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Abstract

In this paper, we introduce the weak Galerkin (WG) method for solving the coupled
Stokes and Darcy-Forchheimer flows problem with the Beavers-Joseph-Saffman interface
condition in bounded domains. We define the WG spaces in the polygonal meshes and
construct corresponding discrete schemes. We prove the existence and uniqueness of the
WG scheme by the discrete inf-sup condition and monotone operator theory. Then, we
derive the optimal error estimates for the velocity and pressure. Numerical experiments
are presented to verify the efficiency of the WG method.
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Key words: Weak Galerkin method, Coupled Stokes and Darcy-Forchheimer flows, Mono-
tone operator.

1. Introduction

In recent years, the coupled model of free fluid and porous medium fluid has received more
and more attention. Such problems have been widely applied in groundwater flows [9,13,17],
environmental science [15], flow in vuggy porous media [2,4] and so on. The classical coupled
Stokes-Darcy model consists of the Stokes equation in fluid region, the Darcy’s law in porous
medium region. The interface conditions in the model are the flow continuity condition, the
force equilibrium condition, and the Beavers-Joseph-Saffman condition [34]. However, Darcy’s
law describes the porous media flow at low speed. In the case of high-speed seepage, porous
media will be turbulent. Forchheimer found through experiments that the pressure gradient
and the Darcy velocity should meet the nonlinear relationship with a coefficient depending
on the soil grain diameter and porosity for the larger values of Reynolds number, which re-
quires the use of the modified Darcy equation in 1901, namely the Forchheimer equation. The
Darcy-Forchheimer model in porous media explains the nonlinear behavior by adding an item
representing the inertial effect, which is used in the exploration and production of oil and gas

in petroleum reservoir [6].
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So far, there are many types of research on the coupling of Stokes flow and Darcy flow,
various numerical methods have been developed for the Stokes-Darcy model [3,10, 14, 16, 18,
20, 26, 28, 29, 32], and there is a lot of research on the individual Darcy-Forchheimer model
[5, 25,30, 31, 33]. However, there are relatively few researches on the coupled Stokes-Darcy-
Forchheimer model. Zhang and Rui [42] used the Crouzeix-Raviart element to approximate
the velocity and obtained the optimal-order error estimates when the velocity and pressure
were in [H2]|V (N = 2 or 3) and H! spaces respectively. The authors also derived a discrete
inf-sup condition and establish the existence and uniqueness of the problem. Zhao et al. [45]
proposed the staggered discontinuous Galerkin method for the model problems, which could be
flexibly applied to rough grids such as the highly distorted grids and the polygonal grids. And
they proved optimal convergence estimates by proposing some new discrete trace inequality
and generalized Poincaré-Friedrichs inequality. The fully mixed finite element method was
proposed by A. Almonacid et al. [1]. They considered the Darcy-Forchheimer model by means
of a modified abstract theory for twofold saddle point problems, which could pose the variational
formulation in terms of just Banach spaces, and the optimal-order error estimates were obtained.

The goal of this paper is to investigate the weak Galerkin (WG) method for solving the
coupled Stokes and Darcy-Forchheimer flows problem. The WG method is first proposed for the
second-order elliptic equations by Wang and Ye [36], and further developed in [23,35,37,39,43].
The key idea of the WG method is to use discontinuous piecewise polynomials as basis functions,
and to replace the classical derivative operators by specifically defined weak derivative operators
in the numerical scheme. In the past few years, the WG methods have been widely applied
to [10,21,22,38,40,41,44]. The applications mentioned above are mostly linear problems and the
theoretical analysis and numerical experiments are relatively more complicated for nonlinear
problems.

In this paper, we first establish the WG numerical scheme on polygonal meshes. Due
to the nonlinear and monotonicity of the Forchheimer term, we use Minty-Browder theorem
and discrete inf-sup condition to prove the existence and uniqueness of the numerical scheme.
Furthermore, by using the technical estimate for the Forchheimer term, we obtain the optimal
orders of error estimates when the velocity and pressure are in the [H**1]2 space and the H*
space, respectively. When conducting numerical experiments, we adopted triangular grids, and
the numerical results are consistent with the theoretical estimates.

This paper is organized as follows. In Section 2, we introduce the model problem and some
notations. In Section 3, we define some WG spaces and establish the numerical scheme. In
Section 4, we prove the existence and uniqueness of the WG scheme. The error estimates for
the WG approximations are given in Section 5. Some numerical experiments are presented in
Section 6.

2. Model Problem

In this section, we describe in detail the coupled Stokes and Darcy-Forchheimer model [42].
We consider the coupled flow in a bounded domain © € R2, which consists of two subregions,
a free region Q, and a porous medium region ; = Q\Q,. Both Q, and Q4 have Lipschitz
continuous boundaries. Define I'; = 90, N 904, Ts = 0Q:\I'1,Tq = 0Q4\I';. ns and ng are
the outward unit normal vectors on )5 and 4, T is the unit tangent vector on I'y, as shown in
Fig. 2.1.
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Fig. 2.1. Domain of the coupled Stokes and Darcy-Forchheimer Flows.

In the whole domain 2, we denote the fluid velocity by w and the pressure by p. In the
free flow region €1, the fluid flow is governed by the Stokes equations. The velocity us and the
pressure p, satisfy

—2uV - D(us) + Vps = fs  in Q, (2.1)
V-us=0 in Q,
us; =0 on I'y. (2.3)

In the porous medium region {25, we use Darcy-Forchheimer equations to describe the flow
motion. Find velocity ug and pressure pg such that

K ug + Bplualug + Vpg = fa in Qa,
V- ug=gq in Qq,

ug-ng =20 on I'y. (2.6)

On the interface I'y, we impose the following interface conditions:

Us " Ng + Ug - Ng =0, (2.7)

ps = 2pms - D(us) - ms = py, (2.8)

—ﬁQns -D(us) - T=us-T, (2.9)
o

where (2.9) is the Beavers-Joseph-Saffman condition [34].

Here, p > 0 is the fluid viscosity, S > 0 is the dynamic viscosity, p > 0 is the density of the
fluid, fs, f4 and gq are in [L2(2s)]2, [L2(24)]? and L?(Qy), respectively, and D is the symmetric
strain tensor defined by

1
D(u) = §(Vu +Vu').

Besides, K is the symmetric positive define tensor, which is uniformly bounded and smooth
in Q4. In (2.9), k =7-K -7, and « is a parameter determined by the experiment.

3. The Weak Galerkin Scheme

In this section, we establish the WG scheme for model problem (2.1)-(2.9). Throughout the
paper, we follow the usual notations for Sobolev spaces W™ P (€2) and norms || - |lyym.» (o). The
space H (div; Q) is defined by
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H(div; Q) = {v:v € [L*(Q))* V- v € L*(Q)}.

Let T, be a polygonal partition of € satisfying shape regularity assumptions described in [37].
Ts.n and Tqp are the restriction of 75 in 5 and Qg, respectively. Denote by T} (I = s,d)
a cell in 7;p and by E; an edge in 7; . For each cell T; € T p,hr, is its diameter, and
h = maxrpeT, hr. Let &, and &1 be the set of all the edges in 75, N (4 UTy) and T, N Ty,
respectively. Elo,h = &5 \ 0N be the set of all interior edges in Ty, Elb,h = &, NI, be the set of
all exterior edges in Tp,.

Let P(T) be the space of all polynomials in 7' with degree no more than k. For a given
integer k > 1, we define the weak Galerkin finite element spaces as follows:

Vi = {vsn = {vs,0, V5 }, V0], € [Pe(TS))?, Ts € Tons
Vspl, € [Pk(Es)]Q, Es €& nUErh, vsp =0o0n Ef,h},
Van = {van = {vao, vas}, Va0l € [Pr(Ta))?, Ta € Tan,
Vd,b|,, = VdpTds Vdb € Py(Eq), Eq € Eqn, vap =0 on Efi’ﬁ},

Vi = {vn = (Vs,n,va,n) € Vs X Van},

W = {ps,h : s € L*(Q), Dspir, € Poe1(Ts), VTs € Ton},

Wan = {pan : Pan € L* (), Panjz, € Po—1(Ta), V1a € Tan}s

Wi = {pn = Ps.n>Pan) € Wsn X Wan; (ps,ns Da, + (Pa,n, Do, =0}

Now we introduce some projection operators. For each cell T}, let Qo be the L? projection
operator onto [Py(T})]?, Qi be the L? projection operator onto [Py_1(7})]**?
the L? projection operator onto Py—1(7;). On each edge Ej, denoted by Q;; the L? projection
operator onto [Py (£;)]?. Combining Q; 0 and @, we define Q; 5, = {Q1.0, Q1.5} the projection
operator onto Vl,h' Then, define Qh = (QS,h;Qd,h)7@h = (@S,h7@d,h) and Th = (ﬂ_s,h;ﬂ_d,h)-
After that, we denote (v, w)r; as [, vwdz and (v, w)or; as [y, vwds.

In the weak Galerkin finite element spaces V},, we define the weak gradient and weak diver-
gence operators as follows.

s and T, h be

Definition 3.1 ([37]). For any vy = {vo,vp} € Vi, on each cell T € Ty, define Vv, and
Vw - Up by

(Vwvn, N1 = —(v0, V- )1 + (o, y0)or, V7 € [P (T)]**2,

(V- vn, @) = —(v0, V)7 + (vp - m, q)or, Vq € Pra(T),

where n is the unit outward normal vector of OT .

Define

D, (u) = (un + unT).

|~

Let up, = (Us,p, Wa,n), Vn = (Vs h,Va,n) € Vi, and pp, = (ps,hyPa,n) € Wi Now we introduce the
following five bilinear forms:
7%}
as(us,hvvs,h) = 2# Z (Dw(us,h); Dw(vs,h))Ts + ﬁ<us,b *T,Ush* T>F15
Tselrs,h

bs(vs,hvps,h) = (ps,hv Vw : 'Us,h)ﬂsa
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ba(va,n, pan) = (Pdhy Ve - Va,h)04

Ss(us,h; Us,h) = Ps Z h;sl <us,0 — Us,b, Us,0 — ’Us,b>8TSa
Tselrs,h

Sd(Wa,n, Va,n) = pd Z hi}«ud,o —Ugp) - Nd, (Va0 — Vap) - Na)aT,,
Ta€Ta,n

where ps and pg can be any positive number. And we define a nonlinear form on Vg,
aa(wan,van) = n(K  uq, va,0)q, + (Bpludoludo, vao)e,-
Let
an(wn,vn) = as(Usn, Vs,n) + aq(Wd,n, van),
bu(Vn, pr) = bs(Vs h,Ds,n) + ba(Va,n, Pa,n),
s(wn, vp) = Ss(Us,h, Vs,n) + Sa(Ud,h, Va,n)-

With these preparations, we introduce the following WG scheme for the problem (2.1)-(2.9).

Algorithm 3.1: Weak Galerkin Algorithm.
Find (up,pr) € Vi x W}, such that

{ah(u}uvh) — bn(vn,pn) + s(un,vn) = (f,v0), Yo, €V, (3.1)

bh(u}uqh) = (!]th)7 VQh S Wha

where (f,v0) = (fs,vs,0)0, + (fd,va,0)0, and (g,qr) = (0, ¢s,n)a, + (94, ga,n)0,-

4. Existence and Uniqueness

In this section, we are concerned with the existence and uniqueness of the WG scheme (3.1).
The key point is to verify the Minty-Browder theorem and the discrete inf-sup condition. First,
we introduce discrete norms in Vj, and Wj,. For any vy, € Vi, pp € Wh, define

Jite’
lonll = <2M > IDw(wen)32r,) + ﬁ”vs’b T2y
Ts€Ts,n

+ps > hptvso —vssllizor) +ra D, hrl(Wao — vas) - nallizory,
Ts€Ts,n Ta€Ta,n

2

_1 2
+ p||K 2Ud,0||Lz(Qd) +5P|\”d,0|\%3(9d) + [V 'Uh|%2(9)> )

N

lorlls = (lonll® = Bellvaolzs,)*
1
lpnlln = (Ilps.nllZz.) + 1Panlliz@,) -

It is easy to know that || - ||; is a norm in the V3, and || - || is a norm in the W. The proof can
be referred to [10, Section 3.1]. Clearly, || - || is a norm in the V4, too.
Next, we give the inf-sup condition.
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Lemma 4.1. There exists a constant o > 0 independent h such that

inf sup by (i, pn)

> 0. (4.1)
Pn€Wn vy evy, [Pallnlvnll

Proof. Follow [7], for any p, € W, there exists v = (0s,vq4) € [H}(Qs)]? % [HE(Q4)]? such
that V - 05 = p, p, and V - vg = pq p, satisfying

Vs 10y + [1Vallmr@q) < Clps,nlla, + Panlol), (4.2)

where C > 0 is a constant only depending 2. By setting v, = Qrv € Vj, we claim that

lQnll < C(I1sll (0. + 10all () - (4.3)

In fact, from Lemma A.1, we have

Y IDw(@sp®)lZam) < C Y IValQsn®s)lZar,)

Ts€Ts,n Ts€Ts,n

=C Y 1Qua(VE)ieery < CIVTlIT2g,,  (44)
Ts€Ta,n

and

IV - (Qu0) 720y < 71 (V - 0)[[72(0) < IV - 01720
< ||V’~’||%2(QS) + ||V1~;||%2(Qd)' (4.5)

Using Lemma A.5, we obtain

1Qs 405 - Tl|F2r,) < C Z 1Qs 505|172,y < C Z 106172 (5,
E.e&rn E.€&rn

< C|I9s)17200.) < CllTs|1F o,y (4.6)

According to the trace inequality (A.3), the projection inequality (A.5) and (A.6), it follows
that

Ps Z hilHQs,O'T’s - Qs,bESH%Q(aTS) <C Z hilHQs,Oﬁs - 5SH%Z(GTS)

TsETs,h Tselrs,h
< Ol ). (4.7)
Similarly,
pa Y hpHl(Qa.oVa — Qup®a) - nallizor,) < CllTallii ay)- (4.8)
Ta€Ta,n

From Lemma A.5 and the projection inequality (A.5), we have

_1 ~ 12 ~ ~
HK ZQd7OvdHL2(Qd) < CHvdH%?(Qd) < CllvdH%{l(Qd)’ (4'9)

1Qa,00al1 7300,y < C(1Qa,00a — allFr1 () + 10allin ) < CllallF - (4.10)
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Thus combining (4.4)-(4.10), we can conclude that

1% -
lQn3l* =2 > [1Duw(Qun®o)lzacr, ﬁ”@s,bvs'T“%%FI)

Ts€Ts,n

+ ps Z hilHQS,Oas - QS,bT’SH%Z(BTs)

Ts€Ts,n

+pa Y, hpll(QaoBa — Qup®a) - nalliz(or,)
Ta€Ta,n

+ MHKiEQd,OT’d”QN(Qd) + ﬂPHQd,O1~7d||2L3(Qd) + [V - (QhT’)H%z(Q)
~ ~ - - 2
< C(10sl1F 0.y + 1all7r 00)) < CUIDs M. + 110all 1) ™

It follows from (A.2) and the definition of 7, p, 7an that

bn(Vh, pr) = (Ps,hy Vo - Vs,p)a, + (Pd,hy Vo - Va,h)oy

= (Ps,h> Vo - (Qs,10s)) ¢, Lt (Pd,hs Vo - (Qd,hﬁd))gd
= (ps,n, w0 (V- vs))Q + (pa,h, Ta,n (V- Ed))Qd
= (ps,hs V- Vs), + (Pd,n, V - Va)ay,- (4.11)

Consequently, from (4.11), (4.3) and (4.2), we obtain

by (vn, pn) S (Ps,ns V- 0s)a, + (Da,n, V- Va)a,
[pallallonll = Clipalla (Vs 0.y + [1Vallrr@q))
(Ps,n, Ps,n)e2. + (Dd,hs Pa,n)oy
Cllps,nlle, + llpanle.)?

1
> —.
ol 2 =20

The proof is complete. O

Finally, in order to illustrate the existence and uniqueness of the nonlinear system (3.1), we
need to verify the following theorem.

Lemma 4.2 (Minty-Browder Theorem, [12]). Let V' be a real separable reflexive Banach

space. Denote a norm in V as || - ||lv, and (-,-)v is the duality between (V)* and V. Let
AV — V™ satisfy the following conditions:

(i) The operator A is coercive:

(A(v),v)v

im = 0.
veV,||v||lv —oo HUHV

(i) A is hemi-continuous: For u,v € V and t € R,t — (A(u + tv),v)y is a continuous
mapping from R to R.

(iii) A is a strictly monotone operator:

(A(u) — A(v),u —v)y >0, uw,veV, u#w.
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Then A is a bijection, i.e. given any F € V*, there exists u such that
ueV and A(u)=F.
Lemma 4.3. The Weak Galerkin Algorithm 3.1 has a unique solution.

Proof. Since V}, is a real finite dimension Banach space, V}, is separable and reflexive. It is
easy to see that there exists a mapping A : V3, — (V4,)*, a functional F' € (V},)* such that

(A(un),vn)v, = an(un, vi) + s(un, vn),
(F, Uh>Vh = (f,v0), Yv, €V

Here (V3,)* denotes the dual space of V.
Let

K(g) = {un € Vi, bu(un,pr) = (9,pn), Vou € Wi}

We claim that if v;, € K(0), then V,,-v;, = 0. In fact, by the definition of V}, and Definition 3.1,
we know that for any vy, € Vp,,

(Vw  Vsn, Do, + (V- van, 1)a, = (Vs - s, L)oo, + (Vap - 14, 1)an,
= (Vsp - Ms + Vg p - Mg, L)r, =0,

which means V,, - vy, € Wy. Take pp, = V,, - vp, thus by (vp, pr) = (Vi - Oh, Vi - v5) = 0, the
assertion holds. Therefore, we see that the WG scheme (3.1) can be written as in the following
way, find u;, € K(g) such that

(A(uh),vh)vh = <F, 'Uh>Vh; Yoy, € K(O) (4.12)

There exists a mapping B, such that for u;, € K(g), Buy = ¢g. From [42, Lemma 3.5] and
the inf-sup condition (4.1), there exists a function u) € K(g)/ker(B) such that |Jul] < |g]l/e-
Consequently, it is clear that the scheme (4.12) is equivalent to the following scheme: Find
4, = up —uY € K(0) such that

(A(@n +up), o)y, = (Fyon)v,, Yo, € K(0). (4.13)

The scheme (4.13) can be written as the operator equation A(@y +uY) = F for 4), € K(0).
According to Lemma 4.2, we need to show that for fixed u) € Vj,, and Vay, v, € K(0),

i) The mapping @, — A(u) + 4y, is coercive
h

(A(uf +an), ﬁh>vh

— = 00. 4.14
llnll—oo llenl 1y
(ii) The mapping A is hemi-continuous in Vj,: The mapping

t = (A(uh +an +ton), vn ), (4.15)

is continuous from R to R.
iii) The mapping @, — A(u? + 4p) is monotone
(iif) pping 0

<A(’fth + u%) — A(’Uh + u%),ﬂh — vh>Vh >0, ap F# vp. (4.16)
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Next, we divide our proof into three steps. First, we verify the coercivity of A. Let u)) +@y, = u,
according to the definition of || - || and Holder inequality, it follows that

(A(up +ah)’ah>vh
= ap (ﬂh,ﬂh — u%) + S(ﬁh,ﬂh — u%) = ah(ﬂh,ﬁh) + S(ﬁh,ﬂh) —ap (H}L,’U,g) — S(H}L,’U,g)

276 — 11— —
> 2p Z [ Do (s, HLZ(T )y T \/EHUs,b : TH%Z(FI) + Z hT:”us,O - us,bH%Z(BTS)
TsE€Ts,n Ty 67—3h

+ Z TdH Ud0 = Wd,p) "dHLZaTd)‘f'MHK 2Uq0
Ta€Ta,n

1 1
2 2
—zu( > |Dw<as,h>uiz<m) ( 5 HDw<u2,h>Hiz<Ts>)

Ts€Ts,n Ts€Ts,n

L2(Qd) + Bpllud 0||L3(Qd)

2

po 3
\/—(Husb THLZ(FI) 2(”““} THLZ(FI))

1

E 2

1 — _ _ 2

—( 5 hT:|us,o—us,b||iz<aTs>) ( > hT:Hug,o—ug,,,up(am)
Ts€Ts,n Ts€Ts,n

1

2

( > h;;um,om,bmdn;(m)) ( > h;;wug,oug,b»ndu;(w)

Ta€Ta,n Ta€Ta,n

— p|| K~ udOHL2(Qd)HK “d0HL2szd ~ Bpllaa,

)

+ Vo Bl 22y = Ve - Bnll 20 | Ve - 6] 1
IS
Bpllug ol 23

}mﬂh -1l

> min (1, [l s 1 P - max {1
where we have used the fact that
IV @l 120) < (Voo - ]| 2y + 1V - @nlln20) = |V - u ]| o

Since u) is fixed, the factor

{1 ! }m o)
—max< 1, ——— | u;
BpllugollLs o)

is nonnegative for ||uy| large enough. In this case, when ||@| — oo, (4.14) holds, which
completes the proof of the coercivity.
Next, we prove the hemi-continuity of A. Let

u% + ap + tvy = wp, u% + @y + tovy, = w%.
By the definition of || - || and the Hélder inequality, we have

as(wn, vp) + s(wp, o) — as(w), vr) — s(wy, vp)

= as(wy, — wy,vp) + s(wy, — w),vp)

S (P oL XCRERII

Ts€Ts,n

N

< Z ||Dw(”s,h)|%2(TS)>

Ts€Ts,n
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1 1
2 2
+< s Z h H wsO w wsb w HL2 8T> (ps Z h;ijs,O _vs,b|%2(aTS)>
Ts€Tsn Ts€Ts,n
2
+ < Z th H Wq,0 — Wy 0) (wap — w37b)) ‘ "dH;(aTd))
Ta€Ta,n
2
< h, |(va0 — vap) - nd|%2(6Td)>
Ta€Ta,n
1 3
0 (Iwas = wla) 7 l7aey)) " (Hons -l
< Cllwn —wpl| lwnll < Clwn —wh|| - flonll- (4.17)

From the proof of [27, Lemma 3.16] and Holder inequality, we have
[Bp(Iwaolwao = |wio|wdo, vao)q, |

<60 [ |wan —wol(waol + || loaolds
Qq

< ﬂp”wd,o - wg,OHLin(Qd) (de,OHLW(Qd) + ng,OHLPQ(Qd)) ”Ud,O”LPs(Qd)
< Bp||wao - wSﬁHLPl(Qd) (deﬁ - w3,0”m((zd) + Qng,OHLPZ(Qd)) [vaollLes .- (4.18)

where p; > 1,1 = 1,2, 3, satisfying 1/p1 + 1/p2 + 1/ps = 1. Let p1 = 2,p2 = 6,p3 = 3. We
obtain
ad(wh,vh) — ad(wg,vh)
= H(Kﬁl(wd,o - wg,o)v”dﬁ)gd + (Bplwa,olwao — |wg olwg Ud»O)Qd

< | B2 (a0 = who)l| 2o, 1B 0a0]l 2
+Bp||wao — wS,OHm(szd) (de,o - w?l,OHLﬁ(szd) + QHwSLOHLG(Qd)) [va,ollzs ()

< Clfuao — ol onb(1+ fwao — woll ooy + 20l ) (4.19)

Hence, when t — tg, according to the continuity of the norm | - ||, (4.17) and (4.19), we have

lim ((A(uf,+ @+ ton), on)y, — (A(uf + @+ tovn) o)., )

t—to

= tlgxtlo (an(wp,vp) + s(wp, vp) — ap (wh, vy) — s(wj, vy)) = 0.

Therefore, the mapping (4.15) is continuous for ¢ € R. Furthermore, A is a hemi-continuous
operator.
Finally, we prove the (4.16). Obviously, h(x) = |z|x is increasing in R?, then it follows that
<A(’ilh + u%) — A(’Uh + u%),ﬁh - vh>Vh
= as(@n — vp, Up — vp) + (U — V4, Ap — vp)
+ (K (a0 — va,0), @a,0 — va,0) Y

+ (Bo(|Ba,0]Ba,0 — |va,0lva0), Gao — vd,o)Qd > 0.
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Let us assume that
<A (’th + ’U/%) —A (’Uh + ’U,;g) ,Up — vh>Vh =0.

It is easy to see that | @, — vp| = 0 and @, — v, = 0 on 9. This implies that @y — vy, = 0,
which is contradict to @) # wvp,. Thus we conclude that A is a strictly monotone operator.
According to Lemma 4.2, it follows that the scheme (4.13) has a unique solution. We complete
the proof. O

5. Error Analysis

In this section, we derive the error equation and the order of convergence for Weak Galerkin
Algorithm 3.1.
5.1. Error equation

Let the exact solution u = (us, uq),p = (ps,pa) for (2.1)-(2.9). up = {uwo, up} and py be
the weak Galerkin finite element solution arising from (3.1). Define the error functions by

en = Qnu —up = {Qou — ug, Qpu — Up}, Ep = THD — Dh. (5.1)

Lemma 5.1 ([26]). For any ws € H'(Q),p € HY () (I = s,d) and vy, = (vsp,van) € Vi
It follows that

(Vw (Qs,hws)y vas,h)Qs = (V’LUS, VUS,O)QS - Z <Us,0 — Us,by (Qs,hvws) : ns>6T5;
Ts€Ts,n

(Vo - vinmap)e, = (Vv pa, — Y (010 = s, (Tmpn) - ma)or.
Ti€Ti,n

With the help of the above lemma, we now present the following error equations.

Lemma 5.2. Let ey, and ey, be the error defined in (5.1). Then, for any v, € Vi, and qn, € W,

we have
as(en,vn) + aa(Qnu, vi) — aa(wn, vi) + s(€n, v1) — bp(vn, en)
= Yup(vn) + s(Qnu,vn) + Ku(vn) + lr(vn), (5.2)
bh(eh7 Qh) = 07 (53)
where

tpu,p(,vh) = 2M Z <(D(us) - @s,hD(us)) ‘Mg, Vs,0 — vs’b>8T5
Ts€Ta,n

+ Z <(ps - 7rs,fz?js)'n'&'vs,o - v57b>6Ts
Tselrs,h

+ > {(pd — TanPa)Na; Va0 — Vap)or,,
Ta€Ta,n

Ku(vn) = p(K~HQa0ta — uq), vd,O)Qd + Bp(|Qa,0ud|Qa 0w — [wd|wa, va,0)a,,

lr(vp) = M_\/%«Qs,bus —Us) T,V T)T; -
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Proof. First, testing (2.1) by wvs,o of vy, = {vs,0,Vs b}, {Vd,0,vap}) € Vi, we arrive at

(fsavs,O):72M Z V Dus US,O)TS+ Z (Vp57vs,0)Ts

Ts€Ts,n Ts€Ts,n
= _2M Z us ‘N, Vs O>6T + 2M Z )a V'US,O)TS
Ts€Ts,n Ts€Ts,n
+ Z <psns; vs,O)BTS - Z (ps, v . vs,O)TS
TsE€Ts,n Ts€Ts,n
= -2 Z uS ‘Mg, Vg0 — Vs b>8T —2u Z ) : ns,vs,b>6Ts
Ts E’TS h Ts 67—5 h
+ 2,U/ Z V'Ué O) + Z <psnsa Vs,0 — vs,b>6Ts
Ts€Ts,n Ts€Ts,n
=+ Z (psms, vsp)or, — Z (s, V - vs,0)1, - (5.4)
Tselrs,h TsETs,h

According to Lemma 5.1, we obtain

- 2M Z us ‘Mg, Vs,0 — Vs b>6T + 2# Z )7 VWUS,O)TS
Ts 67—3 h Ts 67—5
= _2M Z @s hD(us)) ‘N, Vs, 0 — vS7b>8TS
Ts€Ts,n
- 2# Z @s hD us)) ‘N, Vs, 0 — vs,b>aTS + 2M Z (D(us)7 VUS,O)TS
TsE€Ts,n Ts€Ts,n
= _2M Z @s hD(us)) ‘N, Vs, 0 — vS7b>8TS
Ts€Ts,n
+ 2M Z Qs hus) Dw('vs,h))TSa (55)
Ts€Ts,n
Z <psns, Vs,0 — 'Us,b>8TS - Z (ps, Y vs,O)Ts
TsE€Ts,n TsE€Ts,n

= Z <(ps - Ws,hps)nsa’vs,O - vs,b)BTS + Z <(7Ts,hps)ns; Vs,0 — vs,b>6Ts

Ts€Ts,n Ts€Ts,n
- Z (p57 V- US,O)TS
Ts€Ts,n
= Z <(ps - 7Ts,hps)’nsv Vs,0 — Us,b>6T5 - Z (Ws,hps; vw : vs,h)Ts- (56)
Tse7’s,h Tselrs,h

Due to the Egs. (2.8) and (2.9), we have

*QM Z us ns;”sb>8T + Z psnmvsb>6T

Ts€Ts,n Ts€Ts,n
= *2M Z ‘N, Vs, b>E + Z <psn5;vs,b>Es
Eq Eg]h Eq GSIh
= _2M Z *Ms, Vs, * ns Fq 2,“/ Z *T,Usb 'T>Es

Ee&h EGS{h
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Y (e e+ Y (e Tova TR,
Es€&rn E.€&rn

Lo
s, iy Us, s
> (pavsp ns)E. + > (w00 e

K
E.€&rn \/_ Es€&rn

Z <pdavs b ns>E + % Z <(u5 - Qs,bus) *T,VUsh - T>Es

E.€&rn E.€&n

+ % Z (Qspts) - T Vs - T)E,» (5.7)

E.e&rn

where we have used the fact that
Z <D(us) : nSa”&b)Es =0, Z <psns; 'Us,b>Es =0.
E.€€9 ,Uet , Es€€) Ve,

Substituting (5.5)-(5.7) into (5.4) we get

(.f57v50 —2u Z - Qs hD(us>) ‘Mg, Vs,0 *’Us,b>6Ts
TsETs h
+ 2M Z Qé hus) Dw(”s,h))TS
Ts€Ts,n
+ Z <(ps - Ws,hps)nst,O - 'Us,b>6TS
TSETs,h
- Z (Ws,hp& Vw : Us,h)TS + Z <pd; Vsh * ’ns>E'S
Ts€Ts,n Es€€rn
(0%
+ MT > (s = Qeptis) - T, vy T)E,
K Eg 651 h
Z Qs bus *T,Ush* T)Es
E 651 h

= as(Qs hlUs, Us h) - b (vs,hv 7Thps)

- 2M Z @é hD(us)) *MNs, Vs, 0 — vS7b>6T5
Ts€Ts.n
+ D (ps = TP Vs 0 — Vsp)or. + D (P Vs M),
Ts€Tsn Es€&rn
o
+ ﬁ Z <(us - Qs,bus) cT,Ush - T>ES- (58)
Es€€rn

Next, testing the nonlinear boundary condition (2.4) by vg4,0, we have

(fa,va,0) = p Z (K_lud,vdp)Td—i—ﬁp Z (|Jug|ua, va,0)r, + Z (Vpa,va,0),

Ta€Ta,n Ta€Ta,n Ta€Ta,n
=p Z H(Qa,0ua), va,0) 7, + 1 Z Hug — Qaoua), vao)
Ta€Ta,n Ta€Ta,n

+8p > (1QaowdQaotia,vao)r,+Bp D (|taltta—|Qa0ta|Qa0ta, vao)r,

Ta€Ta,n Ta€Ta,n

+ Y (pana,vao—vas)or,+ Y (Pana,vap)or,— Y (Pa,V - vao)r,. (5.9)

Ta€Ta,n Ta€Ta,n Ta€Ta,n
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From Lemma 5.1, we obtain

> (pana,vao — vas)or, — Y (pa,V - vao)T,

Ta€Ta,n Ta€Ta,n

> (pa — Tappa)navao — vasdor, + > ((Tanpa)na, Va0 — vas)or,

Ta€Ta,n Ta€Ta,n
- Z (pa, V - va0)1,
Ta€Ta,n
= Y A(pa—mappa)na, vao — vap)ors — Y (Tanpas Ve - V)T, (5.10)
Ta€Ts,n Ta€Ta,n

According to the fact

Z (pand, vap)E, =0,

Eg4 GSg’hUgg,h

it is clear that

Z (pand, Vap)or, = Z (Pd, Va,p - Ma)E,- (5.11)
Ta€Ta,n E.e&rn
Substituting (5.10) and (5.11) into (5.9), we have
(fovao) =pn Y (K ' (Qaoua),vao)y, +1 Y (K '(wg—Qaoua),vao)y,
Td€7-d h Td€7-d h
+8p Y (1QaowdQaota, vao)r,+8p Y ([talta — |Qa0%alQaotha, vao),
Ta€Ta,n Ta€Ta,n
+ > A(pa = Tanpa)na, Va0 — vap)or, — Y (Tanpa, Ve - Van)T,
Ta€Ts,n Ta€Ta,n
+ Y (P4 vap-na)e,

E.€&rn

= aq(Qn,dUd, Va,n) — ba(Va,nTa,npa) + Z (P, Vab - Ma) B,

Es€&rn
+p Z Hua — Qaoua), ”d,O)Td‘f’ﬁP Z (Jualug—|Qa0ua|Qaotd, va,0)T,
Td€7-d h Td€7-d,h
+ > {(Pa — Tanpa)Td; Va0 — Vap)or,- (5.12)

Ta€Ts,n

Combining (5.4), (5.12), and (2.7), we obtain

(f,v0) = an(Qne, o) = ba(vn, mp) =21 Y (D) = QunD(wy)) - Mg, 050 = Vsp)

Ts€Ts,n
+ Y {(ps = T nPs)Ts, V0 — Vs p)om, + = \/— D (s = Qupuss) - T, vsp - T,
TsE€Ts,n E.e&rn
Y (K (wa—Qaowa), vao) 480 Y (|waltia — |QaowalQaowa; vao)T,
Ta€Ta,n Ta€Ta,n

+ > {(pa — Tanpa)na, Va0 — Vap)or,
Ta€Ts,n

= an(Qnu, v1) — bn(Vh, Thp) — Pu,p(Vh) — Ku(vn) — lr(va). (5.13)
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Subtracting (5.13) from (3.1) and adding s(Qnu, vy) to both sides, we yield the following error
equation:

as(en,vn) + aqg(Qru, vi) — aq(un, vy) + s(en, vn) — bu(va, en)
= Qup(vn) + 5(Qnu,vp) + Ku(vn) + lr(vn).

Finally, testing (2.2) by ¢s.» and testing (2.5) by qan, ¢n = (¢s.hsd,n) € Wh. Then, it
follows from Lemma A.1 that

(9:an) = (V- u,qn) = (70 (V- w),qn) = (Vu - Qe qi)- (5.14)
From the WG scheme (3.1) we know
(V- un,qn) = (9, qn). (5.15)
Combining (5.14) and (5.15), it leads to
bu(en, qn) = (Vu - (Qnu — un), qn) = 0.

This completes the proof of the lemma. ]

5.2. Error estimate

Next, we derive the order of convergence for the WG approximation in || - ||; for ep and in
I - | for ep. It has been proved in [19, Lemma 1] that

(Ja|Ya — b]"b)(a — b) > |a —b|"?, Va,beR* ~>0.
It is straightforward to show that
(|ala—[blb) - (@ —b) > |a—b]®, Va,be [L*(Qa)]". (5.16)
Let vy, = ey, therefore by (en,en) = 0. According to (5.16), it follows that

Bp Z (|Qa,0ud|Qa,0ud — [uwa|ta, €a,0)r,

Ta€Ta,n

>Bp > Qaotd — wanlisr,
Ta€Ta,n

= pp Z (leaoled,o0: €qa0)r,-
Ta€Ta,n

Thus we conclude that

as(en, en) + aa(Qnu, en) — aa(un, en) + s(en, en) — bn(en, en)
1300 (5.17)

Lemma 5.3. Assume that Ty, is shape-reqular. Foru = (us, uq) € [H*T1(Q,)]2 x [H*1(Q4)]?,
p= (ps,pa) € H*(Qs) x H*(Q4) and vy, = ({vs,0,Vsp}, {Va.0,Vap}) € Vi, it follows that

> ap(en, en) + s(en, en) = len]|T + lleaol

|up(vn)] < CRF (sl arsia,) + sl ) + Ipdll s @u) loall, (5.18)
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s(Qnu, vn)| < CR* (lus| e (ay) + l1wall e y)) ol (5.19)
|Ku(vn)] < Cthrl(Hud”Hk“(Qd) + H“d||§1k+1(9d))|||”h|||a (5.20)
r(vn)] < CRFwg|| s oy lonlla, (5.21)
where
(Pu,p('vh) =2pu Z <(D(us) - Qs,hD(us)) ‘Mg, Vs,0 — vs’b>6T5
Ts€Ts,n
+ > ((ps — TenpIMs, V0 — vap)or, + Y ((Pa — TanPa)a, Va0 — Vab)or,,
Ts€Ts,n Ta€Ta,n
Ku(vn) = p(K~H(Qa0uq — wq), vd,o)Qd + Bp(|Qa,0ua|Qa,0ud — [wa|td, va0)a,,

I1(vp) = %«Qs,bus — )T, U T

Proof. First, we estimate ¢y, ,(vp). According to Lemmas A.2 and A.4, it follows that

2p Z <(D(u5> - QS,hD(uS)) ‘M, Vs0 — 'Us,b>6TS

Tselrs,h

N
N

§C< > hTsHD(US)_Qs,hD(us)H%Q(aTs))

Ts€Ts,n

< > hi'”sﬂ—”s,bli%aﬂ))
Ts€Ts,n

2
< c< Z hr, (hz IVus — Qon V|72 (7, + b, Vs — @S,Nusﬁp(m))

Ts€Ts,n

1
2
X ( E hT51||Us,0”s,b||2L2(aTs)>

Ts€Ts,n

< Ch¥|lus| e o) llonlls,

and
Z <(ps - 7'rs,hps)""fsa Vs, 0 — 'Us,b>6Ts
Ts€Ta,n
1 1
2 2
< C( Z hr,|lps — Ws,hps|%2(6Ts)> ( Z hilH”s,O - ”s,bHQL?(aTs))
Ts€7—s,h Ts€7—s,h
< Ch¥||ps|l mrx 2, 1ol -
Similarly,

> (pa = manpa)na vao — vas)or,| < CR¥||pall mr (o, lonlh-

Ta€Ta,n

Thus we arrive at the conclusion that

|up(vn)] < cn” (H"-"SHH’““(QS) + |psll a0,y + HPdHHk(szd)) lonll:-

Next, we estimate s(Qpru,vp). According to Lemmas A.2 and A.4, it is easy to see that

—1
Ps Z hTS <Qs,0us - Qs,bus; Vs,0 — vs,b>6Ts
Ts€Tan
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1 1
2 2
< C( > byl Qsous — Qs,bUSH%Q(aTs)) (/)s > gt - ”s,b|%2(aTS)>

Ts€Ts,n Ts€Ts,n

=

_ 2
< C’( Z th ([1Qs,0ws — wsllL2(om,) + |Qsptts — sl L2(01,)) ) lonll

Ts€Ta,n

s20< > hT:||Qs,ousus|%z<aTs>> [onllx

Tselrs,h

1
sw( > hy! (hT:||Qs,ous—us|i2<Ts>+hn|v<Qs,ous—us>|%2<Ts>)> ol

Tselrs,h
< 2Ch*||ug)

HF+1(Qy) ’Uh|||1.

Similarly,

pa Y P (Qaota — Qaptta) - na, (vap — vap) - maors| < ChFuall grss ) llvnl.

Ta€Ta,n

Consequently, we infer that
|s(Qnu, vy)| < CRHF (||uSHH’V+1(QS) =+ ||udHHk+1(Qd)) llonll-
Another step in the proof is to estimate ICp(vy,). By Lemma A.4, it follows that

| (K~ (Qaoua — uq), Ud,o)Qd! < Cl|Qa,oua — ual r2(y) HKﬁ%Ud,OHLz(szd)

2
=C< > |Qd,0"-’/d_ud|%2(Td)> lonlly

Ta€Ta,n

< CR* g grsr o) llonllh- (5.22)
From the (4.18), if p1 = 2,p2 = 6,p3 = 3, using Lemmas A.4 and A.5, we obtain
1B0(1Qa,0walQa,0ta — |wata, va0)a,|
< BplQaova — wall 120y (1Qa.0wdllLe ) + [[wallLo.)) Va0l s u)

< CHF lual e 0) (1Qa.0ta — all s ) + 2laall i ny) lonll
< Chk-i_lHUd”?qwl(Qd)|||'Uh|||'

Thus, (5.20) holds, and the following equation also holds:
|8(|Qa,0ualQaowa — |walwa, va0)o,| < CP|wal s g, lvaoll s u) - (5.23)
Finally, we estimate (5.21). From Lemma A 4, it follows that

11 (vn)| = ”—jg«cys,bus —wy) T,V T

< ONQspus — usl L2 lvspll L2
< CR™ ||| i o) llon -
This completes the proof of Lemma 5.3. |

Now we are ready to estimate the error ||es|1,[|eq,ollL3(0,) and |[en]|n-
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Theorem 5.1. Let up, € Vi, and pp, € Wy, be the solution of (3.1). Assume that the exact
solution w € [HFTL(Q)2x [HFT1(Q4)]? and p € HF () x H*(Q4). Then there exists a constant
C such that

lenll? + lleaolldso,) < CR™ ™34 5} (fug |2 q. ) + l1tdll 3 o) + l1uallde g,
+ 1psllz o) + IPall 7 oy)) -
lenlln < CR™ESECD (gl g,y + ttall s ) + a3 o)
+Ipsll ax0.) + ||pd||Hk(Szd))-

Proof. According to Lemma 5.3, (5.22), (5.23), and Lemma A.6, we have

C
loup(en)l < eCllenll; + 4—6h2k(||us||§{k+1(ﬂs) + s e ) + 1Pallze o))
C
|s(Qnu, en)| < eCllen|; + Ehzk(ﬂus”%lm(ns) + lwall Fnsi0y)s
C 2C

k 3f43
[Kulen)l < eC(llenll + lleaolzs,) + T h* 2wl fp o+ 7=h = 2 uall g o,):

4e 3v/3¢

C
ll1(en)| < eCllenlf? + Eh2k+2||u5|ﬁ{k“(l‘z)'
Consequently, from Lemma 5.2 and (5.17),
min 3 3
lenll + ||ed,0||3Ls(Qd) <Ch {2k’2k+2}(||us||§1k+1(95) + ||“d||§1k+1(9d) + ||ud||§1k+1(nd)
+ ||ps||12r{k(szs) + ||pd||12r{k(fzd))-

Next, to estimate ||¢||p, we have from Lemma 5.2 that

|bn(vn,en)| = |as(en, vn) + aa(Qnu, vi) — aq(wn, vi) + s(en, vn)
— (Pup(vn) + $(Qru, vi) + Kulvn) + 11(va))]
According to (4.18) and Lemma A.7, if p; = 2,ps = 6, p3 = 3, then
laa(Qnw, vp) — aa(un, vn)|
< [u(K(Qa0ta — wa,0), vd,O)Qd‘ + |8p(|Qa,0ua|Qa0ua — |ua,0lta,0,va,0)0,]

< Cllenllllvnll + CllQa.0ua — wallr2(0,) (1Qao0tal Lo, + uaoll o) lvaoll e,
< Cllenllllvnll + Cllenll: (21Qa.0udl oo, + leaollzsa) Ivnl

_2
< Cllenlillonll + Clienlh (2||ud||m+1<nd) +hy) lled,ollm(nd)) llonl

_2
< Cllenllsllonll + Clienll (2||Ud||m+1(nd> +hTs |||6h|||1) llonll- (5.24)
Using the Eqgs. (4.17), (5.24) and Lemma 5.3, we arrive at

_2
lbu (o, en)] < C(1+ 2uall o,y + 5 lealh ) lenllilonl
=+ Chk(HUsHHHl(QS) + [Jwal gri,) + ||Ud||§1k+1(9d)

+ 1psll e 0,) + ||Pd||Hk(Qd))|||”h|||-
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Combining the above estimate with the inf-sup condition (4.1) gives

br (v, phr) in{k,3k+3
||5h||h < W;lm < Chmm{k’4k+4}(||u8||Hk+1(Qs) + ||Ud||Hk+1(Qd) + ||ud||%{k+1(ﬂd)

+ 1psllr ) + 1Pl mx0u))

which completes the proof of Theorem 5.1. g

6. Numerical Experiments

In this section, we present two numerical results to demonstrate the proposed theoretical
results. We explore the phenomenon of convergence-order reduction in different norms. We
note that all experiments are tested for £ = 1 on triangle meshes. The Picard iteration is used
to solve the nonlinear system, and the iteration error is set to be 1078.

Example 6.1. In this example, we consider the problem (2.1)-(2.2) on Qs = (0,7) x (0, 1),
Qg = (0,7) x (—1,0) and the interface be I't = {0 < & < 7,y = 0}. We set K to be the identity
tensor in R?*2 ;= 3 = p = 1. The exact solution u = (us,uq),p = (ps,pa) are set to be

u, = %sin(ﬂ'y) cos(my) cos(z); ((@)2 — 2) sin(x):| ., ps = sin(z)sin(y),

ug = —[(e¥ — e Y)cos(z); (e¥+ e Y)sin(z)], pa = (¥ — e Y)sin(x).

Let the first component of u is u; and the second component of w is us. From the error
analysis in Theorem 5.1, we expect [les ||y & O(h'), |leqol 30, & O(h?/3) and |epl|ln = O(hY).
We do not have a theoretical error estimate for |lesollz2(q,) and [l€qolz2(q,), but we expect
lesollLz.y = O(h?) and |leqol L2, =~ O(h?). The result is shown in Figs. 6.1-6.4 and
Table 6.1, where “Iter” represents the number of nonlinear iteration steps. For the sake of
brevity in tables, we drop the subscript L? and (I = s, d) without affecting understanding. In
Fig. 6.4, we conveniently denote the norms |lexl|1,[[eollz2(q), llenlln [lesollz2(a.)s [ledoll L2,
lles,nllz2(q,) and [leanl 2o, by “Hl-tri”, “L2u”, “L2p”, “L2us”, “L2ud”, “L2ps” and “L2pd”,
respectively.

We can see that |len |1 ~ O(h') and ||ep ||, = O(h'), which are consistent with our theoretical
results. However, we note that the order of ||eanllz2(0,) and |leqollz3(0,) are approximately
equal to O(h?), which are higher than O(h'). The [les o r2(q,) and [leqol|12(a,) also consistent

with our expectation.

05

:
- 0.5

0. 4
) -1.5

- H i '

: o 0.5 1 1.5 2 25 3

Fig. 6.1. u; of Example 6.1. Fig. 6.2. us of Example 6.1. Fig. 6.3. p of Example 6.1.
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Fig. 6.4. Convergence rates of Example 6.1.
Table 6.1: The errors and the orders of convergence for Example 6.1.
h Iter llerll Order lleol| Order llerlln Order |leq, 0|z Order
4.121e-1 11  1.746e+40 1.053e-1 2.087e-1 5.292e-2
2.061le-1 10 8.579%-1 1.025 2.771e-2  1.926 8.683e-2 1.265 1.380e-2  1.939
1.030e-1 9 4.290e-1  0.998 7.03%9e-3 1.977 3.661le-2 1.246  3.337e-3  2.048
5.151e-2 9 2.142e-1 1.002 1.767e-3 1.994 1.683e-2 1.121  8.287e-4  2.010
2.576e-2 8 1.069e-1 1.003 4.422e-4 1.999 8.181e-3 1.041 2.081e-4  1.993
h Tter lles,oll Order  |leq,0l] Order |lesn]]  Order llea,nl| Order
4.121e-1 11 2.162e-2 6.071e-2 1.144e-1 4.902e-2
2.061le-1 10 5.598e-3  1.949 1.586e-2 1.937 3.822e-2 1.581 1.274e-2  1.944
1.030e-1 9 1.421e-3  1.978 4.009¢-3 1.984 1.333e-2  1.520 3.224e-3  1.983
5.151e-2 9 3.573e-4 1992 1.005e-3 1.997 5.191e-3 1.360  8.088e-4  1.994
2.576e-2 8 8.947e-5 1.998 2.512e-4 1.999 2.246e-3 1.209 2.024e-4  1.999

Example 6.2. In this example, we consider (2.1)-(2.2) on Q, = (0,1)x(1,2),84 = (0,1)x(0,1)
and the interface be I't = {0 < 2 < 1,y = 1}. We also set K to be the identity tensor in R?*2,

w=p=p=1. The exact solution u = (us, uq),p = (ps, pa) are set to be

u; = [— cos(mz) sin(my); sin(wx) cos(my)],

ug = —[m(y — 1) cos(mz); sin(mz)],

The results are shown in Figs. 6.5-6.8 and Table 6.2. Same as Example 6.1, there is a good

ps = sin(mwz);

pa = ysin(rz).

agreement between the theoretical results and the numerical results. What is more, |eq,x[/22(q,)
and [|eq,0l/3(q,) seem higher than theoretical results.

Fig. 6.5. u1 of Example 6.2.

Fig. 6.6. uz of Example 6.2.
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Fig. 6.7. p of Example 6.2.
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Fig. 6.8. Convergence rates of Example 6.2.
Table 6.2: The errors and the orders of convergence for Example 6.2.

h Iter llerllx Order lleol| Order llen!ln Order |leq,ol|z3  Order
1.768e-1 11 1.096e+0 6.445e-2 1.303e-1 4.902e-2
8.839e-2 10 5.362e-1 1.031 1.682e-2 1.938 4.180e-2  1.640 1.274e-2 1.944
4.419e-2 10 2.745e-1 0.966  4.253e-3 1983 1.406e-2  1.572  3.224e-3 1.983
2.210e-2 8 1.356e-1 1.017 1.066e-3 1.996 5.318e-3 1.402  8.088e-4 1.995
1.105e-2 7 6.882e-2 0.979  2.667e-4 1.999 2.265e-3 1.231 2.024e-4 1.999

h Iter lles,oll Order  |leq,ol| Order |legnl] Order llea,nl| Order
1.768e-1 11 2.162e-2 6.071e-2 1.144e-1 6.240e-2
8.839e-2 10 5.598e-3 1.949 1.586e-2 1.937 3.822e-2  1.581 1.962¢-2 1.883
4.419e-2 10 1.421e-3 1.978  4.009e-3 1.984 1.333e-2 1.520  4.469e-3 1.921
2.210e-2 8 3.573e-4 1.992  1.005e-3 1.997 5.191e-3  1.360 1.153e-3 1.955
1.105e-2 7 8.947e-5  1.998 2.512e-4  1.999  2.246e-3 1.209  2.930e-4  1.976

7. Conclusion

We have applied the WG method to solve the coupled Stokes and Darcy-Forchheimer model.
We established the WG scheme and proved the existence and uniqueness of the scheme by
the discrete inf-sup condition and Minty-Browder theorem. When the exact solution u €
HR1(Q)]?2 x [H*1(Q4)]? and p € H*(Q,) x H*(Qy), we prove that the orders of convergence

g
for |len|li, lenlln, and ||eqoll 2,y are O(h™in{k:3k/4+3/41) " and the order of convergence for
’ ( d) g
eaqollLz(q, is O(R™in{2k/3.5/241/2}) " The numerical results for w and p are optimal, which are

) (Qa)

in agreement with our theoretical analysis.

The main difficulty in the theoretical analysis of WG method is to derive the orders of error
estimates when the true solution in [H**1]? and H* space. From our numerical results, when
k = 1, the order of ||eqnll12(n,) are approximately O(h?), which is higher than the results
O(h') in [1,42,45]. There are also further questions worth analyzing:

e extension of the results to 3D problems,

e derivation of the convergence estimates of [|es ol 22, )

e further analysis of the influence of the nonlinearity on the order of convergence of the
method.
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Appendix A

In the appendix, we present some technical preparations for the proof of the existence and
uniqueness of the numerical solution and the optimal error estimate.

Lemma A.1 ([10]). The projection operators Qn,Qp and wy satisfy
Vo (Quw) = Qu(Vw),  Yw e [H(Q), (A.1)
Vo (Qrw) = 1 (V- w), Vw € H(div,Q). (A.2)

On the regular polygonal partition, from [37], we know the following trace inequality and
inverse inequality also holds.

Lemma A.2 (Trace Inequality, [24]). Assume that the partition Ty is shape-regular. Sup-
pose o € HY(T), then there exists a constant C' such that the following inequality holds on each
cell T € Ty:

lelZ2ory < C(hz' lelZairy +hrlIVelZacr))- (A.3)

Lemma A.3 (Inverse Inequality, [43]). Assume that the partition Ty is shape-regular. Sup-
pose b € Py(T), then there exists a constant C' such that on each cell T € Ty,

IVllza(ry < Chp [$llzacr- (A4)
The vector version of the trace inequality and the inverse inequality are trivial.

Lemma A.4 ([38]). Let T}, be a polygonal partition of Q satisfying the shape-reqular assump-
tions. ¢ € [H™(Q)]? and ¢ € H"(Q) with 0 < r < k. Then, On each cell T € Ty, for
0 < s <1, there exists a constant C such that

> hllp = Quollie (ry < CR*TV )1 (0, (A.5)
TETh
> BEIVE = Qu(VP)Ie ) < OB [[Bll7+1 0 (A.6)
TeThH
Z h#llg — WhQH%TS(T) < Ch2THpH§{T(Q)a (A.T)
TETh
> ll¢ = Qudllizory < CRPU TV lI341 (00 - (A.8)
TETh

Lemma A.5 ([11]). Suppose m andl are non-negative integers, S is a smooth domain in R™.
When mp = n, we have

WmP(Q) — W™ rP00) — LU0N), VY1<q< oo,

and if 0 <1 <m, then
W™P(Q) — WHP(Q).

Lemma A.6 (Young’s Inequality). For a,b € R and p,q > 1 satisfying 1/p+ 1/q =1, we
have
ab < ea? + C(e)b?,

where € is sufficiently small and C(e) = (pe)~9/?/q.
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Lemma A.7 ([8]). Assume that the partition Tqp is shape-reqular. Then for each p,q €
[1,00), there exists a constant C > 0 independent of hr, such that for any Ty € Tq n,

_2 _2
byt lvaollLey) < Chylllvaollzay)s YV van = {va0,vap} € Van. (A.9)
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