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1 Introduction

In this article, we are exploring the initial boundary value problem of the semilinear
wave equation containing logarithmic plus polynomial source terms

Uy — Au=uln |u|*+|u[P~ u, e, t>0,
u(z,0)=up(z), u(z,0)=ui(x), x€Q, (1.1)
u(z,t)=0, redf), t>0,

where 2 CR" is a smooth bounded domain and k>1, 2<p< Z—fg (n>3) are con-
stants. The semilinear hyperbolic equations are very important nonlinear evolution
equations in the field of mathematical physics. The polynomial nonlinearities model
the external force that enhances energy and drives the system toward possible insta-
bility [12]. The evolution equations with logarithmic nonlinearities come naturally
in inflation cosmology and supersymmetric field theory (see [4,18]). Moreover, we
can see its implementation in different area of physics for example nuclear physics,
optics, and geophysics (see [5,16]). According to existing literature, some special
analytical solutions of the problem with logarithmic nonlinearities can be found in
the logarithmic quantum mechanics (see [3,25]).

In order to recall the related work of problem (1.1), we give the following hyper-
bolic model with general nonlinearity f(u) to discuss different cases of the nonlin-
earity

e —Au= f(u). (1.2)

The background survey will be started with very important work of Sattinger [29],
which was revolutionary for investigating nonlinear wave equations. The author [29]
first introduced the concept of potential well W to study the above semi-linear
wave equation with polynomial source term when initial data ug lie in the so-called
potential well to get the solution still belongs to the potential well as described above.
For precisely specified class of initial data finite blowup result was also studied.
In [27], Payane and Sattinger proved finite blowup of solution of the problem (1.2)
while v lies outside the potential well W. Besides, they discussed potential energy
J with availability of saddle point and gave explanatory description of potential
well W. The way to search blow up results for the abstract problem (1.2) was first
developed in [21]. In [2] point-wise blow up in finite time was shown for (1.2). Using
assumption (ug,u1)>0, the proof of blow up (global nonexistence) was treated in [17]
and [28] for definitely positive initial energy case. The so-called family of potential
wells was proposed by Liu Yacheng [20] which incorporates single potential well W
as a special case, and the previous results were developed in F(0) <d for special
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nonlinear term
fu)=lul"~ .

For the case I(up)>0, E(0)=d, threshold results were obtained in [19]. Considering
damping term, the author [10] successfully proved finite time blowup solution for
E(0)>0. Later, many investigation carried out for the arbitrarily high initial energy
(see [9,26,30,32,33]). All these works were about polynomial source term, and for
more recent work on polynomial source terms, we can refer to [8,24,34]. However,
there were many investigation already done with logarithmic nonlinearity (see [1,
6,7,11,13-15]). Inspiring by their study, we went into polynomial and logarithmic
nonlinearity together, i.e., polynomial term multiplying logarithmic term, and got
some interesting result. The nonlinear term of a semilinear wave equation with
logarithmic nonlinearity in [22] is uln|u|*, the nonlinear term of a semilinear wave
equation with polynomial nonlinearity in [23] is |u|[’In|u|. Here in this paper, the
nonlinear term is uln|u|*+|u|P~1u, for the first time we are considering the problem
(1.1) with logarithmic plus polynomial source term to see the nature of the solution.

In the present paper, we consider another case of the combination of the loga-
rithmic and polynomial nonlinearities, i.e., polynomial term plus logarithmic term,
to investigate the effect of such combined nonlinearity on the dynamical properties
of the solution to problem (1.1).

We are organizing the article as following. Some fundamental concepts of poten-
tial wells and essential lemmas are discussing in Section 2. In Section 3, we conclude
the main result for subcritical initial energy level. The results of the critical case are
given in Section 4. Finally, the proof under arbitrarily positive initial energy case is
studied in Section 5.

2 Preliminaries
Definition 2.1. A function u(x,t) is called a weak solution of (1.1) on Qx[0,T) if

ueC ([0,7]:Hy(2))NC* ([0,T7;L%(%2))
and maintains

t
(ut,v)+/ (Vu,Vo)dr
t " t
:/ (uln|u|k,v)d7—|—/ (JufP~ u,v)d7 + (uy,v)
0 0

for allve HY(Q), t€[0,T) and u(x,0)=ug(x) in Hy(Q), ui(x,0)=ui(z) in L*(Q).
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2.1 Potential wells

In this part, potential wells and their essential characteristics are discussed. Later
these will be important ingredients for the successive sections.

To begin with, we propose two C! functions on Hj(2) =R, which are potential
energy function and Nehari function respectively as below

1 k k 1
Iwyi= Va3 [ wtnfulda+ 3l =l

and
I(u)::HVu||2—k/u21n|u\da:—\|u|]£ﬁ. (2.1)
Q
After that we can write
1 k p—1
=T (u)+~||ul)? p 2.2
Hyi= g1+ Gl 5l (22)

and

1 1 k k 1
Bl +51Vul =3 [ whnfulde el ~ — ull ]

1

:§|’Ut||2+J(U)

1, ., 1 O . | .

=— —I - p. 2.3
gl + 510+l + 57l (23)

Now, we introduce the Nehari manifold
N (u):={ue Hy(Q)| I(u)=0, [[Vul*#0}
and the mountain pass level or depth of potential well
d:= ;2}{/ J(u).
Then we define the stable set
Wi={uc H}(Q)| I(u)>0, J(u)<d}u{0}
and the unstable set

Vi={ue Hy(Q)| I(u)<0, J(u)<d}.
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Then family potential wells for § >0 expanding above sets as following
) k k 1 1
i) =5 IValP+ Sl =5 | afulde = — ull2]

I5(w) = Vull*~k [ atnfulds— a1
Q
Ni(u):={u€ HY(Q)| Ls{u) =0, [[Vul]*£0},

and

d(0) ::uienj\f/’(;l](u)’ (2.4)

and
Ws:={u€ Hy(Q)| Is(u) >0, J(u) <d(6)}U{0},
and the outside of Wy as
Vsi={u€ Hy(Q)] Is(u) <0, J(u) <d(d)}.
To investigate the problem (1.1) at £(0)=d we introduce
V'i={uec Hy(Q)| I(u)<0}.
The below lemma apprises us about the critical point of potential energy function.
Lemma 2.1. For ue H}(Q) with ||ul]| #0, set m(\):=J(\u). Then
(1) limy_om(A) =0, limy_com(A) =—o00;

(i1). for A€ (0,400), there exists a unique \*=\*(u) at which

(111). m(\) increases on (0,A*), decreases on (A*,4+00) and reaches its mazimum at

A=A".

(iv). I(Au)=ALm(X)>0 for 0<A<A*; I(Au) <0 for X* <A<+oo and I(A\*u)=0.
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Proof. Proof of (i). We have
m(A):=J(Au)
1 k k k APl
—5)\2|]VuH2—5)\2/ﬂu21n|uld$+1)\2“u\\2—5)\21n)\\]ul|2—m|]uliﬁ.

From |lul| #0, it is obvious m(0) =0, m(4o00) =—oc.
Proof of (ii). Differentiating m(\), then having equal zero, we get
d

m'(\)= JJ(Au)

:)\||Vu||2—k:)\ln)\||u||2—k’)\/u21n|u|d:v—)\p||u||§i}:0,
Q
that implies
||Vu||2—k:/u21n|u|d93:k:ln)\||u||2+)\p_1||u||£ﬂ. (2.5)
Q

Let
IN) = Eln w4+ X7 w211

p+1
Differentiating this we get

k - 1
V) =5 lulP+ (=X el

1 _
=& (kllulP+ (o= )2 " ul53).
Clearly I'(X\)>0 for every A>0. So I(\) is increasing on (0,400). Thus, we can write
lim I(\) = —o0,

A—=0t

lim {(\) =o0.

A—00

Hence, there is a unique \¢ available for which [(Ag) =0,

I(A)<0 for 0<A<A,
[(A)>0 for Ag<A<oo.

As a result, we can obtain a unique A* > \g so that (2.5) holds for some u for which
left side of (2.5) is positive.
Proof of (iii). We know

d
L 0w) = ||Vu||2—k:/u21n|u|dx—l()\) |
D A

From the proof of (ii) it implies that
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L. if 0< A<\, then I(A) <O0;

2. if A\g <A< A*, then
0<l(>\)<HVuHZ—k/qun]u\dx;
Q

3. if A*< A< oo, then
l()\)>HVuH2—k/u21n|u]dx.
Q

Hence, we arrive at

1. FO< A<,

d , ‘
a(]()\u) =m'(\)>0;

2. It A=2",

d FNy
aJ(Au):m (A)=0;

3. f X< A< +o0,

d /
aJ()\u) =m'(\)<0.

Hence, (iii) follows.
(iv). we can have the conclusion using the proof of (iii) and

pt1

I(Au) :)\QHVuHQ—k)\z/u2ln\u]dx—k)\21n)\HuH2—)\p“HquH
Q

d
=A=5J (),

Thus, we complete the proof.

The below lemma gives some key characteristics of I5(u) with respect to Hg.
Lemma 2.2. Consider a ball in H} with radius r:=||Vul|, then for any § >0
(1). Is(u)>0, when 0<||Vul| <r(d);

(i1). r>7(0), when Is(u)<0;
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(11i). r>1r(d) or r=0, when Is(u)=0, where the real value r(5) solves equation
o(r)=0 uniquely

B(r) = (kC*+2)CPH1rP~1

o o Ll

ueHE(Q) [Vl ’
and C* is a large enough constant.

Proof. First, we prove
k/u21nyu|dx<(kc*+1)||u\|§;ﬁ.
Q
Since In|u| < |ul|, we can write
k/u21n|u|dx<k/u3da:<k|]uH§+||u|ZE.
Q Q

Using the embedding LP™1(Q) < L3(Q) for p>2, where C, is the constant of that
embedding, we can obtain

b [ nfulde < KC2ul i full
Now, we can write
_3
30,113 3 +1, )7
kC* Hqu—l-lsz* |u|p dz
2

_3
|U|p+1dx) "
Qo

3
P
</€C’f< ]u|p+1dx+/ 1da;)
Ql QQ

3
T
e </ ]u\”“daz—i—mz\)
951

<k:C’f< |u|p+1dz—|—|92|)

<kC* | |u|Pttdzx
1971

<kC” [ fup*de=he full
Q

=kC? < lulPTdx+
951

1951
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P
le{xEQ < |u|p+1dx) 21},
951
%
92:{3369 ( |u\p“dx) <1}.
Qo

b [ alulde <k ull o+l

where

Therefore, we have

=(kC*+1) [[ully 1.

Proof of (i). Using 0<||Vu|| <r(d) we obtain |[ul|,+1 >0 and 0<¢(||Vul|) <. By

k / aInfuldet Jul2 <(kC*+2) ul 2!

<(kC*+2)CP | Vu||PH
=o(|Vul)[Vul]? <[ Vul?, (2.6)

we have I5(u)>0.
Proof of (ii). If I5(u) <0, then we can write

(5HVuH2<k/uﬁn]u\dx—i—HuHZﬁ
Q
<(kC*+2)|[ullyiy < oI Vul )| Vull?,
which implies ||Vul| >r(d).
Proof of (iii). ||Vu||=0 implies I5(u)=0. Again, If I5(u)=0 and ||Vul||#0, then
SVl =k | infulde+ [l
Q
<(kC*+2)Jullp s < oIVl Vull?, (2.7)
which gives ||Vu|| >r(J). O
The more about d(d) will be discussed in the below lemma.
Lemma 2.3. As function of 6, d(§) shows the following behavior

(i). d(8)>a(6)r*(d), Vo€ (0,1), where a(d)=

N

)

N |+
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(1i). there is a unique 69> 1, for which d(6y)=0, and d(5)>0 for 0<6<dy;

(111). d(9) increases on (0,1), decreases on (1,00) and takes its mazimum d=d(1) at
=1.

Proof. Proof of (i). We notice that I5(u)=0 and ||Vu||#0 implies ||[Vul||>r(d) by
Lemma 2.2(iii). Applying this we can obtain

k k 1
__ 2 1 d v 2 - p+1
J(u) IIVUII /Qu nfuldz + - [|ul] ijl|| [p+1

k k‘
> [V~ / e+l 3

1

k
| -_ = 2 v 2
—(2 3 )17l s+ Sl

= S (=) VulP+ 5l > a(6)r*(5).

Proof of (ii). For every u€ Hj(Q), ||Vul|#0, we introduce A=\(4) such that
5/\2||Vu||2—k/\2/ﬂu2ln|u|dx:k:)\2ln)\||u||2—|—/\p+1||u||§ﬂ, (2.8)
ie.,
(5|\Vu]|2—k/ﬂu21n|u|dx:kln)\HuHZ—i-)\p1HuH£E. (2.9)

So, Is(Au)=0 means Au€ N;. Now, from (2.9) we see that A\(9) is increasing as ¢
increases, so we can obtain
lim A(0)=+o0.

d—4o00

Thus by Lemma 2.1, we achieve

lim J(Au)= lim J(A\u)=—o0.

d—+00 A—+4o00
Therefore,
lim d(6)=—o0.
6—+o00
Again, by (i), we have d(§) >0 for 0<d <1 and becomes maximum at a (a=1 will be

proved in the next part), and hence it certainly hits the §-axis at some point o> 1
such that d(dp) =0 and d(§) >0 for 0< <.
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Proof of (iii). We prove that d(0") <d(6”) for any 0<¢' <" <1 or 1<§” < <.
Clearly it is sufficient to prove that for any 0<d’<¢” <1 or 1<¢” <d0'<dy. We prove
this part considering following two cases.

Case i. (0<§' <d”<1). For any ue Hy(Q2), Iy#(u)=0 and ||Vul|#0 there exist
a v€ H}(Q) and a fix value £(¢",6”) >0 for which I5(v)=0, ||[Vv||#0 and J(v) <
J(u)—e(d',0"). In fact, for these u, A\(0) can be defined by (2.8) so that I5(A(d)u)=
0, A(0”)=1 and (2.9) is true. Suppose m(\)=.J(Au). Then

d 1 2
Zm(N) =5 (1= ) |*+Ls(w))
=(1-8)A| Vul*

Take v=A(d")u, then Iy (v)=0 and ||Vv||#0. If 0<¢'<§” <1, then

J(u) = J(v) =m(1)—m(A(0"))
>(1=0")A@)r*(8")(1=A(8"))
=e(d',9").

Case ii. (1<§”"<d <dp). From the argument in Case i, it is obvious that

J(u)—J(v)=m(1)—m(A\(d"))
> (0" = 1)A(E") (8" (A(8) 1)
—e(8,5").

This completes the proof. O
The below lemma will be required to discuss details about the invariant set.

Lemma 2.4. Suppose 0< J(u)<d for some u€ H(Q2) and 0<d; <1<dy is two
solutions of d(8)=J(u), then Is(u) remains same in sign on 0<d; <0 <Js.

Proof. To begin with, J(u)>0 leads [|[Vul[#0. If the sign of I5(u) are changeable
for 0<d; < <09, then there exists a d € (01,02) such that I5(u)=0. Hence, by (2.4),
we have

which contradicts

This completes the proof. O
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2.2 Invariant sets

Here, in the below lemma the invariant set will be explored.

Lemma 2.5 (Invariant sets). Let ug€ H3(Q) and uy(x)€L?(Q). Assume that 0<e<d,
01 <09 are the two roots of equation d(0)=e. Then

(). all solutions of problem (1.1) with 0 < E(0)<e belong to Wy for §; <0 < da,
provided I(ug) >0 or ||Vug||=0;

(i1). all solutions of problem (1.1) with 0 < E(0) <e belong to Vs for 61 < < da,
provided I (ug) <0.

Proof. (i). Let u(t) be any solution of problem (1.1) with £(0)=e and I(uy) >0 or
|Vuo||=0, T be the existence time of u(t). If ||Vug||=0, then obviously ug(x)€Ws on
0<d<dp. Since I(up)>0 and Lemma 2.4 implies the sign of I5(u) is not changeable
on d; <0 <dy, we have I5(ug)>0 for § € (61,02). From the energy equality

5+ (o) = B(O) <d(81)=d(8:) <d(5),  5€(61,0),

we have J(ug) <d(d), i.e., ug(x) € Wy for 01 <9 <do. Next, we prove u(t) € Wy for
01 <6<d9 and 0<t<T, where T is the maximal existence time of u(t). Arguing by
contradiction, we suppose that there must exist a first to€(0,7") such that u(ty)€OW;
for some § € (d1,02), i.e.,

Is(u(to)) =0, [[Vu(to)[[#0 or  J(u(to))=d().
From the energy inequality

1

§|]ut\|2+J(u)§E(0)<d(§), te(0,7), 0€(d1,02), (2.10)
J(u(ty)) =d(9) is not possible. But, if I5(u(ty)) =0 and ||Vu(ty)|| #0, then (2.4)

implies J(u(tg))>d(9) that violates (2.10).
(ii). The proof follows from (i). O

Indeed, we still have the following lemmas to discuss about solutions.

Lemma 2.6. For E(0)=0, all the solutions of (1.1), which are not trivial, lie in

Lk
¢ _ 1 >rgi= — .
Bro {UGHO(Q) ‘ HVUH—TO ((kC*+2)C’P+1) }
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Proof. Let u(t) be any solution of (1.1) with initial energy £(0)=0, and T be the
maximum existence time of u(¢). Then by

1
§Hut||2+J(U)EE(0)=0,

we get J(u) <0 on 0<t<T. Thus by (2.2) we obtain

p—l p+1
<0

which means that /(u) <0. Therefore, using (2.1), we get

1 k
§I(U)+Z||u|\2+

IValP <k [ tnfuldo+ ]

(kC*+2)lullp iy

<
<(KC*+2)CP | V|| Vu]?, 0<t<T.

By which we have either
[Vul|=0

or

1 T
>po= 0 ,
[Val zro ((kC*+2)CP+1)

If || Vug||=0, then || Vu||=0 for 0<t<T. Otherwise there exists a to€(0,7") such that
0<||Vu(to)||<ro. By similar logics we can show that if | Vug||>ro, then ||[Vul| >
for 0<t<T. O]

Lemma 2.7. Suppose ug(x) € H} () and uy(z) € L*(Q). Assume that E(0) <0 or
E(0)=0, ||[Vug||#0. Then V5 on 0<d<1 contains all the solutions of (1.1).

Proof. Let u(t) be the any solution of (1.1) with initial energy F(0)=0, and T" be
the maximum existence time of it. The following gives

1, 1
= 4] RS
5 -+ a(3) [Vl Ty(w)

1
< luelP+7(u)=E(0), 0<s<L. (2.11)

Combining E(0) <0 and (2.11) implies I5(u) <0, J(u) <0 <d(d), where d(§) >0
for 0<d <1 by Lemma 2.3; if £(0)=0, ||[Vug||#0, then by Lemma 2.6, we have
|Vug||>ro for 0<t<T. Again by (2.11) we get Is(u)<0, J(u)<0<d(d) for 0<d<1.
Thus for above two cases we always have u(t) € Vs for 0<d<1, 0<t<T. O
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3 Global existence and exponential growth at
subcritical initial energy level (E£(0)<d)

Herein, the proof of the global existence and blowup characteristics of the solutions
for (1.1) will be given.

Theorem 3.1 (Global existence for E(0)<d). Suppose ug(x) € Hy(Q) and uy(x) €
L2(2). Then, on the assumption 0<E(0)<d and I(uy)>0 or ||Vug||=0, the problem
(1.1) possess a global weak solution

u(t) € L (0,00;Hy(Q))
with
u(t) €L (0,00;L*(Q))  and u(t)eW
for 0<t<o0.

Proof. Similar to [20], we consider approximate solutions u,,(z,t) of problem (1.1).
Then by similar arguments used in the proof of Theorem 3.2 in [20] we obtain

1
§||umt||2+J(um):Em(O)<d, 0<t<oo, (3.1)
and u,,(t) €W for sufficiently large m and 0 <t <oo. From (3.1) we can write
J () <d.
From this and by (2.2) we can write
1 k p—1
~ T () + ~ ||t ||*+ =——= || ||PT} < d
51 1)+ gt 4 57 ] <
which implies that
4d 2(p+1)d
R e (32

and
I(uy,)<2d.

From this and (2.1) we get

|V || <2d+k‘/ ufnln|um|dx+||um||£ﬂ
0

<2d+(kC*+2)|Ju |21
2(p+1)(kC*+2)d

<2d+
p—1
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Again from (3.1) we can write
llwme]|* <2d, 0<t<oo.

Now, using calculation and the fact (In|y|)? <y? for |y| >1, we have

/(umln\um|k)2dx:k2/ (umln|um|)2daj+k2/ (U I |21, |)? dz
Q Q1 Q2
<|QIk%e™*+[Qk*|umll2
<|Qk?e ™+ Q2S5 |V, ||, (3.3)
where
Q={zeQ| un(z)<1},
Qo={zeQ| up(z)>1},

and S* is the constant of the Sobolev embedding H} () < L*(Q2). By (3.2)-(3.3)
and compactness method, the problem (1.1) admits a global weak solution

u(t) € L™ (0,00;Hy(Q2))
with
u(t) € L (0,00, L*(Q2)).
Finally, u(t) €W on time 0<t<oo by Lemma 2.5. O

Theorem 3.2 (Exponential growth for E(0)<d). Suppose ug(z)€H () and uy(x)€
L3(). Then, on the assumption E(0)<d, I(ug)<0 and (ug,u;)>0, the L*-norm of
the solution of problem (1.1) will grow up as an exponential function as time goes
to infinity.

Proof. For E(0)<d and I(ug)<0, we suppose u(x,t) to be any solution of the problem
(1.1). Now, we consider the function L(t):[0,400) — R" defined as following

L(t)=Jul*.
Differentiating this we have
L'(t)=2(u,uy)
and

L (t) =2]ue || +2(u,uy)

:2||ut||2—2(||w||2—k / u21n|u|dx—||u||f;ﬂ)
—2fu[2=21 (). (3.4)
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Using energy inequality and (2.3), we have

| | K —1
E O >_ 2 _[ v 2 p+1
( )_2Hut|\ +3 (U)+4HUH +2<p+1)”u’p+1
1 1 k
Z§||ut||2+51(u)+1]|u||2,

which implies
4E(0) > 2| ug||?+21 (u) +k||ul .
By this we can have
21 (u) <AL (0) =l ful|* — 2| [|*. (3:5)
Using (3.4) and (3.5), we get
L7 () 22 ue|*+ 2k u* + 2] ue || — 4E(0)

=4 ||y ||*+2k||u||* —4E(0)
—=4uy||*+ 2k L(t) —4E(0). (3.6)

(i). For £(0)<0, (3.6) leads to
L"(t) > 4|u . (3.7)

(ii). If 0< E(0) <d, then applying Lemma 2.5, we can write u(t) € Vs on 1 <0 <d9
and t>0. Hence I5(u) <0, and by Lemma 2.2(ii), ||Vu||>r(d) for 1 <d<ds and t>0.
So, we obtain Is,(u) <0 and [|Vu| >r(d) for t>0. And by (3.4), we get

L"(t)>2(62—1)||Vul|* =215, (u) >2(62—1)r?(53) > 0.
Therefore, we obtain

L'(t) >2(85—1)r2(85)t+L'(0)

>2(0y—1)r% ()1,
and

L(t)=(5

> (85— 1)r*(09)t* +L(0)
>(0

1)72(8,)12.

09—
90—

So, for sufficiently large ¢ we have 2kL(t) >4FE(0) and (3.7) holds. Finally, (3.7)
gives

L)L (6) — (L'()* 2 4 ([l el *— (w,)%) 0.
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Now, by direct calculation we can have

(L(t))'=

and

0 (L(t) ,_L(t)L”(t)—(L’(t))2
miy'=( g ) =" gy =0

So, (InL(t))' = % is increasing on ¢. Using this fact and integrating (3.8) from tg

to t, we have
t
lnL(t)—lnL(to):/ (InL(t)) dr

L, L),

iﬁL@“EL%>

where 0<tg<t. From this we obtain
.uwZL@@wp(gggu—mO. (3.9)

If we can take a ty sufficiently small such that L'(to) >0 and L(ty) >0, then from
(3.9), we have

(t_t0)7

0

lim L(t)=+o0,

t——+o0

which means that the L?>-norm of the solution of problem (1.1) grows up as an
exponential function as time goes to infinity. O

4 Global existence and exponential growth at
critical initial energy level(E(0)=d)
Here, the results will be proved for critical case.

Theorem 4.1 (Global existence for E(0)=d). Suppose uo(z) € H}(Q) and uy(x) €
L3*(2). Then, on the assumption E(0)=d and I(ug) >0, the problem (1.1) possess
a global weak solution
u(t) € L (0,00;Hy(Q2))
with
u(t) €L (0,00, L*())  and  u(t)eWUOW
for 0<t<o0.
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Proof. 1t will be proved in two steps.

(i). ||[Vuol|#0. Suppose A, =1— % and ug,, = Ao, m=2,3,---. Consider the
initial data like [22] for the problem (1.1) as following

w(z,0) =upm(x), w(z,0)=u;(z).
Now, from I(ug)>0 and Lemma 2.1, we have A*=A*(ug) >1. Thus, I(ug,,)>0 and
J(uom) = J (Amuo) < J(up). Furthermore,
1
0<Em(0)z§||ull|2+J(uom)

1
<§HU1H2+J(U0)
—E(0)=d.

Hence, by Theorem 3.1, for every m the problem (1.1) with above initial data possess
a global solution
U (t) € L (0,00, Hy (Q))

and u,(t) €W on 0<t<oo meeting

t t
(umt,v)+/ (Vum,Vv)dT:/ (f (um),v)dT+(uq,v)
0 0
for every ve H}(2), 0<t< oo and
1
§||umt||2+J(um):Em(O)<d, 0<t<oo0.

The remainder part of the proof follows Theorem 3.1. O]

To prove the blowup result at £(0)=d the Lemma 4.1 is required and for the
proof see Lemma 2.7 in [31].

Lemma 4.1. Let up(z)€H () and ui(x)€L?(Q). Then, on the assumption E(0)=d,
I(up) <0 and (ug,u1) >0, the set V' is invariant under the flow of (1.1).

Theorem 4.2 (Exponential growth for E(0)=d). Let ug(x) € Hi(Q) and ui(z) €
L*(Q). Then, on the assumption E(0)=d, I(ug)<0 and (ug,u;)>0, the L*-norm of
the solution of problem (1.1) will grow up exponentially as time goes to infinity.

Proof. From (3.6), we have

L"(t) >4 Jug||*+2k L(t) —4£(0)
=4||wg||*+2k L(t)—4d, (4.1)
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then L”(t)>0 on 0<t<oo by (3.4) and Lemma 4.1. Hence, L'(t) is increasing. For

L'(0)=2(ug,uy) >0, Yty >0 we can obtain

L'(t)>L'(tg) >0, t>to,
L(t)>L'(to)(t—to)+L(to) > L' (to)(t—to), t>to.

Therefore, for large enough ¢, we can get
2kL(t)>4d.

From this and (4.1) we get
L"(t) > A e ||*.

Hence
L)L ()= (L' (£))* = 4 (Jlull | = (u,u4)%) >0.

The remainder proof is likewise to Theorem 3.2. O]

5 Exponential growth at arbitrarily positive
initial energy level F(0)>0

The blowup results in arbitrarily positive initial energy will be discussed in below
theorem.

Theorem 5.1 (Exponential growth for £(0)>0). Suppose (ug,u;) € H}(Q) x L*(Q)
meet below conditions

(i). E(0)>0;

(ii). (uo,u)>0;
(iii). ||uo|l*> 3 E(0);
(iv). I(ug) <0,

then the solution of the problem (1.1) will grow up exponentially as time goes to
infinity.

Proof. The proof will be shown in two steps:
Step 1. First, we show I(u)<0 and [|u(t)||*> 2 E(0) for all t€(0,T). For I(u)<0,
arguing by contradiction we suppose that there exists available a first time ¢, € (0,7")
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for which I(u(tp)) =0 and I(u) <0 on t€[0,tp). Again, for the function L(¢) in
Theorem 5.1(iv), there should be

and
L"(t) =2||ug|| — 21 (u).

Using these and assumption of this theorem, we can prove L(t) is strictly increasing.
Hence, we can write

4
L(t)>[|uol* > E(0), VtE (0,to).

So, we get
4
Meanwhile, we know
J(u((to)) < E(to) < E(0)

that is

1 k k 1 1

5HVU(tO)HQ—§/§2u2(750)1nlu(t0)|d$+1Hu(tO)HQ—mHU(tO)’Zil

<FE(ty) < E(0). (5.2)

Moreover, I(u(ty))=0 leads
1 2 k 2 1 p+1
SIVuto)lF=5 [ u”(to)In|u(to)|dr+ 3 [lu(to) |51
9 2/, 9
k 1
>3 /Q Wt nuto) -+ [ 351

Now, we can write left side of (5.2) as below

1 k k 1
SIVuto)P=5 [ wonluttoldo-+ 3 utto) - a3

2—_
k-5
1 2 K 2 k 2 1 p+l
=5 IVutto) [+ o) = ( 5 | o) futo)lda-+——ljutto)

1 k 1 k
> SVt o) [P = 5 V(o) P = 5 u(to) (53)
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Combining (5.2) and (5.3), it is obvious that
k 2
()" = E(0)
is equivalent to
4
L(ty) < EE(())’

that violates (5.1).

Step 2. In this step, infinite time blow up result will be proved. By (3.6) and
L(t)=lu(®)||*> £ E(0) for any ¢t€ (0,T) we can reach

L7 (t) > 4w

Thus, we get
L)L (#) = (L' (£)) = 4 (|l e[| = (u,0)?) > 0.

The rest of the proof follows Theorem 3.2. O]
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