7Ly is the characteristic system of the matrix

Frn g = [Re(Fp)| + [Tm(Fy)|,

and {¢. ¢}yL1 is the discretization of the test function ¢, and {¢p 4}7"; is the discretization of
the eigenvector ¢,.

In each example, we will also show the results of the reconstruction with partially noisy
data. In fact, we have added artificial noise to make the results more realistic. We choose
a noise level § and a noise matrix X and define the following noisy far-field operator:

X
F} = F, + 5m||Fm||2, (F) = [Re(Ep)] + [lm (7). (4.2)
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Accordingly, the indicator function W,,(z) can be directly calculated from the characteristic
system of the perturbation matrix (F,‘;)# for simultaneously reconstruct the shape and location
of the medium D; and the impenetrable obstacle Ds.

In all numerical examples, we focus on determining the boundary and position of both the
inhomogeneous medium D; and the impenetrable obstacle Dy in the two-dimensional case. For
a more concise representation, we take k% = k?n(z) to indicate that the material in the medium
Dy is homogeneous, which is different from the background medium in the R?\(D; U D5). The
numerical shape expressions of all tested curves are given in the Table 4.1. In all numerical
examples, we set the same fixed parameters: k =5,k = 248i,u = —-1+7:i, A =8 and M = 64.

Table 4.1: Parametrization of the Graph.

Graph type Parametrization

Circle shaped x(t) = R(cost,sint), t € [0,27], R > 0

Ellipse shaped z(t) =(5cost,dsint), t € [0, 27]

Apple shaped z(t) = [(0.54+ 0.4 cost+ 0.1sin2t)/(1 + 0.7 cost)](cos t,sint), t € [0, 27]
Rounded triangle | z(t) = (2 + 0.3 cos3t)(cost,sint), t € [0, 2]

Peanut shaped z(t) = m(cos t,sint), t € [0, 2]

Example 4.1. In this example, we consider the simultaneous reconstruction of a penetrable
circle shaped medium and an impenetrable ellipse shaped obstacle from the far-field data with-
out noise, with 2% noise and with 5% noise respectively. See Fig. 4.1.

Example 4.2. In this example, we consider the simultaneous reconstruction of a penetrable
circle shaped medium and an impenetrable peanut shaped obstacle from the far-field data
without noise, with 2% noise and with 5% noise respectively. See Fig. 4.2.

Example 4.3. In this example, we consider the simultaneous reconstruction of a penetrable
circle shaped medium and an impenetrable rounded triangle obstacle from the far-field data
without noise, with 2% noise and with 5% noise respectively. See Fig. 4.3.

Example 4.4. We now consider the simultaneous reconstruction of a penetrable circle shaped
medium and an impenetrable apple shaped obstacle from the far-field data without noise, with
2% noise and with 5% noise respectively. See Fig. 4.4.

Example 4.5. Finally, we consider the simultaneous reconstruction of a penetrable peanut
shaped medium and an impenetrable apple shaped obstacle from the far-field data without
noise, with 2% noise and with 5% noise respectively. See Fig. 4.5.

As can be seen from the above five examples and other cases that have been carried out
but not given here that the shapes and positions of the mixed type scatterer of a penetrable
medium D; and an impenetrable obstacle Dy can be numerically reconstructed by means of the
spectral data of the far-field operator. This proves the validity and applicability of the modified
factorization method proposed in the current paper. In future, we plan to extend our results
to more challenging problems of the electromagnetic scattering and the other related scattering
problems.
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Fig. 4.1. Reconstruction of circle shaped and ellipse shaped.
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Geometric representation
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Fig. 4.3. Reconstruction of circle shaped and rounded triangle.
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Geometric representation
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Fig. 4.5. Reconstruction of peanut shaped and a apple shaped.
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