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Abstract. For the primal-dual monotone inclusion problem, the split-Douglas-Rach-
ford (SDR) algorithm is a well-known first-order splitting method. Similar to other
first-order algorithms, the efficiency of SDR is greatly influenced by its step param-
eters. Therefore, expanding the range of stepsizes may lead to improved numerical
performance. In this paper, we prove that the stepsize range of SDR can be ex-
panded based on a series of properties of the product Hilbert space. Moreover,
we present a concise counterexample to illustrate that the newly proposed stepsize
range cannot be further enhanced. Furthermore, to bridge the theoretical gap in
the convergence rate of SDR, we analyze the descent of SDR’s fixed point residu-
als and provide the first proof of a sublinear convergence rate for the fixed point
residuals. As an application, we utilize SDR to solve separable convex optimization
problems with linear equality constraints and develop a novel preconditioned alter-
nating direction method of multipliers (NP-ADMM). This method can handle sce-
narios where two linear operators are not identity operators. We propose strict con-
vergence conditions and convergence rates for the preconditioned primal-dual split
(P-PDS) method and NP-ADMM by demonstrating the relationship between SDR,
P-PDS, and NP-ADMM. Finally, we conduct four numerical experiments to verify the
computational efficiency of these algorithms and demonstrate that the performance
of these algorithms has been significantly improved with the improved conditions.
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1. Introduction

Let G and H be two real Hilbert spaces. Let B : G — 29 and A : H — 2™ be
maximal monotone operators, and let Id be the identity operator. Let L : H — G be
a continuous nonzero linear operator. L* : G — #H is the adjoint of L. This paper
focuses on the primal-dual monotone inclusion problem, which can be described as
follows:

0 € Ax + L*u,

1.1
0e B lu— Lux. (1)

Find (u,z) € GxH s.t {

The solution set of (1.1) is defined as
Z:={(u,x)eGxH|0¢c B lu— Lz 0e Az + L*u}.

We assume Z is nonempty. Problem (1.1) finds wide applications in various fields
including variational inequalities [20], optimization [37], economics and traffic theory
[22], signal and image processing [12], and differential inclusion [3, 38].

A classical instance of problem (1.1) is the following monotone inclusion problem:

{o € f () + L*u, 1.2)

0 € Oh*(u) — Lz,

where f : H — (—oo,00] and h : G — (—o0,00] are proper lower semicontinuous
convex functions. Problem (1.2) can be equivalently written as the following convex-
concave saddle point problem:

;Iéi{ll max {f(x)+ (u,Lz) — h*(u)}. (1.3)

Moreover, if (u*, z*) is a solution to problem (1.2), then z* is a solution to the following
convex optimization problem:

min f(z) + h(Lz), (1.4

x€EH

and u* is a solution to the dual problem of (1.4)

glellrcl [*(=L*u) + h*(u). (1.5)

For solving problem (1.3), the Arrow-Hurwicz-Uzawa algorithm (AHUA) was first
proposed in [2]. The recursion of AHUA is described as

1
— in{h* —|ly — Lxy)||?
Yk+1 argrynelg{ (y) + QUHy (Y + o Lay)|| }

: 1 .
s = argmig { £0) + -l = (o0 = rLm)|P).
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The convergence of AHUA can be guaranteed by choosing sufficiently small primal
step 7 and dual step o, or by assuming strong convexity of the function. However,
excessively small steps may lead to reduced computational efficiency of the algorithm.
To address this limitation, Chambolle and Pock [11] improved AHUA and introduced
the primal-dual hybrid gradient algorithm (PDHG)

1
— in<{ h* —|ly — Lxy)|?
Yh+1 argrqujnelg{ (y) + 5 lly = (g + o Lay) | }
| 1 .
i = angmip { £(@) + -l - (o0 = 7L G~ )P}

The convergence of PDHG can be established when the condition 7|/ L||?> < 1 is sat-
isfied [11]. He and Yuan [27] simplified the proof of PDHG’s convergence in [11] by
interpreting PDHG as a type of variable metric proximal point algorithm. Additionally,
they proposed a primal-dual-based contraction method, which can be summarized as
follows:

( 1

= . B* L . I 2

Uk argrynelg{ (y) + QUHy (yr + o Lay)|| }

Uk = Uk + 0k — Yk)>

N . 1 .

xkzmgmm{f@w+—4w—@m—7Lymw},
TEH 21

Up1 = ug — Yo H M (ug — Gy,

(1.6)

\

where u := (y,z) and the choices of oy, H, and M are detailed in [27]. He and
Yuan [27] proved that the convergence of (1.6) can be guaranteed by appropriately
selecting the values of o, 7, and 6. Moreover, their numerical experiments also showed
that (1.6) has better numerical performance than PDHG. For the special saddle point
problem
. 14 2

ryglgrgeag{@’fm + 5 1By — bl } (1.7)
where v > 0,) and X are nonempty closed convex sets. In [9, 28], for solving (1.7),
the ranges of o, 7, and 6 in (1.6) can be further expanded to improve computational ef-
ficiency. Condat [15] improved the parameter condition of PDHG in finite-dimensional
Hilbert spaces to

ro||L|? < 1. (1.8)

For a proper lower semicontinuous convex function f : H — [—o0,+00), the subdif-
ferential 9f is a maximal monotone operator [4, Theorem 20.25]. However, not all
maximal monotone operators are subdifferential operators [37]. Therefore, problem
(1.2) is a special case of problem (1.1). For instance, certain variational inequality
problems [20], equilibrium problems [22], and differential inclusion problems [3, 38]
can be expressed in the form of problem (1.1), but not in the form of problem (1.2).
To solve the more general problem (1.1), an efficient split algorithm is the primal-dual
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splitting (PDS) method proposed in [42]. This method generates a sequence in H x G
using the iterative scheme

{xn-f—l - J’T‘A(xn - TL*UTL)7 (1 9)

Upt1 = Jyp-1 (vn +oL(2xp41 — ZEn))

with initial point (zg,v9) € H x G and positive numbers 7, o satisfying 7o| L||?> < 1. For
problem (1.2), PDS coincides with PDHG. To avoid the estimation of the operator norm
of L and accelerate the convergence, the preconditioned versions of PDS and PDHG
(P-PDS, P-PDHG) were proposed in [14, 35], respectively. In detail, 7/d and oId are
generalized to Y and ¥, respectively, where Y and X are two strongly monotone self-
adjoint continuous linear operators. In [14,35], the convergence of P-PDHG and P-PDS
can be guaranteed when ¥ and Y meet

|S2Ly:|| <1, (1.10)

=

where Y2 and Y2 are square roots of ¥ and Y, respectively, i.e., ¥ = 3ED)
Yaye.

Very recently, for a special case of problem (1.3), by setting 2*(u) = (u,b), the
convergence condition of PDHG can be improved to

Y =

To||L||* < %, (1.11)
by He et al. [23]. Next, for the more general case where h* is not necessarily linear, the
global convergence of PDHG in finite-dimensional Hilbert spaces can be demonstrated
under condition (1.11) by Li and Yan [31]. The convergence of P-PDHG in finite-
dimensional Hilbert spaces was proved by Jiang et al. [29] and Ma et al. [34] under
two conditions similar to (1.11).

For solving the problem (1.1) in general Hilbert spaces, the split-Douglas-Rachford
(SDR) algorithm was proposed by Bricefio-Arias and Roldan [6]. The recursion of the
SDR reads as

vp = S(Id — Jy-15)(La, + X uy,),

Zn = Ty — Y L*v,, (1.12)
Tn+1 = Jy Azn,

Unt1 = DL(Tpt1 — Tpn) + Un.

The weak convergence of the sequence generated by SDR was proved by [6] under the
condition

[S2Lys| <1, (1.13)

1 1 .
where Y2, Y 2 are square roots of ¥ and Y, respectively.
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Motivation and our contribution. It is widely recognized that the convergence con-
ditions of P-PDHG can be enhanced [29, 34], and SDR can be reduced to P-PDHG for
problem (1.2) [6]. This leads to some natural questions: Can the convergence con-
dition of SDR be improved? What is the convergence rate of SDR in terms of fixed
point residuals? In this paper, we address these questions by examining the weaker
convergence conditions of SDR and the convergence rate of SDR concerning fixed
point residuals. Our main contributions are as follows. Building upon the insights
from [29,31,34], we refine the convergence condition (1.13) of SDR to

4
3
Furthermore, we demonstrate that (1.14) cannot be further improved, i.e., the in-
equality (1.14) cannot be replaced by “<”, as evidenced by a counterexample in finite-
dimensional Hilbert spaces. A summary of the algorithms and convergence conditions
mentioned above is provided in Table 1. The results established in this paper are high-
lighted in bold, and the symbol “—” indicates that A and B are only maximal monotone
and not necessarily the subdifferentials of proper lower semicontinuous convex func-
tions.

The numerical experiments in Section 5 demonstrate a significant improvement
in the performance of SDR when using the improved condition (1.14). Furthermore,
based on certain properties of product Hilbert spaces, we establish the sublinear con-
vergence rate of SDR in terms of fixed point residuals under the condition (1.13). To
the best of our knowledge, our convergence rate result is the first to address the sublin-
ear and non-ergodic convergence rate of SDR in terms of fixed point residuals. Finally,
we propose a novel preconditioned ADMM (NP-ADMM) by applying SDR to solve the
following separable convex optimization problem with linear equality constraints:

xe%l,ife;c f(z) + g(w)

st. Lx+ Jw = b,

[SrLy s | < (1.14)

Table 1: The comparison of the convergence conditions of some primal-dual algorithms.

Algorithm A B 3N,Y H, G

PDHG [11] of Oh old, 71d, To||L||* < 1 finite dimension
Condat [15] of oh old, 71d, To||L||*(<) <1 | (in)finite dimension
He et al. [23] of | domB = {b} | old, 71d, To|L|* < 3 finite dimension

Li and Yan [31] of Oh old, 7Id, To||L||* < % finite dimension
P-PDHG [35] of oh |Z2LY = || < 1 finite dimension
Jiang et al. [29] of Oh S =old, o||LY?||> < 4 | finite dimension
Ma et al. [34] of Oh |Z2LYz|2 < & finite dimension
PDS [42] - - old, 71d, 7o||L|]? < 1 infinite dimension
SDR [6] — — |Z2LY =2 <1 infinite dimension
This paper (SDR) | — - |ZzLY 2|2 < 2 infinite dimension
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Table 2: The comparison of iPADMM and NP-ADMM.

Algorithm H, G, K J, b
iPADMM [34] [32] | finite dimension, C =G | J = —Id,b=0
NP-ADMM infinite dimension -

where f : H — (—o0,00] and g : G — (—o0, 0] denote proper lower semicontinuous
convex functions, L : X — G and J : K — G are linear continuous operators, and
G,H and K are real Hilbert spaces. Unlike the indefinite proximal ADMM (iPADMM)
proposed in [32,34], NP-ADMM can handle more general situations where both L and
J are not Id, meaning that NP-ADMM can solve more general problems than iPADMM.
We summarize the main differences between iPADMM and NP-ADMM in Table 2. Under
some assumptions, we prove the global convergence and sublinear convergence rates
of NP-ADMM, and its tight convergence condition is also proposed.

This paper is organized as follows. Section 2 presents the notations and preliminar-
ies. In Section 3, we prove the convergence of SDR under condition (1.14) and propose
a counter-example to demonstrate the tightness of condition (1.14). Additionally, we
establish the sublinear convergence rate of SDR in terms of fixed point residuals un-
der condition (1.13). Section 4 introduces a novel preconditioned ADMM (NP-ADMM)
method for solving separable convex optimization problems with linear equality con-
straints, and provides theoretical results on the convergence and rates of NP-ADMM. In
Section 5, we conduct numerical experiments to demonstrate the efficiency of SDR and
NP-ADMM with the improved condition (1.14). Finally, Section 6 concludes the paper.

2. Notations and preliminaries

In this paper, G and #H denote two real Hilbert spaces with the inner product (-, -)
and associated norm || - ||. The symbols “—” and “—” denote strong and weak conver-
gence, respectively. For a continuous nonzero linear operator L : H — G, we denote its
adjoint operator by L* : G — H, the range of L by ran L, and the kernel of L by ker L.
Id represents the identity operator.

Let A : H — 2" be a set-value operator. The domain, range, graph, and the zero
point set of A are denoted by domA = {z € H | Az # @}, ran A = |J,cqom 4 AT
graAd = {(z,y) € HxH |y € Av,x € dom A}, and zer A = {x € H | 0 € Az},
respectively. The inverse of A is denoted by A= : y — {x | y € Az}. The operator
A is monotone, if for every (z,y), (z,w) € gra A, we have (y — w,z — z) > 0. The
operator A is u-strongly monotone (i >0), if for every (z,y), (z,w) € gra A, we have
(y —w,x — z) > pllz — 2||*>. The operator A is maximal monotone if it is monotone
and there exists no monotone operator B : H — 2% such that gra B properly contains
gra A. The resolvent of a maximal monotone operator A is denoted by J4 = (Id+A)~!,
and we have dom J4 = H [4, Theorem 21.1]. Using the definition of the resolvent, we



Convergence of Split-Douglas-Rachford Algorithm and a Preconditioned ADMM 7

can directly obtain that
y=Jarx & x—ye€ Ay.

For any given self-adjoint continuous linear operator S : H — H, we define | - |3 =
(-,)s, where (-,}s : (x,y) — (Sz,y) is symmetric and bilinear, but for x € H, (x,x)g
can be negative. For every x,y, z, and w in H, we have

Iz +ylg = llzll% + lylE + 2(z,y)s, (2.1)

and
20z —y,z —w)s = [lx —w|E + ly — 2[5 — [z — 2115 — Iy — wl[z (2.2)

Further, if S is a self-adjoint, monotone, and continuous linear operator, then (-, -)g is
a semi-inner product on H. If S is a self-adjoint, strongly monotone and continuous
linear operator, then (-, -) g can be an inner product on #, and the topologies of (#, (-, -))
and (#, (-,-)s) are equivalent.

We define I'g(H) as the set of proper lower semicontinuous convex functions f :
H — (—o0,00]. Let f € T'g(H), then the subdifferential of f which is defined by

of iz {ueH| fly) > f(z)+ (u,y —x),Vy € H}

is maximal monotone. The set of minimizers of f, denoted by arg min,cy f(z), is
represented by zer 0f. The resolvent of Jf is also called the proximal operator of f,
which is also denoted by prox; : & — argminyen{f(y) + lly — z||*/2}. Generally, we
denote

1
Y : 2
proxy : — min | + = — 2.3
1o f x are yel?-t { (y) 9 Hy xHY } I ( )

where Y : H — H is a strongly monotone self-adjoint linear operator. We have prox; =
proxj and prox} = Jy-1s [4, Proposition 24.24]. The Fenchel conjugate of f is
defined by f* : u — supyeq {(u,z) — f(z)}. We have f* € T'o(H) and of* = (9f)~L, if
f €To(H). It follows from [4, Proposition 23.34]

Jy-14 +Y LIy 41Y = Id, (2.4)

that )
prox}/ + Yﬁlprox}/*_ Y = Id, (2.5)

where (2.4) is called the generalized Moreau identity. Given a nonempty convex set C,
let sri C' represent the strong relative interior of C. If C' is a nonempty closed convex
set, we denote the indicator function of C' as I € I'y(#H) and the normal cone of C as
N¢ = 9. Using the definition of resolvent of N¢, we have Jy,, = Pr, where P¢ is
the projection operator onto the closed convex set C.

Lemma 2.1 (Opial Lemma [4, Lemma 2.47]). Let {c, }°°, be a sequence in real Hilbert
space £ and let C' be a nonempty subset of £. Suppose that for any given ¢ € C, {||¢, —
|32, converges and that every weak sequential cluster point of {c,}72 , belongs to C.
Then {c, }>2, converges weakly to a point in C.
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Theorem 2.1 (Fenchel-Rockafellar Duality Theorem [4, Lemma 15.23]). Let f € I'g(H),
g € T'9(G), and let L : H — G be a continuous linear operator such that

0 € sri (domg — L(dom f)).
Then inf(f + go L)(H) = —min(f* o (—=L*) + ¢*)(G).

Lemma 2.2 (Cauchy-Bunyakowsky-Schwarz Inequality [16, Proposition 1.41). If (-, )
is a semi-inner product on H, then

[{z, 9)| < [l=[llyl
for all z and y in H, where || - || := /(, ).

Lemma 2.3 ([5, Proposition 2.7]). Let x = (u,x) € G&H. Denote M : x — (B~ 'u, Azx),
S:x — (—Lx,L*u), then Z = zer(M + S) and M + S is maximal monotone in G ®
H, where G @& H is the Hilbert direct sum of G and H equipped with the inner product
<X1,X2>g€9'H = <U,1,UQ> + <.%'1,.%'2>, where x; = (u,,xz) EGOH,u; €Gx; € Hyi=1,2.

The following result involves the properties of monotone linear operators.

Lemma 2.4. Let G and H be real Hilbert spaces. Let L : H — G be a continuous linear
operator. Let 2 : G — G and Y : ‘H — H be self-adjoint strongly monotone continuous
linear operators, and « is a given positive number. Then, the following assertions are
equivalent:

1
@ ||D2Ly:|? < —.
«o
(i) Y ' —al*TL is strongly monotone.

Proof. Since ¥ and Y are self-adjoint strongly monotone continuous linear opera-
tors, there exist self-adjoint strongly monotone continuous linear operators Sz and Y2
such that ¥ = E%E%, Y =Y:iY32 [30, Theorem 4.3]. Furthermore, X, E%,Y and Y2
are bijections.

(ii) = (i). Since Y~ ! — aL*YL is strongly monotone, there exists a positive num-
ber u, such that

(Y™'—aL*SL)z,x) > pllz|* >0, Vo e H\{0}.

Noting that Y~ iisa bijection and combining the following identity:

(2.6)

(Y ' —aL*SL)z,z) = Y 2z (1 ol

IDLY2Y 2?2
Y 2|2 ’

we get

ISLY2Y “2af® gl
11—« 1 > 1
1Y 222 Y =22
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: ]| p
> inf = >0, VreH\{0} 2.7)
w0} [y 3a? Y AP R

By the arbitrariness of z, (2.7) implies sup,cy\ (0} HE%LY%yH/HyH <4/1/a.
(i) = (ii). Using (2.6), for any = € H\{0}, we have
(Y ™' —aL*SL)z, )
1 1 1
YaLY2Y az|?
=y e (1 o220
Y~ 2z?
-1 1 1.9
> (z, Y 'z)(1 - al|S2LYZ|?)

1 1
> (1 —alB2LY2 %)l
= ¢llz)?, Yz e H\{0},

where 7 is the strong monotonicity constant of Y ! and ¢ = (1 — ozHE%LY% I2) >0
from (i). Thus the proof is complete. O

Remark 2.1. Here we introduce a special case of Lemma 2.4. Let H = R", G = R™,
L= (lij)mxn € Rmxn’ Y = diag(ﬁ, s ,Tn) and ¥ = diag(al, s ,O’m), where

t S

—_—5 0= —7———.
PN I et DR (1T

We can prove ||E%LY% |? < st for a € [0,2] and s,t > 0, by using [35, Lemma 2].

Tj =

For further properties of monotone operators, functional analysis, and convex anal-
ysis, the readers are referred to [4,16, 36].

3. Algorithm, convergence analysis and rates

In this section, we will prove the convergence of the split-Douglas-Rachford (SDR)
algorithm under the improved convergence condition (1.14). We will also demonstrate
the tightness of the condition (1.14) through a specific example. The iterative scheme
for SDR is outlined in Algorithm 3.1.

Algorithm 3.1 Spilt-Douglas-Rachford Algorithm.

let ¥ : G — Gand Y : H — H be strongly monotone self-adjoint continuous
linear operators. For given (xj,uy), the new iterate (xyy1,ur11) is generated by the
following recursion:
up, = Jynpg-1 (uk + EL.%'k) , (3.1)
Tpy1 = Jyalzy — YL ay), (3.2)
Uk+1 = ﬁk — EL(.%'k — .%'qul). (33)




10 M.R. Wang, X.J. Cai and Y.X. Chen
Remark 3.1. Using (3.1) and (3.3), we have

Up+1 = Jxpg-1 (ﬂk + EL(Q:Ck_H — :Ck))

Hence, the equivalence of P-PDS and SDR is obtained.

3.1. Convergence of SDR under the improved condition (1.14)

To propose an improved convergence condition for Algorithm 3.1, we will present
some useful results.

Lemma 3.1. For any given (u*,z*) € Z, the sequence {(uy,uy, )}, generated by
Algorithm 3.1 satisfies the following inequality:

zks1 — &5 -1 + lurgr — w3
< lze — 251 + llue — w31 = oo — zellk — llue — @ll3-1, (3.4)
where K =Y 1 — [*3L.

Proof. For any given (u*,z*) € Z, using the definitions of Jy 4 and Jyp-1, the
monotonicity of A and B, (3.1) and (3.2), we have

<ﬂk —u*, 2wy, — dg) + L(zy — :U*)> >0, (3.5)
<L*(&k —u*) + Y Napyy — ap), 2F — xk+1> > 0. (3.6)
Summing (3.5) and (3.6), we obtain that
0 <ty — u*, 5 (ug — @) + L(xg — 2¥))
+ <L*(&k —u*) + Y (g — ap), 2* — xk+1>
= <ﬂk —u*, 2 Ny, — ﬂk)> + <L*(u* — Ug), Tpr1 — xk>

+ (T — 25, Y (@ — pg1))

1 5 - -
= = (lJur — w31 — lJur — @el[$=r — 8 — w[[%-1) — (L* (@ — u*), 241 — 1)
2
1
+3 (lzk — 213 -1 = llzpg1 — 231 — llzk — zpgall3-1) s (3.7)

where the first equality follows from the definition of the adjoint operator and the last
equality follows from (2.2). Obviously, we have

g = u* 151+ 2(L7 (@, — w*), a1 — @) + |2e1 — 2l Fes
= |, — u* + SL(pr1 — 1) |51
Using (3.3), we can obtain that
lag — v + ZL(xp1 — 2p)l[5-1 = [lurr — w*[[3a. (3.8)

Substituting (3.7) into (3.8) and simplifying it, we can obtain (3.4), which completes
the proof. O

Revisiting Lemma 3.1, we obtain the following result.
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Lemma 3.2. Let {(uy,x)}32, be the sequence generated by Algorithm 3.1, where the
operator Y — 3L*Y¥.L/4 is strongly monotone. Then, it holds that

1
lzrer = 2[5+ llwner = wl5 + S llow = zegall?

1
<l = 2[5 + uw = wl50 + Sl — wrall?

1 2
- <||33k —zpli + HUk = U1 + 5 EL(Tg — Cﬂk)HZ_l> (3.9

for any given (u*,z*) € Z, where P =Y 1 — L*XL/2.
Proof. According to (3.3), we have

g — k|51 = lupsr — w + SL(zg — Tpg1) [ 51
= [Juer — url31 + 2k — zpgalFosr
+ 2(uk+1 — U, L(.%'k — .%'k+1)>. (3.10)
Using (3.4) and (3.10), we obtain that

lzps1 — 251 + lluprs — u*[[3
<l — 2151+ llur — w150 = (lzrrr — zllie + ok — @ l3-1)
=k — 251 + lur — 31 = [lzrrs — 2ell5—r — lJurs — well3
+ 2(ugr1 — ug, L(zp1 — xx))- (3.11)

By a simple manipulation, we conclude that

g1 — wgel[3r + 20wk — w1, L(zpgr — k) + [2re1 — zall5—
2

1
Upy1 — U + §EL(96k+1 — )

+ [|okr1 — wk”?ffl_lL*ZL
y-1 4

+ (uk — Ukt1, L(Tg 41 — 28)). (3.12)
It follows from (3.2) and the definition of Jy 4 that

Tp — Tht1 — Y L*u, € YAm'kJrl,
Tp_1 —xp — Y L*U_1 € YAxy.

Using the monotonicity of A and the existence of Y !, we have
(Y™ Nap — zpq1) — Ly, — Y N (@p—1 — zx) + L¥Tg—1, Tp1 — x) > 0. (3.13)
Utilizing (3.3), we obtain

Upy1 — U = U — Uj—] — EL(xk - x/H_l) + EL(xk_l - xk) (3.14)
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Substituting (3.14) into (3.13), we get

(L* (ug41 — u), Tpg1 — Ti)

< —[lzegr — zrllic + (@re1 — 2, K (25 — 2121)), (3.15)
where K = Y~! — L*Y L. Substituting (3.15) into (3.12), we have

g1 — wkl[$-1 + 2(up — w1, L(pgr — o)) + |org1 — 25—
2
>

1
Ug+1 — Uk + 521/(3%4—1 — Tp) + | Zpy1 — kaQy—l,iL*gL + [lzpsr — mll%

»-1
+ <.%'k — Tk+1, K(.%'k — xk,1)>. (3.16)

Because V := Y ! —3L*X.L /4 is strongly monotone, we can get (-, -)y, is an inner prod-

uct. ¥ is a strongly monotone self-adjoint continuous linear operator, thus (-, ) z«xy, is
a semi-inner product. By Lemma 2.2, the last term in (3.16) implies that

(), — oy, K (2, — 21-1))

L*YL
= <96k — Tpy1, (V - > (wp — $k1)>

> —|lvg — vppallv |oe—1 — 2rllv
1
- ZH% - xkﬂ\ L*ZLkafl - xk\ L*>L
1 1
> —§ka — |y — ngk — 1| Fesr

1 1
- 5\\%71 — x|y — ngk — zp1li-n

1 1
= —§||90k — ey lp — §||90k — x|, (3.17)

where P = Y~! — L*YL/2. Substituting (3.16) and (3.17) into (3.11) and by simple
manipulations, we immediately get (3.9). Hence, we complete the proof. O

Combining the above lemmas, the weak convergence of the sequence generated by
Algorithm 3.1 with condition (1.14) is presented.

Theorem 3.1. Let (ug,xg) € GxHand ¥ : G — G, Y : H — H be strongly monotone self-
adjoint continuous linear operators such that V := Y ~! —3L*XL /4 is strongly monotone.
The sequence {(uy, xi)}72, generated by Algorithm 3.1 satisfies the following statements:

2

< Q.
»-1

1
Uk — Uk+1 + §EL(.%']€+1 — xk)

@ 3 ok —@llfy < +o0, X
keN keN

(i) There exists (u,x) € Z satisfying x — x,ur, — u in H and G, respectively.
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Proof. Firstly, by rearranging the terms of (3.9), we can deduce

2
|z — 2|l +

1
Uk — Uk+1 + §2L(Z’k+1 — .%'k)

>-1
<o = 2" [3—1 = llowsr = 2[5+ lue = w51 = flursr = w3

1 1
+ Sl — 2 lp = 5ok =l (3.18)

Therefore, it follows from (3.18) that

S flawss — el < oo, Y

keN keN

2

< Q.

1
Uk — Uk4+1 + §2L(Z’k+1 — .%'k)
n-1

Then we turn to prove (ii), we define X" as the product space of G and H equipped with
the inner product

(x1,%2)x = (u1, S ug) + (21, Y o),

where ¥ : G — G and Y : H — H are strongly monotone, self-adjoint, and continuous
linear operators, x; = (u;, x;) € X,u; € G,x; € H,i = 1,2. We denote the associated
norm by || - ||x = /(-,-)x. We can verify that (X, (-,-)x) is a Hilbert space and the
topology of X and G @ H is equivalent.

For every k € N, denote x; = (ug, zx). We can rewrite (3.9) as

1
%k — x*||F + g llex = Ty l|p
1
< |lxp —x* % + §ka — 2P

1 2
- <H5'3k —apli + HUk = U1 + 5 EL(Tpg — wk)Hzl> ; (3.19)
where x* := (u*, z*) is an arbitrarily given element in Z.
Because V = Y ! — 3L*Y¥L/4 is strongly monotone, we obtain that || - ||y is a norm
in H. Using the conclusion of (i) and (3.3), we have

Tk — Thy1 — 0, Uk — U1 — 0, wup—up— 0, k — oo (3.20)

in # and G, respectively. We know that the sequence {||xj+1—x*||% 4|z —2k11]%/2}32,
is convergent from (3.19). Because V := Y ! — 3L*¥L/4 is strongly monotone, we
get HE%LY%HZ <4/3 <2and P =Y~ ! — L*XL/2 is strongly monotone by utilizing
Lemma 2.4. Further, we can yield that | - || p is a norm in # and that {||z, — z441]/%}32,
converges to 0. Thus, we immediately have that {||xj1 — x*[|%}32, converges for any
given (u*,z*) in Z. Hence, {x;}7° , is a bounded sequence in X'. Furthermore, we can
claim that the sequence {x;,}7° , is also bounded in G & # from the equivalence of || - || x

and || - [lgen-
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Next, let (4, 2) € G ® M be a weak sequential cluster point of {x;}7° ;. Without loss
of generality, we may assume x;;, — (%, %), j — oo. It is clear from the definition of the
inner product of G ® H, (3.4) and (3.20) that

g, =@, Tpe1 —F, J -+ 00, (3.21)

Utilizing the definitions of Jy 4 and Jy,5-1 and the iterative scheme of Algorithm 3.1,
we can get

0€ B Yay, — Loy + 2 Yy — up) + L(zpgr — o), (3.22)
0 € Azjpy + Lig, + Y Nz — z1). (3.23)

By using the definition of M + S, we get
(E_l(ukj — ﬂkj) + L(wkj — xkj_H), Y_l(ackj — xkj-i-l)) e M+ S)(ﬂkj,xkj+1). (3.24)

We conclude from the continuity of ¥~!, Y~! and L, the maximal monotonicity of
M+ Sin G @ H and (3.21) that

(0,0) € (M + S)(ii, &). (3.25)

Therefore, we deduce from the convergence of {|x;4+1 —x*[|3}%2,, (3.25), Lemma 2.1
and the definition of the inner product of G & H that there exists (u,z) € Z such that
ur — u,rp — x in G and H, respectively. Thus we have obtained the result of the
theorem. O

3.2. An example of the condition (1.14) tightness

Next, we claim that condition (1.14) is tight to ensure the convergence of the se-
quence generated by Algorithm 3.1.
Example 3.1. We use Algorithm 3.1 with ¥ =Id and Y = 41d/3 for solving the follow-
ing convex-concave saddle point problem in real lines R [26],

gjneiﬁr;lgg{x—i-ﬁ@ﬂw) -y +y— Iﬂh(y)}’

which has a unique saddle point (1,1). In this problem, we can verify that A = 1+ A,
Bl = Nr, — 1 and L = —Id. In this setting, we choose ¥ = Id, Y = 41d/3, thus the
iterative scheme of Algorithm 3.1 can be rewritten as

ay, = max{ug — zp + 1,0},

4
Tpy1 = Max {xk -+ g(ﬂk — 1),0} ,
U1 = Ug + (T — Tpg1).

Choosing the initial point (ug, o) = (7/8,5/4), we obtain (u1,x1) = (9/8,3/4), (u2,x2)
= (7/8,5/4) = (ugp, xo). Thus, the sequence {(ux, zx)} generated by Algorithm 3.1 with
[$2LY2|? = 4/3 does not converge. Combining Remark 3.1 and Example 3.1, we can
conclude that the condition (1.14) is tight for P-PDS.
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3.3. Convergence rate of SDR

In the final part of Section 3, we will examine the convergence rate of SDR. We
define the fixed point residual of SDR as

T o= luggr — ullaor + 1 Trer — 2|31

If ri, = 0, then it can be inferred from (3.22) and (3.23) that (uy, x1) is a solution point
of problem (1.1). Hence, we can use 7, as an indicator to evaluate the convergence
speed of SDR.

Lemma 3.3 ([6, Theorem 3.3]). Let the sequence {(uy, )}, be generated by Algo-
rithm 3.1 with (1.13), it holds

[@rg1 — 2151 + lunsr — w3 + [lzrrr — 2l

< law = 2" [3—1 + fue = w[3-1 + ll — wr-1li

= ks = @rllF-1 = ursr — ugl3-0 (3.26)
for any given (u*,z*) € Z, where K =Y ~! — L*YL.

To simplify the proof of the convergence rate of SDR, we introduce the following
notations. For the given X,Y, and L in Algorithm 3.1,let Q, H,M : G&H — G & H be
operators that satisfy the following conditions:

Q(u,x) = (E_lu + Lz, Y_lx), (3.27)
H(u,z) = (7 'u, Y1), (3.28)
M(u,x) = (u + XLz, x) (3.29)

for all (u,z) € G ® H.

From the definitions of @, H and M and the continuity and linearity of 3,Y, L, and
L*, it can be inferred that ), H and M are continuous linear operators. Further, we
can get the following results.

Lemma 3.4. Suppose QQ, H, and M are defined by (3.27), (3.28), and (3.29), respec-
tively. Then we have Q = HM and (Q* +Q — M*HM)(u,z) = (X tu, (Y1 — L*SL)x)
forany (u,x) € G B H.

Proof. For any (u,x) € G ¢ H,
HM (u,z) = H(u+ XLz, x)
SN u+XLr), Y '2)
= (X 'u + Lz, Y_lx)
= Q(u,x).
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For arbitrary pairs (u1, 1) and (ug, x2) € G @ H, utilizing the definitions of @) and inner
product in G & H, we can obtain that

(Q(u1, m1), (u2, 22))
= <271u1,u2> + <Lx1,u2> + <Y71561,$2>
= (u1, X7 ug) + (z1, L*ug) + (z1, Y 'as)
= <(u1,x1), (E_lug,Y_le + L*u2)>.

Thus we obtain Q*(u, z) = (X lug, Y ~lzo + L*us). Similarly, we can verify M*(u,z) =
(u,z + L*Yu). Hence, we can yield

(Q"+Q— M"HM)(u,z)
= (QEflu + Lz, 2Y 'z + L*u)
— (S 'u+ La, Y 'z + L*u+ L*SLx)
= (27, Y 'z — L*SLa).

Thus the proof is complete. O

Lemma 3.5. Let {(uy,ux,x)}3>, be the sequence generated by Algorithm 3.1, then it
holds

(0,0) € (M + S) (g, xp+1) + QU — g, Tpy1 — xk), (3.30)
(Wkt1, Tt1) = (ug, x) + M (U — up, Thy1 — Tg)- (3.31)

Proof. Based on (3.1)-(3.3), and the definition of the resolvent of the maximal
monotone operator, we can obtain directly

0e Bilﬁk — Lagy 1 + Eil(ﬂk — uk) + L(.%'qul — .%'k),
0e A.%'qul + Lug + Y_l(.%'qul — .%'k)

By using the definitions of M + S, @, and M, we complete the proof of (3.30) and
(3.31). U

Lemma 3.6. Let {(uy, Uk, xx)}7°, be the sequence generated by Algorithm 3.1, we have
the following inequality:

Jurs2 — wer 151 + |Tht2 — Trs 32
< s — wl3r + |l2es1 — 2l — Jue — G — (g1 — Gggr) |31

— |k = Thg1 — (g1 — Trr2) i (3.32)

where K :=Y 1 — [*3L.
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Proof. Throughout the proof of this lemma, we use (-, -) for (-, -)gen. We note that
(3.30) holds for k := k + 1, thus, we have

(0,0) € (M + S)(Uk+1,Tkt2) + QU1 — U1, Thy2 — Tht1)-

Using the monotonicity of M + S in G & H, we deduce

(U = Upg1, T — Trg1), Q(Urg1 — Ung1, Thg1 — Thi1))
> (G — g1, T — Tppr1), Qg — up, T — T3) ). (3.33)

We note that for all (u,z) € G & H, the equality
((u, 2), Q(u, x)) = (Q" (u, ), (u, 7))
= @ + Q). (0,2)) = 30,231 (3.34)
always holds. Utilizing (3.33) and (3.34), we yield

((uk, = Ug1, T — Thg1), Q(up — U — Ukg1 + Upg1, T — T — Thp1 + Tht1))
1 N N N .
= §H(uk — U — U1 + U1, Tk — T — Tpp1 + Trr1) D40
+ (g, — g1, T — Trg1), Q(Urg1 — Ukg1, T — Thy1))
— (g — g1, T — Thg1), QU — Up, Ty — )

> —|[(uk — Gg — Uk + Upg1, Tk — Tk — Tpg1 + Te41) |51 or (3.35)

N |

Substituting (3.31) in the left-hand side of (3.35), we obtain

(M (up, — g, g — Tp), Q(up — U — Upg1 + Ukg1, T — Tk — Tp1 + Thp1))

1 _ - - -
= 5”(% — G — Uy 1 + U1, T — T — Tt + Ty 1) o1 0n- (3.36)

Noting Q = HM, let

x = (up — Ug, T — Tk),

y = (0,0),

z = (up — Uk, T} — Tp),

W= (Upy1 — Ut 1, Thy1 — Thp1),

S = M*HM in (2.2), then we have

2(M (up, — Uk, T — Tp), Q(up — U — Ukg1 + Ukt Ty — T — Thog1 + Thp1))
= [[(ug — g, T1 — jk)”?\/[*HM — [l(ugt1 — kg1, Theg1 — jk—l—l)H?\/[*HM

+ | (uk — Gk — U1 + g1, Tk — T — Tpg1 + T [ reprs- (3.37)



18 M.R. Wang, X.J. Cai and Y.X. Chen

Combining (3.36) and (3.37), we can deduce that

[(ur = e 2 = Z1) e mrar — (a1 = G, Trgr — Ee) 30 s
> [|(wk — T — tpg1 + Tpg1, Th — T — Thgt + Tg1) D@ arrrna- (3.38)

Substituting (3.31) in (3.38), we have

[ (ki1 — whs Thg1 — wk)”%{ = [[(ups2 — Ukg1, Tpy2 — $k+1)H%{
> || (ug — ik — g1 + U1, Tk — T — Topr + Trr) [ H 0 arerar-

Using the definition of the inner product of G & H, we directly obtain the conclusion of
this lemma. O

Now, we present the sublinear convergence rate of SDR from the above lemmas.

Theorem 3.2. Let {(uy,xy)}72 , be the sequence generated by Algorithm 3.1 with (1.13),
then we have

kst — wgllBos + lloss — 2els = o1/R). (3.39)
Proof. Denote
a = llupsr — wl31 + lzesr — zell3 -1
Since Y ! — L*XL is monotone and (3.32) holds, we have that the sequence {an}?2,
is decreasing. Further, we can rewrite (3.26) as

ap < A — Ak;—l—la Vk € N, (3.40)

where
Ay = g = [F- + llur — w* |50 + lloe — 21|k
For any given positive integer n, summing k from 1 to n on both sides of the inequality,
we have
n
Zak < Al < Q. (3.41)
k=1
For any real number r, the largest integer that is not greater than the number r is
denoted by |r]. It can be seen from the decreasing sequence {a;} and (3.41) that

n
n
0§§an§ Z arp — 0, n — oo, (3.42)
k=[%]
which implies the conclusion of this theorem. O

Remark 3.2. In finite-dimensional Hilbert spaces, Ma et al. [34] established the sub-
linear convergence rate, in terms of fixed point residuals, of P-PDHG under the con-
dition (1.10). Therefore, under the condition (1.14), which is weaker than (1.10),
Theorem 3.2 yields the same result regarding the sublinear convergence rate in gen-
eral Hilbert spaces.
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4. A novel preconditioned ADMM and its tight convergence conditions
and rates

4.1. A special case: A linear operator is the negative identity operator

Initially, we investigate the numerical algorithm for solving the following convex
optimization problem in the Hilbert space H:

min f(z) + h(Lx). (4.1)
€M

Assumption 4.1. For problem (4.1), we make the following two assumptions:
(A1) 0 € sri(Ldom f — domh).
(A2) The solution set of problem (4.1) is nonempty.

Remark 4.1. Problem (4.1) can be rewritten as

minsup { f(z) + (u, Lz) — h*(u) := ®(z,u)}. (4.2)
zEH ueG
Under Assumption 4.1, we get the solution set of dual problem of (4.1) is nonempty

and the duality gap is zero by using Theorem 2.1. From [4, Theorem 19.1], we obtain
that

0€ 0f(z)+ L*u,

0 € Oh*(u) — Lz,
where z is a solution to the primal problem and « is a solution to the dual problem.
Thus, the set of saddle points of ® is nonempty. Further, if (x,u) is a saddle point

of @, then z is a solution to the problem (4.1) and « is a solution to the dual problem
of (4.1).

The problem (4.2) is a special case of (1.1), by setting A = df and B = dh. Hence,
under assumptions (Al) and (A2), we have

Z:={(u,2) | 0€ 0h*(u) — Lz,0 € Of (x) + L*u} # &

and Algorithm 3.1 reduces to the following iterative scheme:

U = prox%[l (ug + XLxg), 4.3)
Tpa1 = prox)  (zp — YL @), (4.4)
Uk+1 = ﬂk — EL(I‘k - warl)' (45)

The following result reveals the relationship between the solutions to the two equiv-
alent forms of the problem (4.1).
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Lemma 4.1. Consider the following two convex-concave saddle point problems:

gélql{lrilgéc {f(z) + (u,Lz) — h*(u) :== ®(z,u)}, (4.6)
xerillgleg max {f(z)+h(y)+ <E%)\, Lz —y) == L(z,y,\)}. 4.7)

Suppose that Assumption 4.1 holds, then the set of saddle points of ® is nonempty. For an
arbitrarily given (z,w), which is a saddle point of ®, there exists A € G such that (x, Lz, \)

is a saddle point of L and u = EDY

Proof. Based on the discussion in Remark 4.1, we have that the set of saddle points
of ® is nonempty. Clearly, saddle points of £ are also solutions to the following equa-
tions: )

0€df(x)+ L*E2 A,
0 € Oh(y) — T2\,
y = L.

Letting (x,u) be a saddle point of ®, we obtain that

0€df(x)+ L*u,
0 € Oh*(u) — L.

Setting y := Lx and X\ := E_%u, it is clear that (z,y,\) is a saddle point of £ from
Oh = (0h*)~!. Thus we complete the proof. O

Remark 4.2. We observe that
L.y A) = f(2) + hy) + (S7A, Le —y)
is the Lagrangian function of the following problem:

xelﬁ,ife o f(z)+ h(y) “s)

s.t. E%Lx—E%y:O.
Since X7 is a bijection, the equivalence of (4.8) and (4.1) can be obtained. Further, if

(z,y, ) is a saddle point of £, then x is a solution to (4.1) and y = Lx.

The preconditioned alternating direction method of multipliers (P-ADMM) for solv-
ing (4.1) is given in Algorithm 4.1.

Algorithm 4.1 The Preconditioned Alternating Direction Method of Multipliers
(P-ADMM).

LetX :G — Gand Y : H — H be strongly monotone self-adjoint continuous linear
operators. For given (zy, Ag, yx), the new iterate (zpi1, \k+1,Yr+1) iS generated by
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the following recursion:

. 1 1 2 1
xk_H:arggg_[l{f(x)—{—iHLx—yk—i-E 2>‘kH2+§Hx_ka2Y—1L*EL}’ 4.9)

1
M1 = M + X2 (Lagyr — yn)s (4.10)
. 1 1
Yr+1 = argmin {h(y) + §Hka+1 —y+X 2)\k+1H22} . (4.11)

Remark 4.3. The sequence {x}}7°, generated by P-ADMM is well defined, as we can
verify the objective function in the subproblem (4.9) is strongly convex.

Lemma 4.2 ([34, Lemma 3.1]). Let ¥ : G — Gand Y : H — H be strongly monotone
self-adjoint, then following statements hold:

(i) Let {(xk,uy)}32, be the sequence satisfying by (4.3)-(4.5) and denote
Ykt = 57 (G — Tpp1) + L(2apy1 — m3), (4.12)
Nep1 = 72, + X2 L(zpps — o). (4.13)
Then the sequence {(xy, Yk, A\x) }72, is generated by Algorithm 4.1.

(ii) Let {(zk, yr, M) }72, be the sequence generated by Algorithm 4.1 and set
U = E%)\k + E(ka - yk) “4.14)
Then the sequence {(xy, Uy)}72, satisfies (4.3)-(4.5).

By utilizing Lemmas 4.1 and 4.2, we can directly obtain the weak convergence of
P-ADMM.

Theorem 4.1. Suppose Assumption 4.1 holds. Let {(x, yr, A\i)} 3>, be the sequence gen-
erated by Algorithm 4.1, where the operator Y ~! — 3L*X.L /4 is strongly monotone. Then,
the following statements hold:

(i) There exists a saddle point (x*, Lx*, \*) of L, such that xj, — z*,yr — Lz* A\ —
A*, where
1
L(z,y,A) = f(z) + h(y) + (Z2A, Lo — y).

(ii) If Y~' — L*YL is monotone, then
|Zp1 — 2kl 31 + || Lokt — yell% = o(1/k).

(iii) The convergence condition (1.14) is tight.
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Proof. (i) Let{(zk,yr, \x)} be the sequence generated by Algorithm 4.1. By using
the conclusions of Theorem 3.1 and Lemma 4.2, there exists a point (z*,u*) which is

the solution to (4.6) such that z;, — z* and 1y, := E%)\k + X(Lxy — yi) — u*. Using
Lemma 4.1, for (z*,u*), there exists \* € G such that (z*, Lz*, \*) is a saddle point of
£ and u* = N3\*. Hence, we yield that E%)\k +X(Lay —yr) = u* = L Combining
(4.10), we obtain ) )

X2 Ay + EL(.%'k - xk+1) — M2\, (4.15)
Based on Theorem 3.1, we get =, — xx+1 — 0. It follows from (4.15) and N2 s
a bijection that A\ — \*. Since A\py1 = \p + E%(Lmkﬂ — yr), we get

yr = Lxy + E_%()\k — Apy1) — La™.

(ii) Let {(zk,yr, \k)}5e, be the sequence generated by Algorithm 4.2. Using The-
orem 4.2, we have {(zy, 1)}, are generated by (4.3)-(4.5), where 4y, := E%)\k +
Y (Lxy — yi). Combining (4.5) and (4.10), we get

U1 = Up + BL(Tpy1 — Tp)
1
=22\, + X(LTk41 — Yk)
= 22 A1
Thus,
[urs1 = ul[for = 1 Laren — w3

Using Theorem 3.2, we obtain immediately
1 — zullf-r + (1 Lznr — yxlE = o(1/k).
(iii) Considering the following optimization problem in [26]:

min x

(4.16)
st. x>0, x> 1.

We know that the problem (4.16) has and only has a solution z* = 1, and the dual
problem of (4.16) is

max A

4.17
st. 0< A< 1. ( )

It is clear that the problem (4.17) has a unique solution \* = 1. We can show that
the corresponding saddle point problem of (4.16) is the convex-concave saddle point
problem in Example 3.1

min max {z + I, (z) — 2y +y — I, (4) }-
Hence, using Example 3.1 and Theorem 4.2, we can get that the condition (1.14) for
ensuring convergence of P-ADMM can not be improved. The proof is complete. O
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4.2. The general case: No requirements for two linear operators

Next, we deal with more general formulations which involve two linear operators
and three real Hilbert spaces. Let G,H,K be real Hilbert spaces, f € T'o(H), and
g€e€Tg(K). Let L: H — G and J : K — G be linear continuous operators. Consider the
following convex optimization problem:

Jpin - f(@) + g(w) 418)
s.t. Lx + Jw =b.
Assumption 4.2. For problem (4.18), we make the following assumptions:
(A1) b e sri(Ldom f + Jdom g).
(A2) The solution set to the problem (4.18) is nonempty.
(A3) 0 € sri(dom g* — ran J*).

Remark 4.4. Set K = G, J = —1d, b = 0, then (4.1) is a special case of problem (4.18).
In this case, (A1) reduces to (A1) and (A3) always holds.

Similar to the discussion in the Lemma 4.1, we can get the following result.

Lemma 4.3. Consider the following two convex-concave saddle point problems:

r%iﬁmé? {f(x) + (u,La — b) — g*(—J*u) := O (z,u)}, (4.19)
min__max { f() + g(w) + (£2\, Lo + Jw — b) := L(z, w, \)}. (4.20)

rzeH,weKk \eG

Suppose that Assumption 4.2 holds, then the set of saddle points of ® is nonempty. For an
arbitrarily given (z,u) which is a saddle point of ®, there exist w € K and A\ € G such

that (x,w, ) is a saddle point of £, Lz + Jw = b, and u = EDY

Proof. Note that problem (4.18) can be rewritten as

mig {0+, mip,_, o000} (421

We set
hi=((-J)>g)(-—=b):y — min g(w),

—Jw=y—b

hence (4.21) can be equivalently written as
ng{l {f(z)+nh(Lz)}. (4.22)

Using [4, Corollary 15.28], we have (—J)>g = (¢*o(—J)*)*. Further, h = ((—J)>g)(-—
b) € To(G). (A1) < 0 € sri(Ldom f+ Jdomg—b) < 0 € sri(Ldom f — ((—J) dom g+
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b)) < 0 € sri(Ldom f — dom h). By using Lemma 4.1 for problem (4.21), we can get
® has saddle points. Saddle points of £ are also solutions to the following inclusion
problem:

0€df(x)+ L*S2),
0 € dg(w) + J*E2 )\, (4.23)
Lz + Jw =b.

Letting (x, u) be a saddle point of ®, we obtain

0€df(x)+ L*u,
0 € 0h*(u) — Lr+b=—JIg*(—J*u) — Lz + b.

Then there exists w € dg*(—J*u) such that Lz + Jw = b. Further, we get

0€df(x)+ L*u,
0 € dg(w) + J*u, (4.24)
Lx + Jw =b.

Comparing (4.23) with (4.24) and setting A := E_%u, it is clear that (=, w, ) is a saddle
point of L. The proof is complete. O

Remark 4.5. We note that

is the Lagrangian function of the following problem:

min__ f(z) + g(w)
:L‘EH,’LUEIC ) (4.25)
st.  X2(Lz+ Jw—0b) =0.

Since X2 is a bijection, the equ~ivalence of (4.18) and (4.25) can be observed. Further,
if (z,y, ) is a saddle point of £, then (z,w) is a solution to (4.18) and Lz + Jw = b.

For solving problem (4.18), we propose a novel preconditioned ADMM (NP-ADMM)
as follows:

Algorithm 4.2 Novel Preconditioned ADMM for Solving Problem (4.18).

Let Y : G — Gand Y : H — H be strongly monotone self-adjoint continuous linear
operators. For given (xj, i, wy), the new iterate (zyy1, \kt1, wrs1) is generated by
the following recursion:

1
Tp41 = argmin {f(u"?) + S| La + Jwy — b+ S22
zEH 2
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1
+ §||$ - 'rk‘HQY—lL*EL}, (4.26)
Akl = A + E% (Lxgy1 + Jwg — b), 4.27)
1
Wiyl € arg mel% {g(w) + §Hka+1 +Jw—0b+ E_%)\kHH%} . (4.28)

The following result provides the existence of solutions to the subproblem (4.28) in
Algorithm 4.2 under Assumption 4.2 (A3).

Lemma 4.4. Suppose 0 € sri(domg* — ranJ*) holds. Let {(xj, \x,wy)}3>, be the
sequence generated by Algorithm 4.2, then {wy} is well defined. Moreover, denoting
yr = b — Jwy, the sequence {(yx, x, \i)} 5o, satisfies

. 1 1 1
T41 = argmin {f(w) + §HL~’U — g+ X720 + §H~"3 - xk”%/—lL*EL} . (4.29)

Met1 = A\ + DE: (Lxks1 — Yk)s (4.30)
) 1 gt
Yrt1 = argmin {((—J) >g)(y —b) + §Hy — Lrp — % Mkm%} : (4.31)
Proof. Set
. 1 1
Yk+1 = argmin {((—J) >g)(y —b) + §Hy — Lxpyq — EQ}VHIH%} : (4.32)

Since 0 € sri(dom g* — ran J*), we get (—J)>g = (¢* o (—=J)*)* € T'9(G) and {yx} is
well defined. Using Fermat’s Theorem, we have

1
0€d((—=J)>g)(Wrt1 — b) + S(yrt1 — Lags1) — B2 Agy1,
ie.,

Y1 =0 € (g" o (=J")) (= B(ykt1 — Lag41) + Eé)‘k-ﬁ-l)
= —JOg" (J*(Z(yrs1 — Lar1) — 27 A1)

Hence, there exists w1 € 99" (J*(X(yr+1 — Lwky1) — E%)\kﬂ)) such that yp1 =
b — Jwy1. Further, we have

1
T (2(yks1 — Lags) — B2 Apy1) € Og(wpi). (4.33)
Substituting yx+1 = b — Jwgy1 in (4.33), we get

1
0 € dg(wpy1) + J* (B(Jwis1 + Lagyr —b) + X2 Xgy1).
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Using Fermat’s Theorem, we yield
1
We1 € argmin {g(w) +5llJw+ Lagrr —b+ E%)\kJrlHQE} ; (4.34)
w

thus (4.31) and the existence of wy can be obtained. Substituting yx1 = b — Jwyy1 in
(4.26) and (4.27), respectively, we can have (4.29) and (4.30). O

Remark 4.6. Let {(xy,wr, \;)}32, be the sequence generated by Algorithm 4.2 and
yr = b— Jwy,. By using Lemma 4.4, we can obtain that {(zj, yx, Ax) }72, is the sequence
generated by Algorithm 4.1 with h = (—J > g)(- — b).

Next, we propose the convergence and sublinear convergence rates of Algorithm 4.2.

Theorem 4.2. Suppose Assumption 4.2 holds. Let {(xy,wy)};2, be the sequence gener-
ated by Algorithm 4.2, where the operator Y ~! — 3L*X L /4 is strongly monotone. Then,
the following statements hold:

() There exists a saddle point (z*,w*, \*) of L, such that z, — x*, Jwp — Jw*, and
YD

(ii) Suppose ran J* = K, then we have w;, — w*.
(iii) If Y~' — L*XL is monotone, then

[2k1 = @llf -1 + [ Langa + Jwg = b]IE = o(1/k).

(iv) The convergence condition (1.14) is tight.

Proof. (i) Using Theorem 3.1, Lemma 4.2, and Remark 4.6, we obtain that there
exits a saddle point (z*, u*) of ®, which satisfies z;, — z* and 1y, := E%)\k + X(Lay +
Jwy, —b) — u*. For (z*,u*), using Lemma 4.3, there exists (w*, \*) € K x G which
satisfies (z*,w*, \*) is a saddle point of £, Lz* + Jw* = b and u* = DEPRS Combining

)\k+1 = X; + E%(kaJrl + Jwg — b),
we get
N2 Ner1 + S(Lag — Lapsr) = iy, — u* = NIN*.

From Theorem 3.1, we have z; — 211 — 0. Since N3 is a bijection, we get A\, — A\*.
Using
1
A1 = Mg + 22 (Lagqr + Jwg — b),

we obtain
1
Jwp =372 (Agy1 — A\p) +b— Lagyy — b— La™ = Jw™.



Convergence of Split-Douglas-Rachford Algorithm and a Preconditioned ADMM 27

(i) If ranJ* = K, for any v € K, there exists z € K, such that v = J*2. We
conclude that

(wg,v) = (Jwg,z) — (Jw*, z) = (w*,v), k—o00, Yvek.

(iii) Setting y;, := b — Jw;, and using Remark 4.6, we have that {(zy, yi, \i) 132 is
generated by Algorithm 4.1 with h = ((—J) > ¢)(- — b). Thus, by using Theorem 4.1,
we get

@1 — zplly -1 + [[Lagsr + Jwy — b5

= llzn1 = @l + [1Lanry — yell% = o(1/k).

(iv) By setting K = G and J = —Id, we can know Algorithm 4.1 is a special case of
Algorithm 4.2. Thus, using Theorem 4.1, we can immediately obtain that the condition
(1.14) is tight for Algorithm 4.2. The proof is complete. O

Remark 4.7. (i) Regarding problem (4.18), [8] introduced sublinear convergence
rates (in the ergodic sense) for the residuals of function values and constraint violations
in the generalized ADMM. In contrast to the conclusions in [8], our result concerning
constraint violations is non-ergodic, and the proof methodology differs as well.

(i) fwesetY ! = (rr)~'Idand ¥ = BId (r,r, 8 > 0) and interchange the positions
of x and w, Algorithm 4.2 can be reduced to the optimal linearized ADMM (OLADMM)
proposed in [25]. In this scenario, condition (1.14) can degenerate to the result in [25]:
r> B|ILTL|| and 7 € (0.75,1).

(iii) Particularly, in problem (4.25), if we set G = K, g = 0, and J be a zero operator,
then problem (4.25) can be reduced to a convex optimization problem with linear
equality constraints

min f(x)
r€EH (4.35)
s.t. Lx =0.
Denote wy = 0, Algorithm 4.2 can be reduced to a kind of preconditioned linearized
augmented Lagrangian method

. 1 1 1
s =agmip { 1)+ 51Lo = b+ SR+ Gl — o pen . (436

A1 =A + E: (Lxgs1 — ). (4.37)

Using Theorem 4.2, we can get directly the convergence and the convergence rate of
the sequence {(xj, \;)}72, satisfying (4.36) and (4.37).

Corollary 4.1. Suppose that b € sri(L dom f) and the solutions to the problem (4.35)
exist. For a given initial point (xo, A\g) € H x G, let {(x, i) }72, be the sequence satisfying
(4.36) and (4.37). If Y =1 —3L*X L /4 is strongly monotone, then the following statements
hold:
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(i) There exists a saddle point (z*, \*) of
L(z,\) := f(x) + (22, Lo — b)
such that x;, — x* and A\, — \*.

(ii) If Y~' — L*YL is monotone, then
k41 — kll3 -1 + [ Lakgr — b]IS = o(1/k).

(iii) The convergence condition (1.14) can not be improved.

Remark 4.8. If weset ¥ = Id, Y = 71d (7 > 0), then (4.36) and (4.37) can be reduced
to the linearized augmented Lagrangian method (LALM) proposed in [40] with penalty
parameter § = 1 in augmented Lagrangian function

Ls(x,\) = f(x) + (N, Lz —b) + gHLm —bl|%

In this case, the stepsize range (1.14) is the same as the result in [24] 7||L||* < 4/3.

5. Numerical experiments

This section focuses on testing four special applications of the monotone inclusion
problem (1.1) and presenting the numerical results to support our theoretical state-
ments in Sections 3 and 4.

The first and second experiments involve the use of Algorithm 3.1 to solve the
classical traffic equilibrium problem and the basis pursuit problem, respectively. We
compare the performance of Algorithm 3.1 under conditions (1.13) and (1.14). The
third and fourth experiments provide a report on the numerical performance of Al-
gorithm 4.2 for solving separable convex optimization problems with linear equality
constraints. Specifically, we consider the covariance selection problem and the TV-
L' denoising problem under conditions (1.13) and (1.14), respectively. Based on the
aforementioned experiments, we have observed that the condition (1.14) can result in
improved numerical performance. Our code is implemented in MATLAB 2021a.

5.1. Traffic equilibrium problem

Firstly, we consider a strongly connected transportation network G(N,.A). The
node set of this network is denoted A and the arc set is denoted .A. There are two
different subsets of A/ that represent origin nodes set O and destination nodes set D,
respectively. The set of origin-destination (OD) pairs is a given subset RS of O x D. For
every given OD pair s € RS, where r is a origin node, s is a destination node. For each
rs € RS, denote g, as the travel demand between the OD pair rs. Let P.; denote the
set of paths connecting the OD pair rs and let P be the union of P, for rs € RS, i.e.
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P :=J,4scps Prs- Foragivenrs € RS and p € P, hYs represents the flow on path p.
Let v, be the flow on arc a. Setting total path flow vector h = (hfs,rs € RS,p € Pys)T
and total arc flow vector v := (v,,a € A)T, we can get v = Ah, where A = (J,,) is the
arc-path incidence matrix with entries

1, if path p € P includes arc a € A,
6a,p = .
0, otherwise.

Setting total travel demand ¢ = (¢s,7s € RS)T, 2 is the OD pair-path incidence matrix

whose entries are
1, if pé€ Py,
Wp,rs =

0, otherwise,

then the feasible set of flow is

H:={h| Fh > b},

where
Q q
F=-Q|, b=1|—q
I 0]

Let t,(v) be a travel time function about the total flow vector v on a € A, in general,
the larger the traffic volume, the more time it takes for vehicles to pass, so it can be
assumed that ¢,(v) is a continuous increasing function. 7}, is the sum of the arc costs
tqe(v) on all the arcs a traversed by the path p € P, i.e.

Tp(h) = dapta(v). (5.1)

acA

We can rewrite (5.1) as
T(h):= (Tp,p € P)T = (A)Tt(v) = (A)Tt(Ah),

where t(v) = (t,(v),a € A)T. t, is a continuous increasing function, hence, 7" is max-
imal monotone. Let ¢.; be the (unknown) minimum travel costs between OD pair
rs, ¢ = (¢rs,7s € RS)T, using Wardrop user equilibrium principle and [20, Proposi-
tion 1.4.8], the above traffic equilibrium problem can be converted into the following
variational inequality:

(h—h")TT(h*) >0, VheH. (5.2)

By utilizing the Lagrange multiplier, the problem (5.2) is equivalent to the following
primal-dual monotone inclusion problem:

0€Th— FT
{ < 9 (5.3)

OENRT(y)—b—i-Fh,
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where m = 3|RS]|. Utilizing Remark 2.1, we choose L = —F, s = 1,t = {0.9,1,1.1,1.33}
and « = 1, then the iterative scheme of Algorithm 3.1 for solving (5.3) reads as

Uk = Pr (yk — 2(Fhy = b)),
hir1 = (Id+YT)"Hhy + YFTj}, (5.4)
Y1 = U + XF (hiy — hiy1)-

We consider an example in [22]. In this example, G(N,.A) consists of 9 nodes, 28
arcs, 72 OD pairs, and 1216 paths. The diagram of this network reads as Fig. 1.

L
"

L 5]

P
.
-
.
.
Figure 1: The network example G(N, A).

In this section, the arc travel time function follows the Bureau of Public Road (BPR)

function ,
Vg
14015 =) |,
i (C) ]

where «, and C, are free-flow travel time and capacity of link a, respectively.

We arrange and number the paths based on the sequence number of the origin
point. We set the free-flow travel time as a sequence of equal differences about the
sequence number of the paths, with an initial value of 15 and a tolerance of 1. Addi-
tionally, we set the capacity of every link a as a sequence of equal differences about the
sequence number of the paths, with an initial value of 30 and a tolerance of 2.

For the traffic demand vector b between each OD pair, we number it based on the
destination point of the OD pair. We set the traffic demand between the OD pairs as
a sequence of equal differences about the sequence number of the OD pair, with an
initial value of 100 and a tolerance of 10. The stopping criterion of Algorithm 3.1 is

Ihks1 — el + lyes1 — el < 107°.

We show the fixed point residual ||hyy1 — hel|? + |lyrs1 — yil|? and relative error
(lhks1 — Pl + llykss — vell®)/(1Re]l® + lyel?) curves with respect to iterations, re-
spectively, in Fig. 2 and use “Iter.” for the iteration numbers. From Fig. 2, we can
observe that condition (1.14) has a significant acceleration effect compared to condi-
tion (1.13).

ta(v) = aq
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Figure 2: The comparison of the numerical performance of SDR with different ¥ and Y for solving the
traffic equilibrium problem (5.3).
5.2. Basis pursuit (BP)
Secondly, we consider the basis pursuit problem as follows:
min ||z|;

zER™ (5.5)
s.t. Lx =0,

where ||z||; = > ;_; |zk|, b € R™, and L € R™*" is a data matrix. The BP problem (5.5)
plays a key role in compressed sensing and statistical learning [7, 13]. Consider the
primal-dual form of the BP problem (5.5) as

min max |[z]l1 + (u, Lz) — (u,b).

It is equivalent to the following monotone inclusion problem:

0 € J||z||1 + L*u,
0=0b— Lzx.

Using Algorithm 3.1 to solve inclusion problem (5.2), the scheme of Algorithm 3.1 is
U = ug + E(ka — b),
. 1 . n
Tkl = arg min {Hx”l + |z —x+ YL ukHy_l} , (5.6)
z€R™ 2
Uk+1 = ﬂk — EL(mk — karl)'

We take n = m = 3000. To improve the accuracy of the test, we take three groups
of random data for this numerical experiment and finally take the average value. We
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Figure 3: The comparison of the numerical performance of SDR with different stepsizes for solving prob-
lem (5.2).

set L € R3000x3000 heing a discrete cosine transform (DCT) [1], z* € R3%%0 whose
entries satisfy standard normal distribution and the sparse density of z* is 0.05. In this
experiment, we denote b = Lz*, and use 2y = 0 and ug = 0 as the initial points. Using
Remark 2.1, we choose s = 1, t = {0.95,1,1.2,1.33}, and the stopping criterion of
Algorithm 3.1 is

|21 = 2gll5—1 + [fuggr = ugl[5-0 <1075

In Fig. 3, we plot the fixed point residual ||zj1 — x|[2— + ||ug1 — uxl|%-, and relative
error (|zpg1 — @gll3—1 + llurgr — uglE-0)/(lzkll3 -1 + |lukl/3-1) curves with respect to
iterations, respectively. From Fig. 3, we can see that a larger ¢ results in a small number
of iterations under the same stopping criterion.

5.3. Covariance selection problem

Thirdly, we consider the covariance selection problem penalized by the I; norm

)%%w,m —In (det(X)) + pe | X]e, (5.7)

where S is a known real symmetric matrix and S| represents the set of symmetric
n x n positive semi-definite matrices. (-, -) is the standard trace inner product in R"*",
e € R" denotes the vector whose elements are all 1, | X | represents a real matrix whose
elements are the absolute value of the corresponding elements of X. The covariance
selection problem has a wide range of applications in various fields [17-19,41], such
as portfolio, speech recognition, gene network analysis, machine learning, and so on.
By introducing auxiliary variables Y, we can rewrite problem (5.7) as

min (S, X) —In (det(X)) + Is2 (X) + pe’ |Ye,

XY (5.8)
st. X —-Y =0.



Convergence of Split-Douglas-Rachford Algorithm and a Preconditioned ADMM 33

It is clear that S'} is a closed and convex subset of R"*", therefore we have Iggzr €
[o(R™*™). Utilizing Algorithm 4.2 to solve problem (5.8), we set ¥ = Y = oId, then
(1.14) reduces to 02 < 4/3. In this setting, the recursion of Algorithm 4.2 reads as:

( 2

1
Xpy1 = arg)?éiggl {(S,X} —In (det(X)) + %HX -V + %Zk
+

| X —XkHQ}

2}
First, we consider the X}, subproblem. Because —Inz — +oo, z — 0%, X 4

must be a interior point of S%, i.e. X34, € S% . Utilizing Fermat’s Theorem, we can
get that X, satisfies

1— o2

+20

Zyy1 = Zy + o (X1 — Vi),

. o
Yit1 = arg Join {peT\Y\e + 5"Xk+1 -Y+
+

1
—7
\/E k+1

1—¢2

S—o—Yk+\/EZk— 7

1 _
X+ — X1 = Xy =0, (5.9)
For the sake of convenience, we set F = S — oY} + /02, — (1 — t?)X},/t and let
F = Gdiag(\, Mo, -, An)GT (5.10)

be the symmetric Schur decomposition of F, where G is an orthogonal matrix and
Ai (i =1,2,...,n) are eigenvalues of F'. The symmetric Schur decomposition of the
solution of (5.9) can be written into the following form [21]:

X1 = Gdiag(Ar, -+, \n)GT, (5.11)
where )\; (1 =1,2,...,n) are to be determined. In fact, substituting (5.10) and (5.11)

into (5.9), we obtain
—oXi + /02N + 4o

N = 5 . i=1,2,...,n.

Next, we solve Y}, 1 subproblem. Using the definition of proximal operator and Moreau
identity, we get

1 1
Yir1 = Xg1 + %Zk—i—l — min {maX {Xk+1 + %Zk-',—la —g} ; g} :
In this experiment, we generate the data of the problem (5.8) identically as [33].
In detail S = A~! + IV — min(Apin(A~! +1V) — v,0)Id, where V is an independent
and identically distributed uniform random symmetric matrix, A is a sparse invertible
matrix with positive diagonal elements, Id is the n x n identity matrix, / and v are small
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Figure 4: The comparison of NP-ADMM with different stepsizes for solving covariance selection problem
(5.8), n =500 (left), n = 1000 (right).

positive numbers. Similar to parameter setting in [33], we take the sparse density of
A tobe 0.01, 1 = 0.15,v = 0.0001, and p = 0.5. We set 0 = 7 = /((27 — 1)/2)(4/3),
(7 = 1,2,3) and the stopping criterion is

X541 = Xl + | Xpg1 — Yl < 107°.

To improve the accuracy of the test, we take three groups of random data for this
test and finally take the average value. From Fig. 4, we draw the fixed point residual
| X ko1 —Yel|?+|| Xk r1—Xg|/? curve with iterations in the situation of dimension n = 500
and n = 1000. As can be seen from Fig. 4, when the stepsizes of Algorithm 4.2 are
close to the boundary of the condition (1.14), the number of iterations required is
significantly reduced.

We present the more detailed numerical result of Algorithm 4.2 under different
choices of ¥ and a variety of dimensions n in Table 3 where “Time” is the computing
time in seconds. We can observe that under the same dimension, the CPU time and
the number of iterations of Algorithm 4.2 under condition (1.13) are about 30% higher
than those under condition (1.14). This advantage of condition (1.14) is more obvious
for large-scale situations of problem (5.8).

5.4. TV-L; denoising

Finally, we consider the following TV-L; denoising problem (discrete vision) for
image denoising
min 7([Dz|[1 + [lz — g1, (5.12)
T€ERN

Dlx
DQCE
and 7 is a regularization parameter. In our experiment, we set 7 = 1 and input image ¢

where ¢ is the observed image, D : x — Dx := < > is the discrete gradient operator,
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Table 3: The numerical result of solving problem (5.8).

ji=1 j=2 ji=3
Iter. | Time(s) Iter. | Time(s) Iter. Time(s)
100 | 32 0.7702 27 0.2308 26 0.1894
200 56 1.6931 47 1.2226 44 1.1039
300 | 82 6.5089 67 4.1391 64 4.0714
400 | 108 | 12.5759 | 89 10.6139 | 85 9.8401
500 | 137 | 25.1082 | 112 | 18.8840 | 107 | 18.3507
600 | 167 | 44.2045 | 137 | 37.1000 | 130 | 33.2041
700 | 199 | 71.3312 | 163 | 58.8336 | 155 | 55.3372
800 | 233 | 124.6614 | 191 | 101.4911 | 181 | 96.0022
900 | 267 | 192.5235 | 219 | 155.2754 | 208 | 139.1944
1000 | 304 | 373.0020 | 249 | 284.4315 | 236 | 270.8189

n

with 25% salt and pepper noise. We employ SNR(dB), i.e.,

[~ |
[ — 2|
to measure the quality of a recovered image where 7 is a reconstructed image and z*
is the real image. To simplify the subproblem, we use the following equivalent form of
(5.12) proposed in [39]:

SNR = 201g

min 7yl + 1z - al
D —Id O y\ _ (O
() (o ) ()= 0)

<y>:w, f@) =0, g(w)=7lyli+ = dll, LZ(Z)’ J:<—éd —(;d>'

1
Noting the structure of D, we decomposed y as y = (52> In this setting, we set

(5.13)

Y =o0ldy,Y = oldsy (0 > 0), thus, we can rewrite Algorithm 4.2 as
(2441 = 2 — 02(D]Dy + DIDs + Id) zy,
+02(Dlyl + Dy} + 2 — DIN, — DY — Xi/V0),
Moy = A+ o (Diess — o).
Mo =X + Vo (Dawrin — v3).
Aip1 = Ap + Vo (@es1 — zi),
yl}Hl = Proxz|, (D1$k+1 + )\ZIH/\/E),
Vi1 = proxz), (Dazrsr + A4 /V0),
z,h_l = ¢+ proxy (Thg1 + A1/ — q).
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Under this choice of ¥ and Y, the condition (1.14) can be rewritten as

4
207112
L= < .

Next, we provide a range of ¢ by estimating ||L||. For any given 2 € R", we have
ILz]* = [ Dz|* + l«|* < (ID)* + 1) [l]

Using ||D|| < v/8 [10], we can get

L] = sup
zeRN\{0} ||l

Thus, we can set ¢ = /1/9 + (1 — 2-4)/27, d = 0,1, 2,3 in NP-ADMM. We take House
(720 x 960) and Peppers (512 x 512) for testing. In Fig. 5, we show the SNR with respect
to iterations.

In Table 4, we report more detailed numerical results, and the restored images are
summarized in Fig. 6. These results in Table 4, Figs. 5 and 6 show that NP-ADMM

SNR (dB)

—— =0
0+ d=1(4 e d=1
d=2 12 d=2 |1

—+—d=3 —+—d=3

0 50 100 150 200 0 50 100 150 200
Iter. Iter.

Figure 5: SNR with respect to iterations for solving TV-L; model (5.12). Left: House: 720 x 960 and right:
Peppers: 512 x 512.

Table 4: Numerical results for solving problem (5.12).

House Peppers
SNR Time(s) | Iter. SNR Time(s) | Iter.
NP-ADMM d =0 | 39.0650 | 83.0778 | 171 | 29.2215 | 18.6319 | 87
NP-ADMM d =1 | 39.1329 | 81.3900 | 165 | 29.2471 | 17.3215 | 78
NP-ADMM d = 2 | 40.9202 | 77.1009 | 154 | 29.2610 | 14.5727 | 66
NP-ADMM d = 3 | 40.9403 | 75.9415 | 150 | 29.2642 | 14.2776 | 65

Algorithm




Convergence of Split-Douglas-Rachford Algorithm and a Preconditioned ADMM 37

Figure 6: From left to right: original clean image, noisy image with 25% salt and pepper noise, image
denoising using NP-ADMM (d = 0,1,2,3). Test problem House (the first row), 720 x 960; test problem
Peppers (the second row), 512 x 512.

can effectively solve TV-L; denoising problem (5.12). However, when the stepsize
range approaches the boundary of (1.14), the number of iterations and iteration time
gradually decrease and the advantage is more obvious for high-resolution images.

6. Conclusion

In this paper, we investigate the convergence of SDR for the primal-dual monotone
inclusion problem and propose a novel preconditioned ADMM for solving separable
convex optimization problems with linear equality constraints. We enhance the con-
vergence condition of SDR. By constructing a concise counterexample, we demonstrate
that the new range proposed in this paper cannot be improved any further. Additionally,
to address the theoretical gap in the convergence rate of SDR, we establish a sublin-
ear convergence rate in terms of fixed point residuals for the first time. Moreover, by
utilizing SDR to solve separable convex optimization problems with linear equality con-
straints, we develop a novel preconditioned alternating direction method of multipliers
(NP-ADMM) that can handle cases where the two linear operators are not identical. We
also introduce tight convergence conditions and convergence rates for NP-ADMM. Fi-
nally, we conduct four numerical experiments to validate the computational efficiency
of these algorithms and demonstrate that the performance of these algorithms has been
significantly enhanced with our improved conditions.
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