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Abstract. This paper develops a class of robust weak Galerkin methods for sta-

tionary incompressible convective Brinkman-Forchheimer equations. The methods
adopt piecewise polynomials of degrees m (m ≥ 1) and m − 1 respectively for the

approximations of velocity and pressure variables inside the elements and piecewise

polynomials of degrees k (k = m − 1,m), and m respectively for their numerical
traces on the interfaces of elements, and are shown to yield globally divergence-free

velocity approximation. Existence and uniqueness results for the discrete schemes,

as well as optimal a priori error estimates, are established. A convergent linearized
iterative algorithm is also presented. Numerical experiments are provided to verify

the performance of the proposed methods.
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1. Introduction

Let Ω ⊂ Rn (n = 2, 3) be a Lipschitz polygonal/polyhedral domain. We consider

the following stationary incompressible convective Brinkman-Forchheimer model:





−ν∆u+∇ · (u⊗ u) + α|u|r−2u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω.

(1.1)

Here u = (u1, · · · , un)
⊤ is the velocity vector, p the pressure, f a given forcing function,

ν the Brinkman coefficient, α > 0 the Forchheimer coefficient, and 2 ≤ r < ∞ when
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n = 2 and 2 ≤ r ≤ 6 when n = 3. The operator ⊗ is defined by u⊗ v = (uivj)n×n for

v = (v1, · · · , vn)
⊤.

The Brinkman-Forchheimer model, which can be viewed as the Navier-Stokes equa-

tions with a nonlinear damping term, is used to modelling fast flows in highly porous

media [20, 43]. In recent years there have developed many numerical algorithms

for Brinkman-Forchheimer equations, such as conforming mixed finite element meth-

ods [5, 6, 24, 31, 51], nonconforming mixed finite element methods [33], stabilized

mixed methods [27,35], multi-level mixed methods [25,41,58,59], parallel finite ele-

ment algorithms [48, 49]. We refer to [4, 7, 13, 18, 23, 26, 32, 39, 52, 57, 61, 62] for the

study of the properties of weak/strong solutions to the Brinkman-Forchheimer equa-

tions.

It is well-known that the divergence constraint ∇·u = 0 corresponds to the conser-

vation of mass for incompressible fluid flows, and that numerical methods with poor

conservation usually suffer from instabilities [1, 19, 28, 29, 38]. Besides, the numerical

schemes with exactly divergence-free velocity approximation may automatically lead to

pressure-robustness in the sense that the velocity approximation error is independent

of the pressure approximation [19,30,36]. We refer to [8,9,11,15,16,21,37,50,55,60]

for some divergence-free finite element methods for the incompressible fluid flows.

In this paper we consider a robust globally divergence-free weak Galerkin (WG) fi-

nite element discretization of the Brinkman-Forchheimer model (1.1). The WG frame-

work was first proposed in [44, 45] for second-order elliptic problems. It allows the

use of totally discontinuous functions on meshes with arbitrary shape of polygons/po-

lyhedra due to the introduction of weakly defined gradient/divergence operators over

functions with discontinuity, and has the local elimination property, i.e. the unknowns

defined in the interior of elements can be locally eliminated by using the numerical

traces defined on the interfaces of elements. We refer to [8, 9, 12, 15–17, 22, 34, 36,

37, 40, 46, 47, 50, 53, 54, 56, 60] for developments and applications of WG methods

for fluid flow problems and some other problems. Particularly, a class of robust glob-

ally divergence-free weak Galerkin methods were developed in [8] for Stokes equa-

tions, and later were extended to solve incompressible quasi-Newtonian Stokes equa-

tions [60], natural convection equations [15, 16] and incompressible Magnetohydro-

dynamics flow equations [56].

The goal of this contribution is to extend the WG methods of [8] to the discretiza-

tion of the Brinkman-Forchheimer model. The main features of our WG discretization

for the model (1.1) are as follows:

• The discretization scheme is arbitrary order, which adopts piecewise polynomials

of degrees m (m ≥ 1) and m− 1 to approximate the velocity and pressure inside

the elements, respectively, and piecewise polynomials of degrees k (k = m−1,m)
and m to approximate the traces of velocity and pressure on the interfaces of

elements, respectively.

• The scheme yields globally divergence-free velocity approximation, which auto-

matically leads to pressure-robustness.
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• The scheme is parameter-friendly, i.e. the stabilization parameter in the scheme

does not require to be sufficiently large.

• The unknowns of the velocity and pressure in the interior of elements can be

locally eliminated so as to obtain a reduced discrete system of smaller size.

• The well-posedness and optimal error estimates of the scheme are established.

The rest of this paper is organized as follows. Section 2 gives notations, weak for-

mulations, the WG scheme and some preliminary results. Section 3 establishes the

well-posedness of the discrete scheme. Section 4 is devoted to the a priori error anal-

ysis. Section 5 derives L2 error estimate for the velocity. Section 6 shows the local

elimination property and proposes an iteration algorithm for the nonlinear WG scheme.

Section 7 provides several numerical experiments. Finally, Section 8 gives some con-

cluding remarks.

2. Weak Galerkin finite element scheme

2.1. Notation and weak problem

For any bounded domain Λ ⊂ Rl (l = n, n − 1), nonnegative integer s and real

number 1 ≤ q < ∞, let W s,q(Λ) and W
s,q
0 (Λ) be the usual Sobolev spaces defined on

Λ with norm ‖ · ‖s,q,Λ and semi-norm | · |s,q,Λ. In particular, Hs(Λ) := W s,2(Λ) and

Hs
0(Λ) := W

m,2
0 (Λ), with ‖ · ‖s,Λ := ‖ · ‖s,2,Λ and | · |s,Λ := | · |s,2,Λ. We use (·, ·)s,Λ

to denote the inner product of Hs(Λ), with (·, ·)Λ := (·, ·)0,Λ. When Λ = Ω, we set

‖ · ‖s := ‖ · ‖s,Ω, | · |s := | · |s,Ω, and (·, ·) := (·, ·)Ω. Especially, when Λ ⊂ Rn−1 we

use 〈·, ·〉Λ to replace (·, ·)Λ. For a nonnegative integer m, let Pm(Λ) be the set of all

polynomials defined on Λ with degree no more than m. We also need the following

Sobolev spaces:

L2
0(Ω) :=

{
q ∈ L2(Ω) : (q, 1) = 0

}
,

H(div; Λ) :=
{
v ∈ [L2(Λ)]n : ∇ · v ∈ L2(Λ)

}
.

Let Th be a shape regular partition of Ω into closed simplexes, and let Eh be the set

of all edges (faces) of all the elements in Ω. For any K ∈ Th, e ∈ Eh, we denote by hK
the diameter of K and by he the diameter of e, and set h = maxK∈Th hK . Let nK and

ne denote the outward unit normal vectors along the boundary ∂K and e, respectively.

We may abbreviate nK as n when there is no ambiguity. We use ∇h and ∇h· to denote

respectively the operators of piecewise-defined gradient and divergence with respect to

the decomposition Th. For convenience, throughout the paper we use x . y (x & y)

to denote x ≤ Cy (x ≥ Cy), where C is a positive constant independent of the mesh

size h.

We introduce the spaces

V :=
[
H1

0 (Ω)
]n
, Q := L2

0(Ω), V0 := {v ∈ V : ∇ · v = 0},
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and define the following bilinear and trilinear forms: For u,v,κ ∈ V and q ∈ Q,

a(u,v) := ν(∇u,∇v), b(v, q) := −(q,∇ · v),

c(κ;u,v) := α(|κ|r−2u,v),

d(u;u,v) :=
1

2

(
∇ · (u⊗ u),v

)
−

1

2

(
∇ · (v ⊗ u),u

)
.

We note that the trilinear form d(·; ·, ·) is the same as that in [15,16].

Then the weak form of (1.1) is given as follows: Seek (u, p) ∈ V ×Q such that

a(u,v) + b(v, p) + c(u;u,v) + d(u;u,v) = (f,v), ∀v ∈ V ,

b(u, q) = 0, ∀q ∈ Q.
(2.1)

Remark 2.1. As shown in [31, Theorem 1], the weak problem (2.1) admits at least one

solution (u, p) ∈ V × Q when Ω is a bounded Lipschitz domain and f ∈ [H−1(Ω)]n,

and there holds

‖∇u‖0 ≤
‖f‖∗
ν

. (2.2)

In addition, if the smallness condition

N‖f‖∗
ν2

< 1 (2.3)

holds, then the solution of (2.1) is unique. Here

‖f‖∗ := sup
0 6=v∈V0

(f ,v)

‖∇v‖0
, N := sup

0 6=u,v,κ∈V0

d(κ;u,v)

‖∇κ‖0‖∇u‖0‖∇v‖0
.

2.2. WG scheme

In order to give the WG scheme to the system (1.1) we introduce, for integer γ ≥ 0,

the discrete gradient operator ∇w,γ and the discrete weak divergence operator ∇w,γ ·
as follows.

Definition 2.1. For all K ∈ Th and v ∈ V(K) := {v = {vi, vb} : vi ∈ L2(K), vb ∈
H1/2(∂K)}, the discrete weak gradient ∇w,γ,Kv ∈ [Pγ(K)]n of v on K is defined by

(∇w,γ,Kv, ς)K = −(vi,∇ · ς)K + 〈vb, ς · nK〉∂K , ∀ς ∈ [Pγ(K)]n. (2.4)

Then the global discrete weak gradient operator ∇w,γ is defined as

∇w,γ|K := ∇w,γ,K, ∀K ∈ Th.

Moreover, for a vector v = (v1, v2, · · · , vn)
⊤ with vj|K ∈ V(K) for j = 1, . . . , n, the

discrete weak gradient ∇w,γv is defined as

∇w,γv := (∇w,γv1,∇w,γv2, · · · ,∇w,γvn)
⊤.
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Definition 2.2. For all K ∈ Th and w ∈ W(K) := {w = {wi,wb} : wi ∈ [L2(K)]n,wb ·
nK ∈ H−1/2(∂K)}, the discrete weak divergence ∇w,γ,K ·w ∈ Pγ(K) of w onK is defined

by

(∇w,γ,K ·w, ς)K = −(wi,∇ς)K + 〈wb · n, ς〉∂K , ∀ς ∈ Pγ(K). (2.5)

Then the global discrete weak divergence operator ∇w,γ· is defined as

∇w,γ · |K := ∇w,γ,K·, ∀K ∈ Th.

Moreover, for a tensor w̃ = (w1, · · · ,wn)
⊤ with wj|K ∈ W(K) for j = 1, . . . , n, the

discrete weak divergence ∇w,γ · w̃ is defined as

∇w,γ · w̃ := (∇w,γ ·w1, · · · ,∇w,γ ·wn)
⊤.

For any K ∈ Th, e ∈ Eh and nonnegative integer j, let Π∗
j : L2(K) → Pj(K) and

ΠB
j : L2(e) → Pj(e) be the usual L2-projection operators. We shall adopt Π∗

j to denote

Π∗
j for the vector form.

For any integer m ≥ 1, and integer k = m− 1,m, we introduce the following finite

dimensional spaces:

Vh :=
{
vh = {vhi,vhb} : vhi|K ∈ [Pm(K)]n,vhb|e ∈ [Pk(e)]

n,∀K ∈ Th,∀e ∈ Eh
}
,

V 0
h :=

{
vh = {vhi,vhb} ∈ Vh : vhb|∂Ω = 0

}
,

Qh :=
{
qh = {qhi, qhb} : qhi|K ∈ Pm−1(K), qhb|e ∈ Pm(e),∀K ∈ Th,∀e ∈ Eh

}
,

Q0
h :=

{
qh = {qhi, qhb} ∈ Qh, qhi ∈ L2

0(Ω)
}
.

For any uh = {uhi,uhb},vh = {vhi,vhb},κh = {κhi,κhb} ∈ V 0
h , and ph = {phi, phb}

∈ Q0
h, we shall define bilinear and trilinear terms as follows:

ah(uh,vh) := ν(∇w,m−1uh,∇w,m−1vh) + sh(uh,vh),

sh(uh,vh) := ν
〈
η(ΠB

k uhi − uhb),Π
B
k vhi − vhb

〉
∂Th

,

bh(vh, qh) := (∇w,mqh,vhi),

ch(κh;uh,vh) := α(|κhi|
r−2uhi,vhi),

dh(κh;uh,vh) :=
1

2

(
∇w,m · {uhi ⊗ κhi,uhb ⊗ κhb},vhi

)

−
1

2

(
∇w,m · {vhi ⊗ κhi,vhb ⊗ κhb},uhi

)
,

where 〈·, ·〉∂Th :=
∑

K∈Th
〈·, ·〉∂K , and the stabilization parameter η|∂K = h−1

K , ∀K ∈ Th.

In what follows we assume that f ∈ L2(Ω). Based on the above definitions, the WG

scheme for (1.1) reads: Seek uh = {uhi,uhb} ∈ V 0
h , ph = {phi, phb} ∈ Q0

h such that

ah(uh,vh) + bh(vh, ph) + ch(uh;uh,vh)

+ dh(uh;uh,vh) = (f ,vhi), ∀vh ∈ V 0
h , (2.6a)

bh(uh, qh) = 0, ∀qh ∈ Q0
h. (2.6b)
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The following theorem shows that the scheme (2.6) yields globally divergence-free

velocity approximation.

Theorem 2.1. Let uh = {uhi,uhb} ∈ V 0
h be the velocity solution of the WG scheme (2.6).

Then there hold

uhi ∈ H(div; Ω), ∇ · uhi = 0. (2.7)

Proof. Define a function ϕhb ∈ L
2(Eh) as follows: For any e ∈ Eh,

ϕhb|e :=

{
−
(
(uhi · ne)|K1

)
|e −

(
(uhi · ne)|K2

)
|e, if e = K1 ∩K2, K1,K2 ∈ Th,

0, ∀e ⊂ ∂Ω.

Let

ϕ0 :=
1

|Ω|

∫

Ω
∇h · uhi dx.

Taking qhi = ∇h · uhi − ϕ0, qhb = ϕhb − ϕ0 in (2.6b), we obtain

0 = −(uhi,∇w,mqh)

= (∇h · uhi, qhi)−
∑

K∈Th

〈uhi · n, qhb〉∂K

= (∇h · uhi,∇h · uhi − ϕ0)−
∑

K∈Th

〈uhi · n, ϕhb − ϕ0〉∂K

= (∇h · uhi,∇h · uhi)−
∑

K∈Th

〈uhi · n, ϕhb〉∂K

= ‖∇h · uhi‖
2
0 +

∑

e∈Eh,e*∂Ω

‖(uhi · ne)|K1
+ (uhi · ne)|K2

‖20,e,

which indicates the desired conclusion (2.7).

2.3. Preliminary results

We first introduce two semi-norms ||| · |||V and ||| · |||Q on the spaces Vh and Qh,

respectively, as follows:

|||vh|||
2
V := ‖∇w,m−1vh‖

2
0 +

∥∥∥η
1

2

(
Π

B
k vhi − vhb

)∥∥∥
2

0,∂Th
, ∀vh ∈ Vh,

|||qh|||
2
Q := ‖qhi‖

2
0 +

∑

K∈Th

h2K‖∇w,mqh‖
2
0,K , ∀qh ∈ Qh,

where

‖ · ‖0,∂Th :=

( ∑

K∈Th

‖ · ‖20,∂K

)1

2

,
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and we recall that η|∂K = h−1
K . It is easy to see that ||| · |||V and ||| · |||Q are norms on V 0

h

and Q0
h, respectively (cf. [8, Lemma 3.3]).

The following lemma follows from the trace theorem, the inverse inequality and

scaling arguments (cf. [16, Lemma 3.2], [42, Theorem 3.4.1]).

Lemma 2.1. For all K ∈ Th, ω ∈ H1(K), and 1 ≤ q ≤ ∞, there holds

‖ω‖0,q,∂K . h
− 1

q

K ‖ω‖0,q,K + h
1− 1

q

K |ω|1,q,K .

In particular, for all ω ∈ Pm(K),

‖ω‖0,q,∂K . h
− 1

q

K ‖ω‖0,q,K .

For the projections Π∗
j and ΠB

j with j ≥ 0, the following approximation and stability

results are standard.

Lemma 2.2 (cf. [42, Lemmas 3.5.4-3.5.5]). For ∀K ∈ Th,∀e ∈ Eh and 1 ≤ l ≤ j + 1,

there hold

‖ω −Π∗
jω‖0,K + hK

∣∣ω −Π∗
jω|1,K . hlK |ω

∣∣
l,K
, ∀ω ∈ H l(K),

‖ω −Π∗
jω‖0,∂K +

∥∥ω −ΠB
j ω
∥∥
0,∂K

. h
l− 1

2

K |ω|l,K , ∀ω ∈ H l(K),
∥∥Π∗

jω
∥∥
0,K

≤ ‖ω‖0,K , ∀v ∈ L2(K),
∥∥ΠB

j ω
∥∥
0,e

≤ ‖ω‖0,e, ∀v ∈ L2(e).

In view of the definitions of the discrete weak gradient operator, the Green’s for-

mula, the projection operator, the Cauchy-Schwarz inequality, the inverse inequality

and the trace inequality, the following lemma holds (cf. [8, Lemma 3.2]).

Lemma 2.3. For any K ∈ Th and ωh = {ωhi,ωhb} ∈ [Pm(K)]n × [Pk(∂K)]n with

0 ≤ m− 1 ≤ k ≤ m, there hold

‖∇ωhi‖0,K . ‖∇w,m−1ωh‖0,K + h
− 1

2

K

∥∥ΠB
k ωhi − ωhb

∥∥
0,∂K

,

‖∇w,m−1ωh‖0,K . ‖∇ωhi‖0,K + h
− 1

2

K

∥∥ΠB
k ωhi − ωhb

∥∥
0,∂K

.

(2.8)

By the definition of the norm ||| · |||V , we further have the following conclusion

(cf. [16, (3.3)], [56, Lemma 3.3]).

Lemma 2.4. For any vh ∈ V 0
h , there hold

‖∇hvhi‖0 . |||vh|||V (2.9)

and

‖vhi‖0,r ≤ Cr̃|||vh|||V (2.10)
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for r satisfying {
2 ≤ r <∞, if n = 2,

2 ≤ r ≤ 6, if n = 3,

where Cr̃ > 0 is a positive constant only depending on r.

For any integer j ≥ 0, we introduce the local Raviart-Thomas (RT) element space

RTj(K) = [Pj(K)]n + xPj(K), ∀K ∈ Th

and the RT projection operator PRT
j : [H1(K)]n → RTj(K) (cf. [3]) defined by

〈
PRT
j ω · ne, σ

〉
e
= 〈ω · ne, σ〉e, ∀σ ∈ Pj(e), e ∈ Eh, e ⊂ ∂K for j ≥ 0, (2.11)

(
PRT
j ω,σ

)
K

= (ω,σ)K , ∀σ ∈ [Pj−1(K)]n for j ≥ 1. (2.12)

The following lemmas show some properties of PRT
j .

Lemma 2.5 (cf. [3, Lemma 3.1]). For any ωhi ∈ RTj(K), the relation ∇ · ωhi|K = 0
implies ωhi ∈ [Pj(K)]n.

Lemma 2.6 (cf. [3, Theorem 3.1, Lemma 3.5]). For anyK ∈ Th, the following properties

hold:

(
∇ · PRT

j ω, qh
)
K

= (∇ · ω, qh)K , ∀ω ∈ [H1(K)]n, qh ∈ Pj(K), (2.13)
∥∥ω − PRT

j ω
∥∥
0,K

. hlK |ω|l,K , ∀ω ∈ [H l(K)]n, ∀1 ≤ l ≤ j + 1. (2.14)

Lemma 2.7 (cf. [16, Lemma 4.2]). For any K ∈ Th, ω ∈ [H l(K)]n and 1 ≤ l ≤ j + 1,

the following estimates hold:

∣∣ω − PRT
j ω

∣∣
1,K

. hl−1
K |ω|l,K ,

∣∣ω − PRT
j ω

∣∣
0,∂K

. h
l− 1

2

K |ω|l,K ,
∣∣ω − PRT

j ω
∣∣
0,3,K

. h
l−n

6

K |ω|l,K ,

∣∣ω − PRT
j ω

∣∣
0,3,∂K

. h
l− 1

3
−n

6

K |ω|l,K .

We have the following commutativity properties for the RT projection, the L2 pro-

jections and the discrete weak operators.

Lemma 2.8 (cf. [8, Lemma 3.7]). For m ≥ 1, there hold

∇w,m−1

{
PRT
m ω,ΠB

k ω
}
= Π

∗
m−1(∇ω), ∀ω ∈ [H1(Ω)]n, k = m,m− 1,

∇w,m

{
Π∗

m−1q,Π
B
mq
}
= Π

∗
m(∇q), ∀q ∈ H1(Ω).

Finally, we give several inequalities to be used later (cf. [2, Lemma 4.1], [10, The-

orem 5.3.3], [25, Lemma 1]).
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Lemma 2.9. For any λ, µ ∈ Rn, there hold

∣∣|λ|r−2 − |µ|r−2
∣∣ ≤ (r − 2)(|λ|r−3 + |µ|r−3)|λ− µ|,

∣∣|λ|r−2λ− |µ|r−2µ
∣∣ ≤ Cr(|λ|+ |µ|)r−2|λ− µ|,

(
|λ|r−2λ− |µ|r−2µ

)
· (λ− µ) & |λ− µ|r

for r ≥ 2, and

∣∣|λ|r−2 − |µ|r−2 − (r − 2)|µ|r−4µ · (λ− µ)
∣∣

≤
(r − 1)(r − 2)

2
(|λ|r−4 + |µ|r−4)|λ− µ|2

for r ≥ 4, where | · | denotes the Euclid norm and Cr is a positive constant, depending only

on r, to be used in the latter analysis.

3. Well-posedness of discrete scheme

Lemmas 3.1 and 3.2 give some stability conditions for the discrete scheme (2.6).

Lemma 3.1. For any κh = {κhi,κhb},uh = {uhi,uhb},vh = {vhi,vhb} ∈ V 0
h , there

hold

ah(uh,vh) . ν|||uh|||V · |||vh|||V , (3.1)

ah(vh,vh) = ν|||vh|||
2
V , (3.2)

ch(vh;vh,vh) = α‖vhi‖
r
0,r, (3.3)

ch(κh;uh,vh) ≤ αCr
r̃ |||κh|||

r−2
V |||uh|||V · |||vh|||V , (3.4)

dh(κh;vh,vh) = 0, (3.5)

dh(κh;uh,vh) . |||κh|||V · |||uh|||V · |||vh|||V , (3.6)

where Cr̃ is the same as in (2.10).

Proof. According to the definition of ah(·, ·), the Cauchy-Schwarz inequality and

Lemma 2.4, we easily get (3.1)-(3.2). The results (3.3) and (3.5) follow from the

definitions of ch(·; ·, ·) and dh(·; ·, ·), respectively. From the definition of ch(·; ·, ·), the

Hölder’s inequality and Lemma 2.4 we obtain

ch(κh;uh,vh) ≤ α‖κhi‖
r−2
0,r ‖uhi‖0,r‖vhi‖0,r ≤ Cr

r̃α|||κh|||
r−2
V |||uh|||V · |||vh|||V ,

i.e. (3.4) holds. The inequality (3.6) has been proved in [16, Lemma 3.10].
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We also have the following discrete inf-sup inequality.

Lemma 3.2 ([8, Theorem 3.1]). There holds

sup
vh∈V

0

h

bh(vh, ph)

|||vh|||V
& |||ph|||Q, ∀ph ∈ Q0

h.

Denote

V0h :=
{
κh ∈ V 0

h : bh(κh, qh) = 0,∀qh ∈ Q0
h

}
.

From the proof of Theorem 2.1 we easily see that

V0h =
{
κh ∈ V 0

h : κhi ∈ H(div; Ω),∇ · κhi = 0
}
.

To prove the existence of solutions to the scheme (2.6), we introduce the following

auxiliary system: Find uh ∈ V0h such that

Bh(uh;uh,vh) = (f ,vhi), ∀vh ∈ V0h, (3.7)

where the trilinear form Bh(·; ·, ·) : V0h × V0h × V0h → R is defined by

Bh(κh;uh,vh) := ah(uh,vh) + ch(κh;uh,vh) + dh(κh;uh,vh)

for any κh,uh,vh ∈ V0h.

We have the following equivalence result.

Lemma 3.3. The discrete problems (2.6) and (3.7) are equivalent in the sense that both

(i) and (ii) hold:

(i) If (uh, ph) ∈ V 0
h ×Q0

h solves (2.6), then uh ∈ V0h solves (3.7).

(ii) If uh ∈ V0h solves (3.7), then (uh, ph) solves (2.6), where ph ∈ Q0
h is determined by

bh(vh, ph) = (f ,vhi)− ah(uh,vh)− ch(uh;uh,vh)

− dh(uh;uh,vh), ∀vh ∈ V 0
h . (3.8)

Define

Nh := sup
0 6=κh,uh,vh∈V0h

dh(κh;uh,vh)

|||κh|||V · |||uh|||V · |||vh|||V
, ‖f‖∗,h := sup

0 6=vh∈V0h

(f ,vhi)

|||vh|||V
.

From (3.6) and Lemma 2.4 we easily know that

Nh . 1, ‖f‖∗,h . ‖f‖0.

Based on Lemma 3.3, we can obtain the following existence and boundedness re-

sults for the WG method.
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Theorem 3.1. The WG scheme (2.6) admits at least a solution pair (uh, ph) ∈ V 0
h ×Q0

h

and there hold

|||uh|||V ≤
1

ν
‖f‖∗,h, (3.9)

|||ph|||Q . ‖f‖∗,h + ‖f‖2∗,h + ‖f‖r−1
∗,h . (3.10)

Proof. We first show the problem (3.7) admits at least one solution uh ∈ V0h.

According to [14, Theorem 1.2], it suffices to show that the following two results hold:

(I) Bh(vh;vh,vh) ≥ ν|||vh|||
2
V , ∀vh ∈ V0h;

(II) V0h is separable, and the relation liml→∞u
(l)
h = uh (weakly in V0h) implies

lim
l→∞

Bh

(
u
(l)
h ;u

(l)
h ,vh

)
= Bh(uh;uh,vh), ∀vh ∈ V0h.

In fact, (I) follows from Lemma 3.1 directly. We only need to show (II). Since

V0h is a finite dimensional space, we know that V0h is separable and that the weak

convergence liml→∞u
(l)
h = uh on V0h is equivalent to the strong convergence

lim
l→∞

∣∣∣
∣∣∣
∣∣∣u(l)

h − uh

∣∣∣
∣∣∣
∣∣∣
V
= 0. (3.11)

On the other hand, by Lemmas 2.4, 2.9, 3.1 and the definition of Nh, we have
∣∣∣Bh

(
u
(l)
h ;u

(l)
h ,vh

)
− Bh(uh;uh,vh)

∣∣∣

=
∣∣∣ah
(
u
(l)
h − uh,vh

)
+
(
ch(u

(l)
h ;u

(l)
h ,vh)− ch(uh;uh,vh)

)

+dh

(
u
(l)
h − uh;u

(l)
h − uh,vh

)
+ dh

(
uh;u

(l)
h − uh,vh

)
+ dh

(
u
(l)
h − uh;uh,vh

)∣∣∣

≤ ν
∣∣∣
∣∣∣
∣∣∣u(l)

h − uh

∣∣∣
∣∣∣
∣∣∣
V
· |||vh|||V + Cr

r̃Crα
∣∣∣
∣∣∣
∣∣∣u(l)

h − uh

∣∣∣
∣∣∣
∣∣∣
V

(∣∣∣
∣∣∣
∣∣∣u(l)

h

∣∣∣
∣∣∣
∣∣∣
V
+ |||uh|||V

)r−2
|||vh|||V

+Nh

∣∣∣
∣∣∣
∣∣∣u(l)

h − uh

∣∣∣
∣∣∣
∣∣∣
2

V
|||vh|||V + 2Nh

∣∣∣
∣∣∣
∣∣∣u(l)

h − uh

∣∣∣
∣∣∣
∣∣∣
V
· |||uh|||V · |||vh|||V ,

which, together with (3.11), yields

lim
l→∞

Bh

(
u
(l)
h ;u

(l)
h ,vh

)
= Bh(uh;uh,vh), ∀vh ∈ V0h,

i.e. (II) holds. Hence, (3.7) has at least one solution uh ∈ V0h.

For a given uh ∈ V0h ⊂ V 0
h , by Lemma 3.2 there is a unique ph ∈ Q0

h satisfy-

ing (3.8). Thus, in light of Lemma 3.3 we know that (uh, ph) is a solution of (2.6).

Taking vh = uh, qh = ph in (2.6) and using Lemma 3.1, we immediately get

ν|||uh|||
2
V + α‖uhi‖

r
Lr = (f ,uhi) ≤ ‖f‖∗,h|||uh|||V ,

which implies (3.9). Finally, the estimate (3.10) follows from Lemmas 2.4, 3.1 and 3.2,

the Eq. (3.8) and the estimate (3.9). This finishes the proof.
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Furthermore, we have the following uniqueness result.

Theorem 3.2. Assume that the smallness condition

Nh

ν2
‖f‖∗,h < 1 (3.12)

holds, then the scheme (2.6) admits a unique solution (uh, ph) ∈ V 0
h ×Q0

h.

Proof. Let (uh1, ph1) and (uh2, ph2) be two solutions of (2.6), i.e. for j = 1, 2 and

(vh, qh) ∈ V 0
h ×Q0

h there hold

ah(uhj ,vh) + ch(uhj ;uhj,vh)

+ dh(uhj;uhj ,vh) + bh(vhj, phj) = (f ,vhi),

bh(uhj , qh) = 0,

which give

ah(uh1 − uh2,vh) + ch(uh1;uh1,vh)

− ch(uh2;uh2,vh)− bh(vh, ph1 − ph2)

= dh(uh2;uh2,vh)− dh(uh1;uh1,vh), (3.13a)

bh(uh1 − uh2, qh) = 0. (3.13b)

Taking vh = uh1 − uh2 and qh = ph1 − ph2 in the above two equations and using the

relation

dh(uh2;uh1 − uh2,uh1 − uh2) = 0

due to (3.5), we obtain

ah(uh1 − uh2,uh1 − uh2) + ch(uh1;uh1,uh1 − uh2)

− ch(uh2;uh2,uh1 − uh2)

= dh(uh2;uh2,uh1 − uh2)− dh(uh1;uh1,uh1 − uh2)

= dh(uh2 − uh1;uh1,uh1 − uh2).

This relation, together with (3.2), (3.6), (3.9), and the inequality

ch(uh1;uh1,uh1 − uh2)− ch(uh2;uh2,uh1 − uh2) & ‖uhi1 − uhi2‖
r
0,r ≥ 0

due to Lemma 2.9, implies

ν|||uh1 − uh2|||
2
V ≤ dh(uh2 − uh1;uh1,uh1 − uh2)

≤ Nh|||uh1|||V |||uh1 − uh2|||
2
V

≤ ν−1Nh‖f‖∗,h|||uh1 − uh2|||
2
V ,

i.e. (
1−

Nh

ν2
‖f‖∗,h

)
|||uh1 − uh2|||

2
V ≤ 0.

This inequality plus the assumption (3.12) yields uh1 = uh2. Then by (3.13a) we have

bh(vh, ph1 − ph2) = 0 which, together with Lemma 3.2, leads to ph1 = ph2. This finishes

the proof.
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4. A priori error estimates

This section is devoted to the error analysis for the WG method (2.6). To this end,

we first assume that the weak solution (u, p) of (1.1) satisfies the following regularity

conditions for m ≥ 1:

u ∈
[
Hm+1(Ω)

]n
∩ V , p ∈ Hm(Ω) ∩ L2

0(Ω). (4.1)

Define
Ihu|K :=

{
PRT
m (u|K),ΠB

k (u|K)
}
,

Php|K :=
{
Π∗

m−1(p|K),ΠB
m(p|K)

}
.

(4.2)

Here we recall that m ≥ 1 and k = m− 1,m.

Lemma 4.1. There hold

PRT
m u|K ∈ [Pm(K)]n, ∀K ∈ Th (4.3)

and, for any (vh, qh) ∈ V 0
h ×Q0

h,

ah(Ihu,vh) + bh(vh,Php) + ch(Ihu;Ihu,vh) + dh(Ihu;Ihu,vh)

= (f ,vhi) + ξI(u;u,vh) + ξII(u,vh) + ξIII(u;u,vh), (4.4a)

bh(Ihu, qh) = 0, (4.4b)

where

ξI(u;u,vh) := −
1

2

(
PRT
m u⊗ PRT

m u− u⊗ u,∇hvhi
)

+
1

2

〈
(ΠB

k u⊗Π
B
k u− u⊗ u)n,vhi

〉
∂Th

−
1

2

(
(u · ∇)u− (PRT

m u · ∇h)P
RT
m u,vhi

)

−
1

2

〈
(vhb ⊗Π

B
k u)n,P

RT
m u

〉
∂Th

,

ξII(u,vh) := ν
〈(
∇u−Π

∗
m−1∇u

)
n,vhi − vhb

〉
∂Th

+ ν
〈
η(PRT

m u− u),ΠB
k vhi − vhb

〉
∂Th

,

ξIII(u;u,vh) = α
(
|PRT

m u|r−2PRT
m u− |u|r−2u,vhi

)
.

Proof. For all K ∈ Th, ̺m ∈ Pm(K), by Lemma 2.6 we have

(
∇ · PRT

m u, ̺m
)
K

= (∇ · u, ̺m)K = 0,

which means that ∇ · PRT
m u = 0, i.e. (4.3) holds.

From the definition of discrete weak divergence, the Green’s formula and the defi-

nition of the trilinear form dh(·; ·, ·) we easily have

dh(Ihu;Ihu,vh) =
(
∇ · (u⊗ u),vhi

)
+ ξI(u;u,vh). (4.5)
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Thus, according to Lemma 2.8, the projection properties and the definition of discrete

weak gradient, we get

ah(Ihu,vh) + bh(vh,Php) + ch(Ihu;Ihu,vh) + dh(Ihu;Ihu,vh)

= ν
(
∇w,m−1{P

RT
m u,ΠB

k u},∇w,m−1vh
)
+ ν

〈
ηΠB

k (P
RT
m u− u),ΠB

k vhi − vhb
〉
∂Th

+
(
vhi,∇w,m{Π∗

m−1p,Π
B
mp}

)
+ α

(
|PRT

m u|r−2PRT
m u,vhi

)

+
(
∇ · (u⊗ u),vhi

)
+ ξI(u;u,vh)

= ν
(
Π

∗
m−1(∇u),∇w,m−1vh

)
+ ν

〈
η(PRT

m u− u),ΠB
k vhi − vhb

〉
∂Th

+
(
vhi,Π

∗
m(∇p)

)
+ α

(
|u|r−2u,vhi

)
+ ξIII(u;u,vh)

+
(
∇ · (u⊗ u),vhi

)
+ ξI(u;u,vh)

= −ν
(
∇h ·Π

∗
m−1(∇u),vhi

)
+ ν
〈
Π

∗
m−1(∇u)n,vhb

〉
∂Th

+ ν
〈
η(PRT

m u− u),ΠB
k vhi − vhb

〉
∂Th

+
(
∇ · (u⊗ u),vhi

)

+ (vhi,∇p) + α
(
|u|r−2u,vhi

)
+ ξI(u;u,vh) + ξIII(u;u,vh).

Consequently, using the relation 〈(∇u)n,vhb〉∂Th = 0, the Green formula, projection

properties, and the first equation in (1.1), we obtain

ah(Ihu,vh) + bh(vh,Php) + ch(Ihu;Ihu,vh) + dh(Ihu;Ihu,vh)

= ν
(
Π

∗
m−1(∇u),∇hvhi

)
+ ν
〈
Π

∗
m−1(∇u)n,vhb − vhi

〉
∂Th

+ ν
〈
η(PRT

m u− u),ΠB
k vhi − vhb

〉
∂Th

+
(
∇ · (u⊗ u),vhi

)

+ (vhi,∇p) + α
(
|u|r−2u,vhi

)
+ ξI(u;u,vh) + ξIII(u;u,vh)

= −ν(△u,vhi) + ν
〈
(∇u−Π

∗
m−1∇u)n,vhi − vhb

〉
∂Th

+ ν
〈
η(PRT

m u− u),ΠB
k vhi − vhb

〉
∂Th

+
(
∇ · (u⊗ u),vhi

)

+ (vhi,∇p) + α
(
|u|r−2u,vhi

)
+ ξI(u;u,vh) + ξIII(u;u,vh)

= (f ,vhi) + ξI(u;u,vh) + ξII(u,vh) + ξIII(u;u,vh).

This gives (4.4a).

From the definition of ∇w,m, the fact ∇ · PRT
m u = 0 and (2.11) it follows

bh(Ihu, qh) = −
(
∇ · PRT

m u, qhi
)
+
〈
PRT
m u · n, qhb

〉
∂Th

= 〈u · n, qhb〉∂Th = 0,

i.e. the relation (4.4b) holds. This completes the proof.

By following a similar line as in the proofs of [16, Lemma 4.3] and [56, Lemma 5.2],

we can obtain the estimates of ξI , ξII , and ξIII .

Lemma 4.2. For any vh ∈ V 0
h , there hold

|ξI(u,u;vh)| . hm‖u‖2‖u‖m+1|||vh|||V , (4.6a)

|ξII(u,vh)| . hm‖u‖m+1|||vh|||V , (4.6b)

|ξIII(u,u;vh)| . hm‖u‖r−2
2 ‖u‖m+1|||vh|||V , (4.6c)

for k = m,m− 1 when n = 2 and k = m when n = 3.
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Proof. We first estimate the four terms of ξI(u,u;vh) one by one. By the triangle

inequality, the Hölder’s inequality and the Sobolev inequality, we have
∣∣∣∣−

1

2

(
PRT
m u⊗PRT

m u− u⊗ u,∇hvhi
)∣∣∣∣

.
∣∣(PRT

m u⊗ (PRT
m u− u),∇hvhi

)∣∣+
∣∣((PRT

m u− u)⊗ u,∇hvhi
)∣∣

.
∑

K∈Th

∣∣PRT
m u− u

∣∣
0,3,K

∣∣PRT
m u

∣∣
0,6,K

‖∇hvhi‖0,K

+ |u|0,∞,Ω

∑

K∈Th

∣∣PRT
m u− u

∣∣
0,K

‖∇hvhi‖0,K

=: B1 +B2.

Then, combining Lemmas 2.4, 2.6 and 2.7 we obtain

B1 .
∑

K∈Th

∣∣PRT
m u− u

∣∣
0,3,K

(
|PRT

m u− u|0,6,Ω + |u|0,6,Ω
)
‖∇hvhi‖0,K

. hm+1−n
6 ‖u‖1|u|m+1‖∇hvhi‖0,K + hm+1|u|0,∞,Ω|u|m+1|||vh|||V

. hm‖u‖2‖u‖m+1|||vh|||V ,

B2 . hm+1|u|0,∞,Ω|u|m+1|||vh|||V . hm‖u‖2‖u‖m+1|||vh|||V .

Thus, we get the following estimate of the first term of ξI:
∣∣∣∣−

1

2

(
PRT
m u⊗ PRT

m u− u⊗ u,∇hvhi
)∣∣∣∣ . hm‖u‖2‖u‖m+1|||vh|||V . (4.7)

For the second term of ξI , we have
∣∣∣∣
1

2

〈
(ΠB

k u⊗Π
B
k u− u⊗ u)n,vhi

〉
∂Th

∣∣∣∣

=

∣∣∣∣
1

2

〈
(ΠB

k u⊗Π
B
k u− u⊗ u)n,vhi − vhb

〉
∂Th

∣∣∣∣

.
∣∣∣
〈
(ΠB

k u− u)⊗ (Π∗
mu− u)n,vhi − vhb

〉
∂Th

∣∣∣

+
∣∣∣
〈
(ΠB

k u− u)⊗ (Π∗
mun,vhi − vhb

〉
∂Th

∣∣∣

+
∣∣∣
〈
(Π∗

ku−Π
B
k u)⊗ (ΠB

k u− u)n,vhi − vhb
〉
∂Th

∣∣∣

+
∣∣∣
〈
((ΠB

k u− u)⊗Π
∗
ku)n,vhi − vhb

〉
∂Th

∣∣∣ ,

which, together with the Cauchy inequality and the properties of the projections Π
B
k

and Π
∗
m, further yields

∣∣∣∣
1

2

〈
(ΠB

k u⊗Π
B
k u− u⊗ u)n,vhi

〉
∂Th

∣∣∣∣
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.
∑

K∈Th

∣∣ΠB
k u− u

∣∣
0,∂K

|Π∗
mu− u|0,∂K

×
(∣∣vhi −Π

B
k vhi

∣∣
0,∞,∂K

+
∣∣ΠB

k vhi − vhb
∣∣
0,∞,∂K

)

+
∣∣ΠB

k u− u
∣∣
0,∂K

|Π∗
mu|0,∞,∂K

×
(∣∣vhi −Π

B
k vhi

∣∣
0,∂K

+
∣∣ΠB

k vhi − vhb
∣∣
0,∂K

)

+
∣∣Π∗

ku−ΠB
k u
∣∣
0,∂K

∣∣ΠB
k u− u

∣∣
0,∂K

×
(∣∣vhi −Π

B
k vhi

∣∣
0,∞,∂K

+
∣∣ΠB

k vhi − vhb
∣∣
0,∞,∂K

)

+
∣∣ΠB

k u− u
∣∣
0,∂K

|Π∗
mu|0,∞,∂K

×
(∣∣vhi −Π

B
k vhi

∣∣
0,∂K

+
∣∣ΠB

k vhi − vhb
∣∣
0,∂K

)

. hm‖u‖2‖u‖m+1|||vh|||V . (4.8)

For the third term of ξI , from the Hölder’s inequality and the properties of the

projection PRT
m we obtain

∣∣∣∣−
1

2

(
(u · ∇)u− (PRT

m u · ∇h)P
RT
m u,vhi

)∣∣∣∣

.
∣∣((u− PRT

m u) · ∇u,vhi
)∣∣+

∣∣(PRT
m u · (∇u−∇hP

RT
m u),vhi

)∣∣

.
∑

K∈Th

∣∣u− PRT
m u

∣∣
0,3,K

|∇u|0,K‖vhi‖0,6,K

+
∑

K∈Th

∣∣PRT
m u

∣∣
0,6,K

∣∣∇u−∇hP
RT
m u

∣∣
0,K

‖vhi‖0,3,K

. hm‖u‖2‖u‖m+1|||vh|||V . (4.9)

For the last term of ξI , we apply the triangle inequality to get

∣∣∣∣−
1

2

〈
(vhb ⊗Π

B
k u)n,P

RT
m u

〉
∂Th

∣∣∣∣

=

∣∣∣∣
1

2

〈
(vhb ⊗Π

B
k u)n,P

RT
m u−Π

B
mu
〉
∂Th

∣∣∣∣

.
∣∣∣
〈
(vhi − vhb)⊗ (ΠB

k u−Π
∗
ku)n,P

RT
m u−Π

B
mu
〉
∂Th

∣∣∣

+
∣∣∣
〈
vhi ⊗ (ΠB

k u−Π
∗
ku)n,P

RT
m u−Π

B
mu
〉
∂Th

∣∣∣

+
∣∣∣
〈
(vhi − vhb)⊗Π

∗
kun,P

RT
m u−Π

B
mu
〉
∂Th

∣∣∣

+
∣∣∣
〈
vhi ⊗Π

∗
kun,P

RT
m u−Π

B
mu
〉
∂Th

∣∣∣ ,

which plus the Cauchy inequality and the properties of the projection PRT
m , ΠB

k and
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Π
∗
k further implies

∣∣∣∣−
1

2

〈
(vhb ⊗Π

B
k u)n,P

RT
m u

〉
∂Th

∣∣∣∣

.
∑

K∈Th

(
|vhi −Π

B
k vhi|0,∞,∂K + |ΠB

k vhi − vhb|0,∞,∂K

)

×
∣∣ΠB

k u−Π
∗
ku
∣∣
0,∂K

∣∣PRT
m u−Π

B
mu
∣∣
0,∂K

+ |vhi|0,∞,∂K

∣∣ΠB
k u−Π

∗
ku
∣∣
0,∂K

|PRT
m u−Π

B
mu|0,∂K

+
(∣∣vhi −Π

B
k vhi

∣∣
0,∂K

+
∣∣ΠB

k vhi − vhb
∣∣
0,∂K

)

× |Π∗
ku|0,6,∂K

∣∣PRT
m u−Π

B
k u
∣∣
0,3,∂K

+ |vhi|0,3,∂K |Π∗
ku|0,6,∂K

∣∣PRT
m u−Π

B
mu
∣∣
0,∂K

. hm‖u‖2‖u‖m+1|||vh|||V . (4.10)

Combining the above four estimates (4.7)-(4.10) leads to the desired result (4.6a).

Similarly, for the terms ξII(u,vh) and ξIII(u,u;vh) we can get the following esti-

mates:

|ξII(u,vh)| ≤
∣∣∣ν
〈(
∇u−Π

∗
m−1∇u

)
n,vhi − vhb

〉
∂Th

∣∣∣

+
∣∣∣ν
〈
η
(
PRT
m u− u

)
,ΠB

k vhi − vhb
〉
∂Th

∣∣∣

.
∑

K∈Th

‖∇u−Π
∗
m−1∇u‖0,∂K

×
(∥∥vhi −Π

B
k vhi

∥∥
0,∂K

+
∥∥ΠB

k vhi − vhb
∥∥
0,∂K

)

+
∑

K∈Th

∥∥∥η
1

2

(
PRT
m u− u

)∥∥∥
0,∂K

∥∥∥η
1

2

(
Π

B
k vhi − vhb

)∥∥∥
0,∂K

. hm‖u‖m+1

(
‖∇hvhi‖0 +

∥∥∥η
1

2

(
Π

B
k vhi − vhb

)∥∥∥
0,∂K

)

+ hm‖u‖m+1|||vh|||V

. hm‖u‖m+1|||vh|||V

and

|ξIII(u,u;vh)| . α
∥∥PRT

m u− u
∥∥
0,3

(∥∥PRT
m u

∥∥r−2

0,2(r−2)
+ ‖u‖r−2

0,2(r−2)

)
‖vhi‖0,6

. hm‖u‖r−2
2 ‖u‖m+1|||vh|||V ,

where in the estimate of |ξIII | we have used Lemma 2.9. This finishes the proof.
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Based on Lemmas 4.1 and 4.2, we can obtain the following conclusion.

Theorem 4.1. Let (uh, ph) ∈ V 0
h ×Q0

h be the solution to the WG scheme (2.6). Under the

regularity assumption (4.1) and the discrete smallness condition (3.12) with

ϑ := 1−
Nh

ν2
‖f‖∗,h > 0, (4.11)

there hold the following error estimates:

|||Ihu− uh|||V . M1(u)h
m, (4.12a)

|||Php− ph|||Q . M2(u)h
m +M3(u)h

2m, (4.12b)

where

M1(u) := ϑ−1
(
1 + ‖u‖2 + ‖u‖r−2

2

)
‖u‖m+1,

and M2(u) and M3(u) are two positive constants depending only on ϑ, ν, ‖f‖∗,h, ‖u‖2
and ‖u‖m+1.

Proof. Subtracting (2.6a) and (2.6b) from (4.4a) and (4.4b), respectively, we have

ah(Ihu− uh,vh) + bh(vh,Php− ph) + ch(Ihu;Ihu,vh)

− ch(uh;uh,vh) + dh(Ihu;Ihu,vh)− dh(uh;uh,vh)

= ξI(u;u,vh) + ξII(u,vh) + ξIII(u;u,vh), ∀vh ∈ V 0
h , (4.13a)

bh(Ihu− uh, qh) = 0, ∀qh ∈ Q0
h. (4.13b)

Taking vh = Ihu− uh in Eq. (4.13a) and utilizing Lemmas 2.9 and 3.1, we obtain

ν|||Ihu− uh|||
2
V +

∥∥PRT
m u− uhi

∥∥r

0,r

. ν|||Ihu− uh|||
2
V +

(∣∣PRT
m u

∣∣r−2
PRT
m u− |uhi|

r−2uhi,P
RT
m u− uhi

)

= ξI(u,u;Ihu− uh) + ξII(u;Ihu− uh) + ξIII(u,u;Ihu− uh)

−
{
dh(Ihu;Ihu,Ihu− uh)− dh(uh;uh,Ihu− uh)

}

= ξI(u,u;Ihu− uh) + ξII(u;Ihu− uh) + ξIII(u,u;Ihu− uh)

− dh(Ihu− uh;uh,Ihu− uh),

where in the last line we have used the relation dh(Ihu;Ihu − uh,Ihu − uh) = 0.

In view of Lemma 4.2, the definition of Nh with uh,Ihu ∈ V0h, and the fact that

‖PRT
m u− uhi‖

r
0,r ≥ 0, we further obtain

ν|||Ihu− uh|||
2
V ≤ Chm

(
‖u‖2‖u‖m+1 + ‖u‖m+1 + ‖u‖r−2

2 ‖u‖m+1

)
|||Ihu− uh|||V

+Nh|||uh|||V |||Ihu− uh|||
2
V ,

which, together with (3.9), yields

ν

(
1−

Nh

ν2
‖f‖∗,h

)
|||Ihu− uh|||V ≤ Chm

(
1 + ‖u‖2 + ‖u‖r−2

2

)
‖u‖m+1.
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Thus, the desired estimate (4.12a) follows.

Next we estimate the error of pressure. Using the Eq. (4.13a) we get

bh(vh,Php− ph) = −ah(Ihu− uh,vh)− ch(Ihu;Ihu,vh) + ch(uh;uh,vh)

− dh(Ihu;Ihu,vh) + dh(uh;uh,vh)

+ ξI(u;u,vh) + ξII(u,vh) + ξIII(u;u,vh)

= −ah(Ihu− uh,vh)−
(
ch(Ihu;Ihu,vh)− ch(uh;uh,vh)

)

− dh(Ihu− uh;Ihu− uh,vh)− dh(Ihu− uh;uh,vh)

− dh(uh;Ihu− uh,vh)

+ ξI(u;u,vh) + ξII(u,vh) + ξIII(u;u,vh), ∀vh ∈ V 0
h .

In light of Lemmas 2.4, 2.9, 3.1, 3.2, 4.2 and the estimates (3.9) and (4.12a), we have

|||Php− ph|||Q . sup
0 6=vh∈V

0

h

bh(vh,Php− ph)

|||vh|||V

. ν|||Ihu− uh|||V + αCrC
r
r̃ (|||Ihu|||V + |||uh|||V )

r−2 |||Ihu− uh|||V

+ |||Ihu− uh|||
2
V + |||uh|||V |||Ihu− uh|||V

+ ξI(u;u,vh) + ξII(u,vh) + ξIII(u;u,vh)

.

(
ν +

‖f‖∗,h
ν

+
‖f‖r−2

∗,h

νr−2
+ ‖u‖r−2

2

)
|||Ihu− uh|||V + |||Ihu− uh|||

2
V

+ hm
(
1 + ‖u‖2 + ‖u‖r−2

2

)
‖u‖m+1,

which shows (4.12b).

Finally, based upon Theorem 4.1, Lemmas 2.2, 2.6-2.8, we can obtain the following

main conclusion.

Theorem 4.2. Under the same conditions as in Theorem 4.1, there hold

‖∇u−∇huhi‖0 + ‖∇u−∇w,m−1uh‖0 . M1(u)h
m, (4.14)

‖p − phi‖0 . (M2(u) + ‖p‖m)hm +M3(u)h
2m. (4.15)

Remark 4.1. The result (4.14) shows that the velocity error estimate is independent of

the pressure approximation, which means that the proposed WG scheme is pressure-

robust.

5. L2 error estimation for velocity

We follow standard dual arguments to derive an L2 error estimate for the velocity

solution of the WG scheme with r = 2, 4. To this end, we introduce the following dual



20 X. Wang and X. Xie

problem: Seek (φ, ψ) such that





−ν△φ− (u · ∇)φ+ (∇u)⊤φ+ α|u|r−2φ

+α(r − 2)|u|r−4(u · φ)u+∇ψ = ehi, in Ω,

∇ · φ = 0, in Ω,

φ = 0, on ∂Ω,

(5.1)

where u and uh = {uhi,uhb} are respectively the solutions of (1.1) and (2.6), and

ehi := PRT
m u− uhi. We assume the following regularity condition holds:

‖φ‖2 + ‖ψ‖1 . ‖ehi‖0. (5.2)

The corresponding weak form of (5.1) reads: Seek (φ, ψ) ∈ V ×Q such that

Au(φ,v) + b(v, ψ) = (ehi,v), ∀v ∈ V ,

b(φ, q) = 0, ∀q ∈ Q,
(5.3)

where the bilinear form Au(·, ·) : V × V → R is defined by

Au(φ,v) := a(φ,v) + c(u;φ,v) + d(u;v,φ) + d(v;u,φ)

+ α(r − 2)(|u|r−4(u · φ)u,v), (5.4)

and the bilinear forms, a(·, ·) and b(·, ·), and the trilinear forms, c(·; ·, ·) and d(·; ·, ·), are

given in Subsection 2.1.

Remark 5.1. According to the Hölder’s inequality, the Sobolev inequality and the

boundedness result (2.2), we can get the boundedness result

Au(φ,v) . ‖∇φ‖0‖∇v‖0, ∀φ,v ∈ V . (5.5)

At the same time, under the uniqueness condition (2.3) we can obtain the coercivity

result

Au(v,v) & ‖∇v‖20, ∀v ∈ V . (5.6)

It is standard that the inf-sup inequality

sup
v∈V

b(v, q)

‖∇v‖0
& ‖q‖0, ∀q ∈ Q

holds (cf. [14]). As a result, the problem (5.3) admits a unique solution.

By taking similar routines as in the proofs of Lemmas 4.1 and 4.2, respectively, we

can obtain Lemmas 5.1 and 5.2.
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Lemma 5.1. There hold

ah(Ihφ,vh) + bh(vh,Phψ) + ch(Ihu;Ihφ,vh)

− dh(Ihu;Ihφ,vh) + dh(vh;Ihu,Ihφ)

= (ehi,vhi)− EI(u;φ,vh) + EII(φ,vh)

+ EIII(u;φ,vh) + EIV (vh;u,φ)

− α(r − 2)(|u|r−4(u · φ)u,ehi), ∀vh ∈ V 0
h ,

bh(Ihφ, qh) = 0, ∀qh ∈ Q0
h,

(5.7)

where

EI(u;φ,vh) := −
1

2

(
PRT
m φ⊗PRT

m u− φ⊗ u,∇hvhi
)

+
1

2

〈(
Π

B
k φ⊗Π

B
k u− φ⊗ u

)
n,vhi

〉
∂Th

−
1

2

(
(u · ∇)φ−

(
PRT
m u · ∇h

)
PRT
m φ,vhi

)

−
1

2

〈(
vhb ⊗Π

B
k u
)
n,PRT

m φ
〉
∂Th

,

EII(φ,vh) := ν
〈(
∇φ−Π

∗
m−1∇φ

)
n,vhi − vhb

〉
∂Th

+ ν
〈
η
(
PRT
m φ− φ

)
,ΠB

k vhi − vhb
〉
∂Th

,

EIII(u;φ,vh) = α
(∣∣PRT

m u
∣∣r−2

PRT
m φ− |u|r−2φ,vhi

)
,

EIV (vh;u,φ) :=
((

∇hP
RT
m u

)⊤
PRT
m φ− (∇u)⊤φ,vhi

)

−
1

2

〈(
Π

B
k φ⊗ vhb

)
n,PRT

m u
〉
∂Th

+
1

2

〈(
Π

B
k u⊗ vhb

)
n,PRT

m φ
〉
∂Th

−
1

2

〈(
PRT
m u⊗ vhi

)
n,PRT

m φ
〉
∂Th

.

Lemma 5.2. For any vh ∈ V 0
h , there hold

|ξI(u;u,Ihφ)| . hm+1‖u‖2‖u‖m+1‖φ‖2,

|EI(u;φ,vh)| . h‖u‖2‖φ‖2|||vh|||V ,

|ξII(u,Ihφ)|+ |EII(φ,eh)| . hm+1‖u‖m+1‖φ‖2,

|ξIII(u;u,Ihφ)| . hm+1‖u‖r−2
2 ‖u‖m+1‖φ‖2,

|EIII(u;φ,vh)| . h‖u‖r−2
2 ‖φ‖2|||vh|||V ,

|EIV (vh;u,φ)| . h‖u‖2‖φ‖2|||vh|||V .

(5.8)

Based on Lemmas 5.1 and 5.2, we can derive the following L2 error estimate in the

cases r = 2, 4.
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Theorem 5.1. Under the regularity assumption (5.2) and the same conditions as in The-

orem 4.1, there holds

‖u− uh‖0 . M4(u)h
m+1, (5.9)

where M4(u) is a positive constant depending on ‖u‖2 and ‖u‖m+1.

Proof. Denote eh := Ihu − uh and εh := Php − ph. Taking vh = eh and qh = εh in

(5.7), we derive

‖ehi‖
2
0 = ah(Ihφ,eh) + bh(eh,Phψ) + ch(Ihu;Ihφ,eh)

+ α(r − 2)(|u|r−4(u · φ)u,ehi)

+ dh(Ihu;eh,Ihφ) + dh(eh;Ihu,Ihφ)

+ EI(u;φ,eh)− EII(φ,eh)

− EIII(u;φ, eh)− EIV (eh;u,φ),

bh(Ihφ, εh) = 0.

(5.10)

Taking vh = Ihφ and qh = Phψ in (4.13), respectively, we have

ah(eh,Ihφ) + bh(Ihφ, εh) + ch(Ihu;Ihu,Ihφ)− ch(uh;uh,Ihφ)

+ dh(Ihu;Ihu,Ihφ)− dh(uh;uh,Ihφ)

= ξI(u,u,Ihφ) + ξII(u;Ihφ) + ξIII(u,u;Ihφ),

bh(eh,Phψ) = 0,

which plus (5.10) give

‖ehi‖
2
0 =

{
ch(Ihu;Ihφ,eh)− ch(Ihu;Ihu,Ihφ) + ch(uh;uh,Ihφ)

+ α(r − 2)(|u|r−4(u · φ)u,ehi)
}

+
{
− dh(Ihu;Ihu,Ihφ) + dh(uh;uh,Ihφ)

+ dh(Ihu;eh,Ihφ) + dh(eh;Ihu,Ihφ)
}

+
{
ξI(u,u,Ihφ) + EI(u;φ,eh) + ξII(u;Ihφ)− EII(φ,eh)

+ ξIII(u,u;Ihφ)− EIII(u;φ, eh)− EIV (eh;u,φ)
}

=:
3∑

j=1

Rj. (5.11)

Then let us estimate Rj , j = 1, . . . , 3 one by one.

For the term R1, we have

R1 = α
{(∣∣PRT

m u
∣∣r−2

PRT
m φ,ehi

)
−
(∣∣PRT

m u
∣∣r−2

PRT
m u,PRT

m φ
)

+
(
|uhi|

r−2uhi,P
RT
m φ

)
+ (r − 2)

(
|u|r−4(u · φ)u,ehi

) }

= α
{((∣∣PRT

m u
∣∣r−2

− |uhi|
r−2
)
ehi,P

RT
m φ

)
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+
((∣∣PRT

m u
∣∣r−2

− |uhi|
r−2
)
PRT
m u,φ− PRT

m φ
)

−
(∣∣PRT

m u
∣∣r−2

− |uhi|
r−2 − (r − 2)|uhi|

r−4uhi · ehi,P
RT
m u · φ

)

− (r − 2)
(
|uhi|

r−4uhi

(
PRT
m u− u

)
· φ,ehi

)

+ (r − 2)
(
|uhi|

r−4uhi − |u|r−4u
)
(u · φ),ehi

}
. (5.12)

We easily see that R1 = 0 when r = 2. When r = 4, combining (5.12) with Lemma 2.9

further gives

|R1| ≤ (r − 2)
((∣∣PRT

m u
∣∣r−3

+ |uhi|
r−3
)
|ehi|

2,
∣∣PRT

m φ
∣∣
)

+ (r − 2)
((∣∣PRT

m u
∣∣r−3

+ |uhi|
r−3
)
|ehi|

∣∣PRT
m u

∣∣ ,
∣∣φ− PRT

m φ
∣∣
)

+
(r − 1)(r − 2)

2

((∣∣PRT
m u

∣∣r−4
+ |uhi|

r−4
)
|ehi|

2,
∣∣PRT

m u
∣∣ |φ|

)

+ (r − 2)
(
|uhi|

r−3
∣∣PRT

m u− u
∣∣ |φ|, |ehi|

)

+ (r − 2)Cr

(
(|uhi|+ |u|)r−4 |uhi − u||u||φ|, |ehi|

)

.
((∣∣PRT

m u
∣∣+ |uhi|

)
|ehi|

2,
∣∣PRT

m φ
∣∣)

+
((∣∣PRT

m u
∣∣+ |uhi|

)
|ehi|

∣∣PRT
m u

∣∣ ,
∣∣φ− PRT

m φ
∣∣)

+
(
|ehi|

2,
∣∣PRT

m u
∣∣ |φ|

)
+
(
|uhi|

∣∣PRT
m u− u

∣∣ |φ|, |ehi|
)

+
(
|uhi − u||u||φ|, |ehi|

)
.

This estimate, together with the Hölder’s inequality, the triangle inequality, Lemmas 2.4,

2.7 and (3.9), yields

|R1| .
(∥∥PRT

m u
∥∥
0,3

+ ‖uhi‖0,3
)
‖ehi‖

2
0,6

∥∥PRT
m φ

∥∥
0,3

+
(∥∥PRT

m u
∥∥
0,3

+ ‖uhi‖0,3
)
‖ehi‖0,6

∥∥PRT
m u

∥∥
0,6

∥∥φ−PRT
m φ

∥∥
0,3

+ ‖ehi‖
2
0,6

∥∥PRT
m u

∥∥
0,3

‖φ‖0,3 + ‖uhi‖0,3
∥∥PRT

m u− u
∥∥
0,3

‖φ‖0,6‖ehi‖0,6

+
(
‖ehi‖0,3 +

∥∥PRT
m u− u

∥∥
0,3

)
‖u‖0,3‖φ‖0,6‖ehi‖0,6

.
(
‖u‖2 + |||uh|||V

)
|||eh|||

2
V ‖φ‖2

+
(
‖u‖2 + |||uh|||V

)
|||eh|||V ‖u‖2h

2−n
6 ‖φ‖2

+ |||eh|||
2
V ‖u‖2‖φ‖2 + |||uh|||V h

2−n
6 ‖u‖2‖φ‖2|||eh|||V

+
(
|||eh|||V + h2−

n
6 ‖u‖2

)
‖u‖2‖φ‖2|||eh|||V

.

(
‖u‖2 +

‖f‖∗,h
ν

)(
|||eh|||V + h2−

n
6 ‖u‖2

)
|||eh|||V ‖φ‖2.

From the definition of dh(·; ·, ·), the Hölder’s inequality, the Sobolev inequality and
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Lemmas 2.1, 2.4 and 2.7 it follows

|R2| =
∣∣− dh(Ihu;Ihu,Ihφ) + dh(uh;uh,Ihφ)

+ dh(Ihu;eh,Ihφ) + dh(eh;Ihu,Ihφ)
∣∣

= |dh(eh;eh,Ihφ)|

. |||eh|||
2
V ‖φ‖2.

By Lemma 5.2 we have

|R3| = |ξI(u,u,Ihφ) + EI(u;φ,eh) + ξII(u;Ihφ)− EII(φ,eh)

+ ξIII(u,u;Ihφ)− EIII(u;φ, eh)− EIV (eh;u,φ)|

. hm+1‖u‖m+1‖u‖2‖φ‖2 + h‖u‖2‖φ‖2|||eh|||V + hm+1‖u‖m+1‖φ‖2

+ hm+1‖u‖m+1‖u‖
r−2
2 ‖φ‖2 + h‖u‖r−2

2 ‖φ‖2|||eh|||V + h‖u‖2‖φ‖2|||eh|||V .

All the above estimates of Rj, together with (5.11), the regularity assumption (5.2),

Theorem 4.2 and the triangle inequality, lead to the desired conclusion (5.9).

Remark 5.2. For some other cases of r, one may follow a similar line as in the proof of

Theorem 5.1 to derive the L2 estimate, but with additional conditions on r and u.

6. Local elimination property and iteration scheme

6.1. Local elimination property

In the subsection, we shall demonstrate that in the WG scheme (2.6) the velocity

and pressure approximations, (uhi, phi), defined in the interior of elements can be lo-

cally eliminated by the using the numerical traces (uhb, phb) defined on the element

interfaces. After the local elimination the resulting system only includes the degrees of

freedom of (uhb, phb) as unknowns.

For any K ∈ Th, taking vhi|Th\K = 0, vhb = 0, qhi|Th\K = 0 and qhb = 0 in (2.6), we

obtain the following local problem: Seek (uhi, phi) ∈ [Pm(K)]n × Pm−1(K) such that

ah,K(uhi,vhi) + bh,K(vhi, phi) + ch,K(uhi;uhi,vhi) + dh,K(uhi;uhi,vhi)

= Fh,K(vhi), ∀vhi ∈ [Pm(K)]n,

bh,K(uhi, qhi) = 0, ∀qhi ∈ Pm−1(K),

(6.1)

where

ah,K(uhi,vhi) := ν
(
∇w,m−1{uhi,0},∇w,m−1{vhi,0}

)
K
+ sh,K(uhi,vhi),

sh,K(uhi,vhi) := ν
〈
ηΠB

k uhi,Π
B
k vhi

〉
∂K

,

bh,K(vhi, phi) :=
(
∇w,m{phi, 0},vhi

)
K
,

ch,K(uhi;uhi,vhi) :=
(
α|uhi|

r−2uhi,vhi
)
K
,
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dh,K(uhi;uhi,vhi) :=
1

2

(
∇w,m · {uhi ⊗ uhi,0⊗ 0},vhi

)
K

−
1

2

(
∇w,m · {vhi ⊗ uhi,0⊗ 0},uhi

)
K
,

Fh,K(vhi) := (f ,vhi)K − ν
(
∇w,m−1{0,uhb},∇w,m−1{vhi,0}

)
K

+ ν
〈
ηuhb,Π

B
k vhi

〉
∂K

−
1

2

(
∇w,m · {0⊗ 0,uhb ⊗ uhb},vhi

)
K

−
(
∇w,m{0, phb},vhi

)
K
.

By following the same routines as in the proofs of Theorems 3.1 and 3.2, we can

get existence and uniqueness results of (6.1).

Theorem 6.1. For all K ∈ Th and given numerical traces uhb|∂K and phb|∂K , the local

problem (6.1) admits at least one solution. In addition, under the smallness condition

Nh,K‖Fh,K‖∗,h
ν2

< 1, (6.2)

the problem (6.1) admits a unique solution. Here

Nh,K := sup
0 6=κhi,uhi,vhi∈V0h,K

dh,K(κhi;uhi,vhi)

|||κhi|||V,K · |||uhi|||V,K · |||vhi|||V,K
,

‖Fh,K‖∗,h := sup
0 6=vhi∈V0h,K

Fh,K(vhi)

|||vh|||V,K
,

V0h,K :=
{
κhi ∈ [Pm(K)]n : bh,K(κhi, qhi) = 0, ∀qhi ∈ Pm−1(K)

}
,

|||vhi|||V,K :=

(
‖∇w,m−1{vhi,0}‖

2
0,K +

∥∥∥η
1

2Π
B
k vhi

∥∥∥
2

0,∂K

) 1

2

.

6.2. Iteration scheme

Due to the nonlinearity of the WG scheme (2.6), we shall employ the following

Oseen type iteration algorithm:

Given u0
h, seek (ul

h, p
l
h) with l = 1, 2, . . . such that

ah
(
ul
h,vh

)
+ bh

(
vh, p

l
h

)
+ ch

(
ul−1
h ;ul

h,vh
)

+ dh
(
ul−1
h ;ul

h,vh
)
= (f ,vhi),

bh
(
ul
h, qh

)
= 0

(6.3)

for ∀(vh, qh) ∈ V 0
h ×Q0

h.

It is not difficult to know that the linear system (6.3) is uni-solvent for given

(ul−1
h , pl−1

h ) and that it holds

∣∣∣∣∣∣ul
h

∣∣∣∣∣∣
V
≤

1

ν
‖f‖∗,h, l = 1, 2, . . . . (6.4)

We have the following convergence result.
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Theorem 6.2. Assume that (uh, ph) ∈ V 0
h ×Q0

h is the solution of the WG scheme (2.6).

Under the condition

2Cr
r̃Crα

‖f‖r−2
∗,h

νr−1
+

Nh‖f‖∗,h
ν2

< 1 (6.5)

the Oseen type iteration scheme (6.3) is convergent in the following sense:

lim
l→∞

∣∣∣∣∣∣ul
h − uh

∣∣∣∣∣∣
V
= 0, lim

l→∞

∣∣∣∣∣∣plh − ph
∣∣∣∣∣∣

Q
= 0. (6.6)

Proof. Denote elu := ul
h − uh and elp := plh − ph. Subtracting (2.6) from (6.3) gives

ah
(
elu,vh

)
+ bh

(
vh, e

l
p

)
− ch

(
uh;uh,vh

)
+ ch

(
ul−1
h ;ul

h,vh
)

− dh(uh;uh,vh) + dh
(
ul−1
h ;ul

h,vh
)
= 0, (6.7a)

bh
(
elu, qh

)
= 0 (6.7b)

for any (vh, qh) ∈ V 0
h × Q0

h. Taking vh = elu, qh = elp in (6.7) and using the definition

of ch(·; ·, ·) and the relation dh(e
l−1
u ; elu, e

l
u) = 0, we have

ν|||elu|||
2
V = ch

(
uh;uh, e

l
u

)
− ch

(
ul−1
h ;ul

h, e
l
u

)
+ dh

(
uh;uh, e

l
u

)
− dh

(
ul−1
h ;ul

h, e
l
u

)

= ch
(
uh;uh, e

l
u

)
− ch

(
ul−1
h ;uh, e

l
u

)
− ch

(
ul−1
h ; elu, e

l
u

)

+ dh
(
uh − ul−1

h ;uh, e
l
u

)
+
(
dh
(
ul−1
h ;uh, e

l
u

)
− dh

(
ul−1
h ;ul

h, e
l
u

))

= α
((

|uh|
r−2 − |ul−1

h |r−2
)
uh, e

l
u

)
− ch

(
ul−1
h ; elu, e

l
u

)
− dh

(
el−1
u ;uh, e

l
u

)
.

This relation, together with Lemmas 2.4, 2.9 and 3.1, the estimates (3.9) and (6.4),

and the fact that −ch(u
l−1
h ; elu, e

l
u) ≤ 0, implies

ν|||elu|||
2
V ≤ α

((
|uh|

r−2 − |ul−1
h |r−2

)
uh, e

l
u

)
− dh

(
el−1
u ;uh, e

l
u

)

≤
(
Cr
r̃Crα

(
|||uh|||

r−3
V + |||ul−1

h |||r−3
V

)
+Nh

) ∣∣∣∣∣∣el−1
u

∣∣∣∣∣∣
V
· |||uh|||V ·

∣∣∣∣∣∣elu
∣∣∣∣∣∣

V

≤

(
2Cr

r̃Crα
‖f‖r−2

∗,h

νr−2
+

Nh‖f‖∗,h
ν

)
∣∣∣∣∣∣el−1

u

∣∣∣∣∣∣
V

∣∣∣∣∣∣elu
∣∣∣∣∣∣

V
,

which gives ∣∣∣∣∣∣elu
∣∣∣∣∣∣

V
≤ M

∣∣∣∣∣∣el−1
u

∣∣∣∣∣∣
V

with

M := 2Cr
r̃Crα

‖f‖r−2
∗,h

νr−1
+

Nh‖f‖∗,h
ν2

.

Thus, we get ∣∣∣∣∣∣elu
∣∣∣∣∣∣

V
≤ M

∣∣∣∣∣∣el−1
u

∣∣∣∣∣∣
V
≤ · · · ≤ Ml

∣∣∣∣∣∣e0u
∣∣∣∣∣∣

V
. (6.8)

In view of (6.5), we know that 0 <M < 1. Hence, we obtain

lim
l→∞

∣∣∣∣∣∣elu
∣∣∣∣∣∣

V
= lim

l→∞

∣∣∣∣∣∣ul
h − uh

∣∣∣∣∣∣
V
= 0. (6.9)
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The thing left is to prove the second convergence relation of (6.6). From (6.7a) it

follows

bh
(
vh, e

l
p

)
= −ah

(
elu,vh

)
+ ch(uh;uh,vh)− ch

(
ul−1
h ;ul

h,vh
)

+ dh(uh;uh,vh)− dh
(
ul−1
h ;ul

h,vh
)

= −ah
(
elu,vh

)
+
(
ch(uh;uh,vh)− ch

(
ul−1
h ;uh,vh

))
− ch

(
ul−1
h ; elu,vh

)

−
(
dh
(
uh; e

l
u,vh

)
+ dh

(
el−1
u ; elu,vh

)
+ dh

(
el−1
u ;uh,vh

))

for all vh ∈ V 0
h . By Lemma 3.2 we have

∣∣∣∣∣∣elp
∣∣∣∣∣∣

Q
. sup

vh∈V
0

h

bh(vh, e
l
p)

|||vh|||V
.

The above two results, together with (6.9) and Lemmas 2.4, 2.9 and 3.1, yield the

desired conclusion

lim
l→∞

∣∣∣∣∣∣elp
∣∣∣∣∣∣

Q
= lim

l→∞

∣∣∣∣∣∣plh − ph
∣∣∣∣∣∣

Q
= 0.

This completes the proof.

7. Numerical experiments

In this section, we provide some numerical tests to verify the performance of the

WG scheme (2.6) for the Brinkman-Forchheimer model (1.1) in two dimensions. We

adopt the Oseen type iterative algorithm (6.3) with the initial guess u0
hi = 0 and the

stop criterion ∥∥ul
h − ul−1

h

∥∥
0
< 1e− 8 (7.1)

in all the numerical examples.

Example 7.1. Set Ω = [0, 1] × [0, 1], ν = 1, α = 5 and r = 10 in the model (1.1). The

exact solution (u, p) is given as follows:





u1 = 10x2(x− 1)2y(y − 1)(2y − 1),

u2 = −10x(x− 1)(2x− 1)y2(y − 1)2,

p = 10(2x − 1)2(2y − 1).

(7.2)

We compute the scheme (2.6) on uniform triangular meshes (cf. Fig. 1), with m = 1, 2,

k = m−1,m. Numerical results of ‖u−uhi‖0, ‖∇u−∇huhi‖0, ‖p−phi‖0 and ‖∇·uhi‖0,∞
are listed in Tables 1 and 2.
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Table 1: History of convergence results for Example 7.1: m = 1.

k mesh
‖u−uhi‖0

‖u‖0

‖∇u−∇huhi‖0

‖∇u‖0

‖p−phi‖0

‖p‖0

‖∇h · uhi‖0,∞

Error Rate Error Rate Error Rate Error

0

4× 4 5.9583e-01 - 5.1516e-01 - 2.8667e-01 - 4.0593e-16

8× 8 1.5876e-01 1.91 2.7301e-01 0.92 1.4424e-01 0.99 2.3028e-16

16× 16 4.1525e-02 1.93 1.3851e-01 0.98 7.2201e-02 1.00 3.1127e-16

32× 32 1.0641e-02 1.96 6.9420e-02 1.00 3.6100e-02 1.00 8.4459e-17

64× 64 2.6985e-03 1.98 3.4723e-02 1.00 1.8048e-02 1.00 2.7905e-17

128× 128 6.9479e-04 1.96 1.7364e-02 1.00 9.0235e-03 1.00 5.6257e-17

1

4× 4 5.6714e-01 - 5.1165e-01 - 2.8667e-01 - 3.4694e-18

8× 8 1.5224e-01 1.90 2.7237e-01 0.91 1.4425e-01 0.99 3.2092e-17

16× 16 3.9918e-02 1.93 1.3841e-01 0.98 7.2213e-02 1.00 1.3010e-18

32× 32 1.0236e-02 1.96 6.9404e-02 1.00 3.6110e-02 1.00 2.9328e-17

64× 64 2.5908e-03 1.98 3.4720e-02 1.00 1.8054e-02 1.00 8.2115e-17

128× 128 6.5160e-04 1.99 1.7363e-02 1.00 9.0267e-03 1.00 1.4732e-17

Table 2: History of convergence results for Example 7.1: m = 2.

k mesh
‖u−uhi‖0

‖u‖0

‖∇u−∇huhi‖0

‖∇u‖0

‖p−phi‖0

‖p‖0

‖∇h · uhi‖0,∞

Error Rate Error Rate Error Rate Error

1

4× 4 5.9915e-02 - 1.3040e-01 - 3.3330e-02 - 2.2560e-14

8× 8 7.6055e-03 2.98 3.4961e-02 1.90 8.3117e-03 2.00 7.0083e-16

16× 16 9.4731e-04 3.01 8.9617e-03 1.96 2.0761e-03 2.00 1.9606e-15

32× 32 1.1827e-04 3.00 2.2616e-03 1.99 5.1888e-04 2.00 7.4921e-16

64× 64 1.4789e-05 3.00 5.6761e-04 1.99 1.2970e-04 2.00 2.5543e-17

128× 128 1.8494e-06 3.00 1.4215e-04 2.00 3.2423e-05 2.00 3.5312e-16

2

4× 4 5.6852e-02 - 1.3016e-01 - 3.3281e-02 - 1.1310e-15

8× 8 7.3762e-03 2.95 3.4894e-02 1.90 8.2971e-03 2.00 1.7295e-15

16× 16 9.3175e-04 2.98 8.9496e-03 1.96 2.0724e-03 2.00 2.5093e-15

32× 32 1.1713e-04 2.99 2.2591e-03 1.99 5.1795e-04 2.00 4.0441e-17

64× 64 1.4693e-05 3.00 5.6704e-04 1.99 1.2947e-04 2.00 1.0278e-15

128× 128 1.8403e-06 3.00 1.4201e-04 2.00 3.2366e-05 2.00 1.1529e-16

Example 7.2. Set Ω = [0, 1] × [0, 1], ν = 1, α = 0.01 and r = 10 in the model (1.1).

The exact solution (u, p) is given as follows:





u1 = sin(πx) cos(πy),

u2 = − cos(πx) sin(πy),

p = x6 − y6.

(7.3)
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Figure 1: Uniform triangular meshes: 4× 4 mesh (left) and 8× 8 mesh (right).

We compute the scheme (2.6) on uniform triangular meshes (cf. Fig. 1), with m =
1, 2 and k = m− 1,m. Numerical results of ‖u−uhi‖0, ‖∇u−∇huhi‖0, ‖p− phi‖0 and

‖∇ · uhi‖0,∞ are listed in Tables 3 and 4.

Table 3: History of convergence results for Example 7.2: m = 1.

k mesh
‖u−uhi‖0

‖u‖0

‖∇u−∇huhi‖0

‖∇u‖0

‖p−phi‖0

‖p‖0

‖∇h · uhi‖0,∞

Error Rate Error Rate Error Rate Error

0

4× 4 1.6005e-01 - 2.6991e-01 - 5.2020e-01 - 2.5121e-15

8× 8 3.7542e-02 2.13 1.3803e-01 0.98 2.5615e-01 1.01 3.7682e-15

12× 12 1.5153e-02 2.28 9.2644e-02 0.98 1.7035e-01 1.00 1.1723e-14

16× 16 7.7371e-03 2.33 6.9833e-02 0.98 1.2785e-01 1.00 1.0049e-14

1

4× 4 1.5501e-01 - 2.6999e-01 - 8.2265e-01 - 7.5364e-15

8× 8 3.9277e-02 1.99 1.3795e-01 0.98 4.0158e-01 1.02 1.2561e-15

12× 12 1.7508e-02 1.99 9.2386e-02 0.99 2.6654e-01 1.01 6.6991e-15

16× 16 9.8669e-03 1.99 6.9411e-02 0.99 1.9970e-01 1.00 2.5121e-15

Table 4: History of convergence results for Example 7.2: m = 2.

k mesh
‖u−uhi‖0

‖u‖0

‖∇u−∇huhi‖0

‖∇u‖0

‖p−phi‖0

‖p‖0

‖∇h · uhi‖0,∞

Error Rate Error Rate Error Rate Error

1

4× 4 1.5314e-02 - 4.3800e-02 - 1.6032e-01 - 2.4925e-15

8× 8 1.9010e-03 3.01 1.1121e-02 1.98 3.4978e-02 2.15 1.0206e-14

12× 12 5.6253e-04 3.00 4.9640e-03 1.99 1.4918e-02 2.09 2.6064e-14

16× 16 2.3740e-04 3.00 2.7977e-03 1.99 8.2361e-03 2.06 1.4461e-13

2

4× 4 1.4859e-02 - 4.3805e-02 - 1.4305e-01 - 5.3069e-14

8× 8 1.8806e-03 2.99 1.1123e-02 1.98 2.9207e-02 2.23 3.6426e-14

12× 12 5.5839e-04 3.00 4.9648e-03 1.99 1.2228e-02 2.13 1.6748e-15

16× 16 2.3593e-04 2.99 2.7981e-03 1.99 6.6989e-03 2.08 5.7779e-14
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From the numerical results listed in Tables 1-4, we have the following observations:

• The convergence rates of ‖∇u−∇huhi‖0 and ‖p − phi‖0 for the WG scheme are

m-th orders in the cases of m = 1, 2 and k = m,m− 1. These are conformable to

the theoretical results in Theorem 4.1.

• The convergence rate of ‖u − uhi‖0 is (m+ 1)-th order, which is conformable to

the theoretical result in Theorem 5.1.

• The results of ‖∇h ·uhi‖0,∞ are almost zero. This means that the discrete velocity

is globally divergence-free, which is consistent with Theorem 2.1.

Example 7.3 (The lid-driven cavity flow problem). This problem is used to test the

influence of damping parameters α and r on the solution of the WG scheme. Take Ω
=[0, 1] × [0, 1], ν = 0.1 and f = 0. The boundary conditions are as follows:

u|x=0 = u|x=1 = u|y=0 = 0, u|y=1 = (1, 0)⊤.

(a) velocity (Taylor-Hood) (b) pressure (Taylor-Hood)

Vec Value
0
0.0526343
0.105269
0.157903
0.210537
0.263172
0.315806
0.36844
0.421075
0.473709
0.526343
0.578978
0.631612
0.684247
0.736881
0.789515
0.84215
0.894784
0.947418
1.00005

(c) velocity (WG)

IsoValue
-12.5446
-11.2389
-9.93315
-8.62743
-7.32171
-6.01598
-4.71026
-3.40454
-2.09881
-0.79309
0.512633
1.81836
3.12408
4.4298
5.73553
7.04125
8.34697
9.6527
10.9584
12.2641

(d) pressure (WG)

Figure 2: The velocity streamlines and pressure contours for Example 7.3: α = 0.
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(a) velocity: α = 1 (b) velocity: α = 50 (c) velocity: α = 100

IsoValue
-12.5396
-11.2346
-9.92967
-8.62472
-7.31978
-6.01483
-4.70989
-3.40495
-2.1
-0.795055
0.50989
1.81483
3.11978
4.42472
5.72967
7.03461
8.33956
9.6445
10.9494
12.2544

(d) pressure: α = 1

IsoValue
-12.3388
-11.0616
-9.78426
-8.50698
-7.22969
-5.9524
-4.67511
-3.39782
-2.12053
-0.843247
0.434042
1.71133
2.98862
4.26591
5.5432
6.82048
8.09777
9.37506
10.6523
11.9296

(e) pressure: α = 50

IsoValue
-12.1727
-10.9162
-9.65976
-8.40328
-7.1468
-5.89032
-4.63385
-3.37737
-2.12089
-0.864413
0.392065
1.64854
2.90502
4.1615
5.41798
6.67445
7.93093
9.18741
10.4439
11.7004

(f) pressure: α = 100

Figure 3: The velocity streamlines and pressure contours for Example 7.3: r = 5 and α = 1, 50, 100.

We compute the WG scheme (2.6) with m = k = 2 on the 25 × 25 uniform triangular

mesh (cf. Fig. 1) in the following cases:

(I) α = 0, i.e. the case of the Navier-Stokes equations;

(II) r = 5 and α = 1, 50, 100;

(III) α = 5 and r = 3, 5, 50.

The velocity streamlines and the pressure contours are displayed in Figs. 2-4. As a com-

parison, the referenced numerical solutions obtained with the Taylor-Hood element are

also shown for α = 0; see Figs. 2(a) and 2(b).

From Fig. 3 we can see that the shape and size of the vortex change evidently,

which means that the damping effect becomes greater for the velocity as the damping

parameter α increases. We can also see that the pressure approximation is not signifi-

cantly affected by α. On the other hand, as shown in Fig. 4, the velocity and pressure

approximations are not significantly effected by the number r.

Example 7.4 (The problem of flow around a circular cylinder). The flow around a cir-

cular cylinder is examined with the Brinkman-Forchheimer model (1.1) and the WG

method. We take Ω =[0, 6]× [0, 1] \Od(1, 0.5), ν = 0.002 and f = 0, where Od(1, 0.5) is

a disk with center (1, 0.5) and diameter d = 0.3; see Fig. 5 for the domain and its finite
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(a) velocity: r = 3 (b) velocity: r = 5 (c) velocity: r = 50

IsoValue
-12.5453
-11.2396
-9.93384
-8.62812
-7.32239
-6.01667
-4.71095
-3.40523
-2.09951
-0.793787
0.511934
1.81766
3.12338
4.4291
5.73482
7.04054
8.34626
9.65198
10.9577
12.2634

(d) pressure: r = 3

IsoValue
-12.5441
-11.2384
-9.9328
-8.62716
-7.32151
-6.01587
-4.71022
-3.40458
-2.09894
-0.793291
0.512353
1.818
3.12364
4.42929
5.73493
7.04058
8.34622
9.65186
10.9575
12.2632

(e) pressure: r = 5

IsoValue
-12.5446
-11.2389
-9.93315
-8.62743
-7.3217
-6.01598
-4.71026
-3.40454
-2.09882
-0.793093
0.512629
1.81835
3.12407
4.4298
5.73552
7.04124
8.34696
9.65268
10.9584
12.2641

(f) pressure: r = 50

Figure 4: The velocity streamlines and pressure contours for Example 7.3: α = 5 and r = 3, 5, 50.

element mesh. The boundary conditions are as follows:

u|y=0 = u|y=1 = u|∂Od
= 0,

u|x=0 =
(
6y(1− y), 0

)⊤
,

(−pI + ν∇u)n
∣∣
x=6

= 0,

where I and n are the unit matrix and the outward unit normal vector, respectively.

We compute the WG scheme (2.6) with m = k = 2 in the following cases:

(I) α = 0, i.e. the case of the Navier-Stokes equations;

(II) r = 3.5 and α = 0.1, 1, 10;

(III) α = 1 and r = 3, 4, 5.

The obtained velocity, vorticity and pressure approximations are shown in Figs. 6-

8, respectively. As a comparison, the referenced numerical solutions obtained with the

Taylor-Hood element are also shown for α = 0; see Figs. 6(a)-6(c). We can see that our

method is effective and the damping effect is gradually enhanced as the parameters α

and r increase.

Example 7.5 (The backward-facing step flow problem). We consider a backward-

facing step flow problem in Ω = Ω1 \ Ω2, with Ω1 = [−4, 16] × [−1, 2] and Ω2 =
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Figure 5: The domain and finite element mesh for Example 7.4.

(a) velocity (Taylor-Hood)

(b) vorticity (Taylor-Hood) (c) pressure (Taylor-Hood)

(d) velocity (WG)

(e) vorticity (WG) (f) pressure (WG)

Figure 6: The velocity streamlines, vortex lines and pressure contours for Example 7.4: α = 0.
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(a) velocity: α = 0.1

(b) velocity: α = 1 (c) velocity: α = 10

(d) vorticity: α = 0.1

(e) vorticity: α = 1 (f) vorticity: α = 10

(g) pressure: α = 0.1

(h) pressure: α = 1 (i) pressure: α = 10

Figure 7: The velocity streamlines, vortex lines and pressure contours for Example 7.4: r = 3.5 and
α = 0.1, 1, 10.
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(a) velocity: r = 3

(b) velocity: r = 4 (c) velocity: r = 5

(d) vorticity: r = 3

(e) vorticity: r = 4 (f) vorticity: r = 5

(g) pressure: r = 3

(h) pressure: r = 4 (i) pressure: r = 5

Figure 8: The velocity streamlines, vortex lines and pressure contours for Example 7.4: α = 1 and r = 3, 4, 5.
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Figure 9: The domain and finite element mesh for Example 7.5.

(a) u1 (Taylor-Hood) (b) u2 (Taylor-Hood)

(c) pressure (Taylor-Hood) (d) u1 (WG)

(e) u2 (WG) (f) pressure (WG)

Figure 10: The velocity uh = (u1, u2)
⊤ and pressure contours for Example 7.5: α = 0.

[−4, 0]×[−1, 0]; see Fig. 9 for the domain and its finite element mesh. We take ν = 0.005
and f = 0. The boundary conditions are as follows:

u|y=−1 = u|y=2 = u|−4≤x≤0,y=0 = u|x=0,−1≤y≤0 = 0,

u|x=−4 =
(
y(2− y), 0

)⊤
,

(
−p+ ν

∂u1

∂x

)
|x=16 = 0, u2|x=16 = 0.

We compute the WG scheme (2.6) with m = k = 2 in the following cases:

(I) α = 0, i.e. the case of the Navier-Stokes equations;

(II) r = 3.5 and α = 0.01, 0.1, 1;

(III) α = 1 and r = 5, 10, 50.

The obtained velocity and pressure approximations are shown in Figs. 10-12. As a com-

parison, the numerical solutions obtained with the Taylor-Hood element are also shown

for α = 0; see Figs. 10(a)-10(c). Similar to Example 7.4, we can see that our method

is effective and the damping effect is gradually enhanced as the parameters α and r

increase.
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(a) u1: α = 0.01

(b) u1: α = 0.1 (c) u1: α = 1

(d) u2: α = 0.01

(e) u2: α = 0.1 (f) u2: α = 1

(g) pressure: α = 0.01

(h) pressure: α = 0.1 (i) pressure: α = 1

Figure 11: The velocity uh = (u1, u2)
⊤ and pressure contours for Example 7.5: r = 3.5 and α = 0.01, 0.1, 1.

8. Conclusion

We have developed a class of WG methods of arbitrary order for the steady Brink-

man-Forchheimer equations. The methods yield globally divergence-free velocity and

are pressure robust. Optimal error estimates have been derived for the velocity and

pressure approximations. The proposed Oseen type iteration algorithm is uncondi-

tionally convergent. Numerical experiments have verified the theoretical analysis and

demonstrated the robustness of the methods.
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(a) u1: r = 5

(b) u1: r = 10 (c) u1: r = 50

(d) u2: r = 5

(e) u2: r = 10 (f) u2: r = 50

(g) pressure: r = 5

(h) pressure: r = 10 (i) pressure: r = 50

Figure 12: The velocity uh = (u1, u2)
⊤ and pressure contours for Example 7.5: α = 1 and diverse

r = 5, 10, 50.
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