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Abstract. In this paper, the superconvergence error estimate of a low-order conform-
ing mixed finite element scheme, which is called bilinear-constant scheme, for the
Stokes equations with damping is established. In terms of the integral identity tech-
nique and dealing with the damping term carefully, the superclose estimates between
the interpolation of the exact solution and the finite element solution for the velocity
in H'-norm and the pressure in L>-norm are first derived. Then, the global supercon-
vergence results for the velocity in H!'-norm and the pressure in L?-norm are derived
by a simple postprocessing technique with an economical workload. Finally, some nu-
merical results are presented to demonstrate the correctness of the theoretical analysis.
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1 Introduction

This paper focus on the superconvergence error estimate with a low-order conforming
mixed finite element method for the following stationary Stokes equations with damping;:

—vAu+alu"2u+Vp=f, x€Q,
V-u=0, xe(), (1.1)
u=0, x€0Q),
where Q) CR? is a rectangular domain with boundary 9Q and x= (x,y). u= (uy,uy) is the
fluid velocity, p is the pressure and f is a given external force, respectively. The parameter

v is the viscosity and |-| denotes the Euclidean norm. Moreover, the Forchheimer (or
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damping) term a|u|"~2u with coefficient « >0 and 2 <r < co comes from Forchheimer’s
law [1], which describes various physical situations such as porous media flow, drag, or
friction effects and some dissipative mechanisms [2,3].

The mathematical analysis and numerical approximation of (1.1) have attracted con-
siderable interests. The existence and uniqueness of the weak solution and the discrete
solution were proven in [4], and the corresponding optimal error estimates were ob-
tained for conforming mixed finite element methods. In [5], a local projection stablization
method was used to overcome the lack of the inf-sup condition with low order mixed fi-
nite element spaces, and optimal error estimates for the velocity and the pressure were
derived. The mark and cell method was applied to discretize (1.1) on the non-uniform
grids, and the stability and the error estimates were studied in [6]. In addition, in [7], a
class of conforming finite element methods were employed to (1.1) and the superclose
and superconvergence for the velocity in H!-norm and the pressure in L?-norm were
obtained with some restrictions on v due to estimate the damping term roughly. Mean-
while, the degrees of freedom is larger than the bilinear-constant scheme presented in
this paper. Moreover, we refer the readers to [8-10] for the Navier-Stokes equations with
damping.

On the other hand, it is well known that superconvergence is an efficient procedure
for improving the accuracy of the approximation solutions in numerical analysis [11,12].
We refer the readers to [13-23] and the references cited therein for the superconvergence
analysis for different problems. Especially, the supeconvergence analysis was investi-
gated for Stokes and Navier-Stokes equations by low order nonconforming finite element
method in [22] and [23], respectively. In addition, the superconvergence analysis was
studied by a stable conforming bilinear-constant scheme for Stokes equations over a uni-
form rectangular mesh in [24]. The bilinear-constant scheme was also applied to optimal
control problems governed by Stokes equations and the global superconvergence analy-
sis for the finite element approximation was discussed in [25]. Compared with Navier-
Stokes equations, Stokes equations with damping are more complicated for the nonlinear
damping term «|u|"~2u, while Navier-Stokes equations have a linear damping term.

This paper studies the superconvergence property by the bilinear-constant scheme
used in [24,25] for the Stokes equations with damping over a uniform rectangular mesh.
The superclose error estimates between the interpolation of the exact solution and the
finite element solution are first derived by the integral identity technique [11,12,24, 25]
and dealing with the damping term carefully. Then, the global superconvergence results
are obtained by a postprocessing technique. Finally, some numerical results are presented
to verify the theoretical findings.

The outline of this paper is as follows. In Section 2, we introduce some preliminaries
and recall some lemmas, which are necessary in the following error estimates. In Section
3, we present the detailed superclose and superconvergence error analysis for problem
(1.1). In Section 4, we provide some numerical results to verify the theoretical analysis.
Some conclusions are given in the final section.
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2 Preliminaries

We will use standard notations for the Sobolev spaces H" (Q}), m >0 (cf. [26]) with the
norm ||-||;, and seminorm |-|,. In the case m =0, then H’(Q) = L?(Q)), the norm and
inner product are denoted by || - ||p and (+,-), respectively.

The weak formulation of (1.1) is: to seek (u,p) € (H}(Q))? x L3(Q2) such that

a(wu,0)—b(v,p)=(f,v), Yo € (H} (0))?, (2.1a)
b(u,q) =0, YgeL3(Q), (2.1b)
where
ao(u,v)=v(Vu, Vo), a1 (wu,0) =a(|u| "u,v),

a(wu,0)=ao(u,0)+ar(uw;u,0),

b(v,p)=(p.V-0),

H(Q)={we H'(Q): w|n=0}, L%(Q):{qELZ(Q): /quxdyzo}.

Let 7, = {e} be a uniform rectangular mesh over () with mesh-size h. For a given
element e € T, its four vertices are denoted by a;(x;,y;), i=1,2,3,4 in the counterclockwise
order (see Fig. 1(a)). For the velocity, we choose X, as the general bilinear finite element
space. For the pressure, we assume that the subdivision 7 is obtained from 75, = {7}
by dividing each element of 7, into four small congruent rectangles. Let P,; consist of
piecewise constant functions with respect to 7;, such that the local basis functions for P,/Z
on a 2 x 2-patch of 7 (see Fig. 1(b)) are indicated in Fig. 2. Then, the finite element space
for pressure is defined by P,NL3(Q)). In the following discussion we always assume that
T=U}_ ;€ Ty, with ¢;€ T, (1<i<4) (see Fig. 1(b)). Thus, the finite element approximation

ay as

€1 €9

€3 €4

aq ao
(a) (b)

Figure 1: The element e (a) and T (b).
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Figure 2: Local basis functions of P;l.

spaces Xj and P, for the bilinear-constant scheme are described by (cf. [24,27])

X, ={ve(C(0))?: v|.€(Q11(e))? v|30=0, e€ Ty},

3
Ph:{peL%m): ple=Y Afgl, Y AT=0, rem},
i=1

€T

where Q17 denotes the space of all polynomials of degree <1 with respect to each of the
two variables x and y and A €R.

It has been shown in [24,27] that the bilinear-constant scheme satisfies the Babuska-
Brezzi condition, i.e.,

sup (Qh/v‘vh)

> Bllanllo,  Vqn € Py, (2.2)
ozoex, onll

where B >0 is a constant independent of 5.
Now, we are in the position to present the bilinear-constant finite element approxima-
tion of (2.1a)-(2.1b) as follows: find (uy, p;,) € X), X Py, such that

ﬂ(uh;uh,vh) _b(vh/ph) == (f/vh)/ vvh S Xh/ (23)
b(up,qn) =0, Van € Py (2.4)

To present the error estimate, let Vi, = {v, € Xj,: (V-vj,, 1) =0, YV, € P} and define the
following problem: find u;, € Vj, such that

a(uh;uh,vh) = (f,vh), V"Uh eV, (2.5)

The existence and uniqueness of (2.3)-(2.4) and (2.5) has been proved in [4].
Moreover, for uj, € Vj, there hold the following prior estimates [4]:

H’ ||—1 r ||] ||2—1
u < , u <24 ————. 2.6
H h”l_ v H hHO,r_ oV ( )
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Let Z;,: (C(Q))?— Vj, be the Lagrange interpolation operator for the velocity, i.e.,
Tyo(a)=v(a;), i=1,23,4, Yove(H*(Q))~

For the pressure, we first introduce the local L2-project 7, ,:p of p by

/ 1
Tnple= |d/pdxdy, Vee Ty,
e
Next, we define the operator 7, with respect to T by

1 .
jhp_ilx’f/ Z:1/4/
jhp‘e,': , 1
jhp—f—ial’/ i:2r3/

where a = p{ — p; — p3 + pj with the notations of

pi € pdxdy

|ei| e

and ¢; (i=1,2,3,4) are small elements in 7 (see Fig. 1). A direction calculation shows that
1 4
Twple=7 [\ Lpiol | +(Pi—p2+pi—pi)es+(pi+pi—pi—pi)9s|,
i=1

which implies that J;,p € P, for p € L3(Q).
From [24], we have the following lemmas obtained from integral identity technique,
which play a key role in the superclose and superconvergence error analysis.

Lemma 2.1. Suppose that u € (H>(Q)))?, we have

(V(u—Tyu),Vo,) <Ch||ul|s]| Voo, Vo, € X, (2.7a)
(g1, V- (u—Tyu)) < CH?{|u )3\ qnlo, Vg, € Py. (2.7b)

Lemma 2.2. Suppose that p € H>(Q)), we have

(p=Tup,V-01) <CH||p|l2[ Vorllo, Vo€ X, (2.8)

3 The superclose and superconvergence error estimates of the
bilinear-constant scheme

We first present the superclose error estimate in the following theorem.
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Theorem 3.1. Suppose that (u,p) € (H>(Q)NH(Q))* x H*(Q)NLE(Q) be the solution of
(2.1a)-(2.1b) and (uy,, py,) € Xj, X Py, be the solution of (2.3)-(2.4), respectively. Then, we have

[ — Ty ||+ || pn— Tupllo < CH. (3.1)
Proof. For simplicity, we split the following error functions as
u—uy=u—Tyu+Lyu—u,:=0-+6,
pP=pn=p=Inp+Inp—pn:=35+1.
From (2.1a)-(2.1b) and (2.3)-(2.4), we have
v(V
(V-
Then, let v, =0 =7,u—uy, and g, =1 = J,p — ps, it follows from (3.2a)-(3.2b) that

(u—wuy),Voy) —|—zx(\u!’*2u— ]uh|r*2uh,vh) —(p—pn,V-o,)=0, (3.2a)
(u—uy),q1) =0. (3.2b)

1/||V9||% =—v(V(u—Zyu),Vo) —tx(|u|r_2u— |uh|r_2uh,9)

4
—|—<p—jhp,v-9)—(V’(M—Ihu),ﬂ)2:ZE1'. (3.3)
i=1
By Lemmas 2.1 and 2.2, we have
E1 <Ch?||ull3V6]|o, (3.4a)
E3 <Ch?||p||2[|V6]lo, (3.4b)
Ey <Ch?|lull3]1n]o- (340)

To estimate E,, we split it into:
Ey = —a(|u| "*u—|Tyu| " 2T4u,0) — a(|Tyu| " >Tu— || 2uy,,0) := Ey1 + Enp.
From the following inequality (cf. [5])
|la|""2a—|b|""?b|<C(|a|+|b]) *|la—b|, Va,beR? C>0,
we have by Holder inequality and Minkowski inequality
E21gzx/QHuV_zu—|Ihu|T_ZIhu]|6|dxdy

gaC/ (|| + | Tt ) 2 11— ) 6] dxdy
Q

1 1
<aC </ [(|u|+|Zyu]) 2] dxdy> ' </ ]u—Ihu|rdxdy> (/ |6\rdxdy>
0 o 0

<aC(||ullo,+ | Zpullor)" >l —Tyullor]|6]lo,r (3.5)

1
;
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where % + % =1.
Furthermore, according to interpolate theory and Sobolev imbedding theorem [28],
one can check that

10— Tyul|or < Ch*||ul|2,r < CH?||ull3,
| Znu—uy o, <C||V (Zpu—uy)lo.

Thus, E>1 reduces to
Ex1 <aCl?(|[ullo,+ | Zynllor) 2| ulls VOllo < CH?||V 6]lo. (3.6)
Moreover, by Tartar inequality, i.e., Va, b € R? and s >0, there holds
(alal*—b|b)*,a—b) >2"%|a—b|*"?,
we have
(| Zyu) 2Ty — |y |~ 2wy, Ty —uy,) > 2-(=2) | Znu—uy |5,
which implies that
Exy = —a(|Tyu| > Tyu— || 2wy, Ty —uy) <O,
together with the estimate of E; gives that
Ey <CR?(|V6)fo. (37)
Substituting the estimates of E;-E4 into (3.3) and applying Young’s inequality leads to

V6|5 < Ch*+Ch||1]o- (3.8)

On the other hand, from the discrete BB condition, we have for >0

Yoy, Jyp—
BlTwp—pullo< sup (V-2 TP ph).

(3.9
O#U;IEX;, thHl
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Firstly, for v, € X}, we have from Lemma 2.1, (2.6) and (3.5) that

(V-op,p—pn) =v(V(u—up), Vo) +a(|u| " 2u—|u,| " >uy,o)
=v(V(u—Tyu), Vo) +v(V (Tu—uy), Vo) +a(ju] " 2u—|uy) " >uy,0p)
SCVhZHUhH1+CVHV9H0HWHl+C0</Q(!u\+!uhl)rleu—uhllvh!dxdy
<Cvh?||vy]|1+Cv|[V6llo|los]1

+Cua (/Q [(|u\+|uh|)’2]rdxdy>r </Q|u—uh]rdxdy> </Q\vh|rdxdy>

<Cvl?|[oyll1+Cv|[V8lolloll +Calllullo,+llunllor) 2|l —wunllolonllo,
<Cvl?||onll1+Cv|[V8llollonllr +Calllullo,+ llunllor) = (h+ [ V6llo) [onllx
<C(ta(lullor+lunllor) )k lvnlx

+C(vta(lullor+lullon) ) V6llolonl
<CH?||vy]l1+ClIV6llo]|wnl1, (3.10)

where 4 +Z =1 and we have used interpolation theory and H!(Q) < L"(Q).
Secondly, from Lemma 2.2, it follows that

(V-0 p—Tup) < CH2||pll2]|on|1- (3.11)
Thus, we have from (3.10) and (3.11)

(Vo Tnp—pn) =(V-on, Tup—p)+ (V0,0 —pn)
<CI?||op|l1+C[ V0o on]1- (3.12)

Substituting (3.12) and (3.8) into (3.9) gives

| Tup—pallo < CH2+ChI| Tup— il (3.13)
which shows that by applying Young’s inequality
| Tup — pullo < CH?. (3.14)
Taking the above estimate (3.14) into (3.8) implies that
IV (Zyu—uy)|jo < CH?. (3.15)
By Poincére inequality, there holds || Z,u —uy||; < Ch?. The proof is completed. O

Remark 3.1. By triangular inequality and interpolation theory [28], the following optimal
error estimate holds

|l —uyll1+|p—prllo < Ch.
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In order to obtain global superconvergence result, we introduce two postprocessing
operators [24]. For the velocity, we define 7, as the piecewise biquadratic Lagrange
interpolation operator associated with 7. For the pressure, we define 7y, as

Tonp € Qu1(7), / (Jap—p)dxdy=0, i=1,2,3,4,

where Q11 (7) denotes the space of all polynomials defined on 7 of degree <1 with respect
to each of the two variables x and y.
The following properties have been shown in [24]:

LonIy =1Ly, TonIn=Ton,
|Zonoll1 <Cllv][1, VveX), | Tnqllo<Cllgllo, Yq€Py, (3.16)
|| —Topul|y < Ch?||ul3, |p— Tanpllo < Ch?||p||2.

Then, we give the global superconvergence results for velocity u and pressure p in the
following theorem.

Theorem 3.2. Suppose all conditions of Theorem 3.1 are valid. Then
[ —Topuan ||+ [l p — Tanpnllo < CH?. (3.17)
Proof. From the property (3.16), Theorem 3.1, we have

| —Topup |1+ | p— Tanpnllo
<||Zop (up — Zyu) |1+ |t = LopZue || + || Fon (pr— Tup) o+l p— Ton Tnpllo
<Cllu, —Zyull1 +CH?|[u]ls+Cllpn = Tupllo+CH?|| pll < CH*.

The proof is completed. O

4 Numerical experiment

Since the system is nonlinear, we use the Picard iteration to solve the nonlinear system
and present it as follows:

Step 1. Take the initial value (u%,pg) € Xj, x Py, such that

ao(ul), o) —b (v, p)) = (f,on), Vo, €Xp,
b(ug,qh)zo, vthPh.

Step 2. For >0, compute (ufl“, p,{“) € Xj, x P, such that

ao(uy, ' op) +ar (upul, ™ 0,) = b (o, pp, ) = (Fon), Vor€Xy,
b(ui"‘l,qh):()/ thEPh.
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Step 3. For a fixed tolerance ¢, stop the iteration if
Hu—uh||1 <e.
Otherwise, set £ < ¢+1 and go to Step 2 to continue the nonlinear iteration.

Let Q=(0,1)x(0,1) and divide Q) into m X n uniform rectangles with mxn=8x8,
16 x16, 32 x 32, 64 x 64, respectively.

Example 4.1. The source term f and the boundary condition are chosen corresponding
to the exact solution (cf. [5,6]):

uy = —sin®(rrx)sin(7ty) cos(rty), ua =sin(mrx)cos(rmx)sin®(mry),
p =sin(7tx)cos(my).

The numerical errors of the velocity u and the pressure p withv=1,a =1e—2,r=3
are listed in Tables 1-2. Obviously, from Tables 1-2, it can be seen that numerical results
are in agreement with the theoretical analysis, i.e., the convergence rates of ||u—uyl1,
1Zo— w1, llu—Tosaslly and [[p—pillo, | Tup—pillo, lIp—Tanpillo are O(h), O(2) and
O(h?), respectively. At the same time, we also give the graphics of the exact solutions
(1, p) and finite element solutions (1, p;,) on mesh 64 x 64 (see Fig. 3), which also shows
that the numerical solutions approximate the exact solutions very well.

Table 1: The errors of u with v=1, a=1e—2, r=3.

mxn 8x8 16 x16 32x32 64 x 64
lu—wu,li  5.0290e-01 2.5173e-01 1.2590e-01 6.2956e-02
Order / 0.99838 0.99959 0.99990
|Zyu—uylly  5.3255e-02 1.4239e-02 3.6183e-03  9.0825e-04
Order / 1.9031 1.9764 1.9942
|u—Topuy|y  2.0713e-01  5.2792e-02 1.3256e-02 3.3176e-03
Order / 1.9722 1.9936 1.9985

Table 2: The errors of p with v=1, x=1e—2, r=3.

mxn 8x8 16x16 32x32 64 % 64
Tp—pullo  89153e-02 4.1331e-02 2.0200e-02 1.0040e-02
Order / 1.1091 1.0328 1.0086
ITp—pullo  3.9957e-02 1.0318e-02 2.5976e-03  6.5049e-04
Order / 1.9532 1.9900 1.9976
Ip—Tonpullo 4.6426e-02 1.1302e-02 2.8029e-03  6.9917e-04
Order / 2.0383 2.0116 2.0032
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Figure 3: The graphics on 64 x 64 with v=1, a=1e—2, ¥ =3 of Example 4.1.

Example 4.2. The source term f and the boundary condition are chosen corresponding
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to the exact solution (cf. [29]):

uy = (x* =223+ (4 — 6> +-2y), uo=—(y* —2y° +v*) (4x® —6x2 4 2x),
p=10(2x—1)(2y—1).

The numerical errors of the velocity # and the pressure p with v=0.01, =10, r=2.9
are listed in Tables 3-4. Obviously, from Tables 3-4, it can be seen that numerical results
are in agreement with the theoretical analysis i.e., the convergence rates of ||u—u|;,
| Zwu—wup |1, lu—Zopunllr and [[p—pullo, |Tup—pullo, [p—Tonpallo are O(h), O(h?) and
O(h?), respectively. At the same time, we also give the graphics of the exact solutions (i,
p) and finite element solutions (1, p;) on mesh 64 x 64 (see Fig. 4), which also shows that
the numerical solutions approximate the exact solutions very well.

Table 3: The errors of u with v=0.01, a =10, r=2.9.

mxn 8x8 16x 16 32x32 64 64
fu—u,];  15418¢-02 7.7142¢-03 3.8575¢-03 1.9288¢-03
Order / 0.99900 099986  0.99997
|Tpu—my||;  24346e-03  6.4244e-04 1.6272e-04 4.0812¢-05
Order / 1.9221 1.9812 1.9953
|u—Topuply  5.1951e-03 1.2945e-003 3.2304e-04  8.0719¢-05
Order / 2.0047 2.0026 2.0007

Table 4: The errors of p with v=0.01, =10, r=2.9.

mxn 8x8 16x 16 32x32 64 % 64
Tp—pullo  6.0739e-01 2.9692e-01 14760e-01 7.3693¢-02
Order / 1.0325 1.0084 1.0021
|Tup—pullo  1.5625¢-01 3.9063¢-02 9.7656e-03 2.4414e-03
Order / 2.0000 2.0000 2.0000
lp—Tonpullo 2.0833e-01 5.2083e-02 1.3021e-02 3.2552¢-03
Order / 2.0000 2.0000 2.0000

Example 4.3. In this example, we consider a lid-driven cavity flow problem [4]. In this
problem, a unit velocity is specified along the entire top surface and zero velocity on the
other surfaces as shown in Fig. 5.

We consider the flow for fixed parameters v=0.01, r=2.9 and h=1/64 as [4] and take
x=0.1, 0, 1 and 10, respectively. We present the streamline pattern in Fig. 6, which shows
that the results obtained herein are in good agreement with the phenomenon discussed
in [4].

On the other hand, we also consider the flow for fixed parameters a =100, r=2.9 and
h=1/64 as [4] and take v=0.001, 0.01, 0.1 and 1, respectively. We present the streamline
pattern in Fig. 7, which shows that the effect of damping term increases with the decrease
of viscosity.
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Figure 4: The graphics on 64 x 64 with v=0.01, a =10, r =2.9 of Example 4.2.

5 Conclusions

In this work, the superconvergence error analysis is investigated for the Stokes equa-
tions with a low order conforming mixed finite element method (called bilinear-constant
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=1, us =0
—’
u =0 uy =0
gy =0 gy =0

wup =0, ug=0

Figure 5: Model description of Example 4.3.

Figure 6: The streamline pattern with v=0.01, »r=2.9, h=1/64 and different «.
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Figure 7: The streamline pattern with a =100, r=2.9, h=1/64 and different v.

scheme [24]). The error analysis is divided into two parts. In the first part, with the
help of the integral identity technique [11,12,24,25] and treating the damping term care-
fully and skillfully, the superclose error estimates for the velocity in H'-norm and the
pressure in L?>-norm are derived. Subsequently, in the second part, according to the inter-
polation postprocessing approach, the global superconvergence results for the velocity
in H'-norm and the pressure in L2-norm are obtained effectively. Moreover, some nu-
merical experiments are carried out to support the theoretical analysis. In the future
work, we will focus on the numerical approximations for the time-dependent Navier-
Stokes/Stokes equations with damping by using low order conforming/nonconforming
mixed finite element methods.
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