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Abstract. We study the convergence of stochastic gradient descent (SGD) for non-convex objective functions.
We establish the local convergence with positive probability under the local Lojasiewicz condition introduced
by Chatterjee [arXiv:2203.16462, 2022] and an additional local structural assumption of the loss function land-
scape. A key component of our proof is to ensure that the whole trajectories of SGD stay inside the local
region with a positive probability. We also provide examples of neural networks with finite widths such that
our assumptions hold.

Keywords: Article Info.: Article History:
Non-convex optimization, Volume: X Received: 07/07/2024
Stochastic gradient descent, Number: X Accepted: 11/02/2025
Convergence analysis. Pages: 1-19

Date: /2025 Communicated by:
doi.org/10.4208 /jml.240724 Qianxiao Li

1 Introduction

The stochastic gradient descent and its variants are widely applied in machine learning
problems due to its computational efficiency and generalization performance. A typical
empirical loss function for the training writes as

F(0) = Ezup[f(6;¢)], (1.1)

where ¢ denotes the random sampling from the training data set following the distribu-
tion D. A standard SGD iteration to train parameters 6 € R" is of the form

k1 = Ok — 1V f (0k; Cr)- (1.2)

Here, the step size #j; can be either a fixed constant or iteration-adapted, and V f(6y; {x)
is a unbiased stochastic estimate of the gradient VF(6y), induced by the sampling of the
dataset.

The convergence of SGD for convex objective functions has been well established, and
we give an incomplete list of works [4}/6}7,18,123,29] here for reference. Since SGD algo-
rithms in practice are often applied to non-convex problems in machine learning such as
complex neural networks and demonstrate great empirical success, much attention has
been drawn to study the SGD in non-convex optimization [12,[19,31]. Compared with
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convex optimization, the behavior of stochastic gradient algorithms over the non-convex
landscape is unfortunately much less understood. It is natural to investigate whether
stochastic gradient algorithms converge through the training, and what minimum they
converge to in non-convex problems. However, these questions are noticeably challeng-
ing since the trajectory of stochastic iterates is more difficult to track due to the noise. Most
available results are limited. For example, works such as [1,12,[16/38] provide convergence
guarantees to a critical point in terms of quantifying the vanishing of VF, but little infor-
mation is given on what critical points that SGD converges to. Many convergence results
are based on global assumptions on the objective function, including the global Poylak-
Lojasiewicz condition [24}125], the global quasar-convexity [17], or assumptions of weak
convexity and global boundedness of iterates [14,37]. Those global assumptions are often
not realistic, at least they cannot cover general multi-modal landscapes.

More specifically for optimization problems for deep neural network architectures,
most convergence results are obtained in the overparametrized regime, which means that
the number of neurons grow at least polynomially with respect to the sample size. For
example, works including [10}20,136,/40] consider wide neural networks, which essentially
linearize the problem by extremely large widths. Particularly in such settings, Poylak-
Lojasiewicz type conditions are shown to be satisfied, and they thus prove convergence
with linear rates [3,25]. Let us also mention convergence results of shallow neural net-
works in the mean field regime [9,27,132], while the convergence has not been fully estab-
lished for deep neural networks.

Convergence results are very limited for neural networks with finite widths and depths,
and we refer to [8,121}26] for recent progresses in terms of the convergence of gradi-
ent descent in such scenario. In particular, [8] constructs feedforward neural networks
with smooth and strictly increasing activation functions, with the input dimension being
greater than or equal to the number of data points. Such neural networks satisfy a local
version of the FLojasiewicz inequality, and the convergence of gradient descent to a global
minimum given appropriate initialization are fully analyzed. In this work, our goal is to
extend the convergence result in [8] to stochastic gradient descent, with minimal addi-
tional assumptions added to the loss function F(6).

In this work, we extend Chatterjee’s convergence result to SGD for non-convex ob-
jective functions with minimal additional assumptions applicable to finitely wide neural
networks. Our main result Theorem 3.1l asserts that, with a positive probability, SGD con-
verges to a zero minimum within a locally initialized region satisfying the Lojasiewicz
condition (Assumption[I). In particular, our proof relies on assuming that the noise scales
with the objective function (Assumption), and in the end we provide an negative argu-
ment showing that convergence with the bounded noise and Robbins-Monro type step
sizes can fail in specific scenarios (Theorem [4.1)).

Notation

Throughout the note, | - | denotes the Euclidean norm, B(6, ) denotes the Euclidean ball
of radius r centered at . Unless otherwise specified, the expectation E = E¢.p, and the
gradients V = V.
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2 Preliminaries

We will refer the major assumption used in [8] as the local Lojasiewicz condition. Let us
first recall the definition as in [8]: Given the dimension d, let F : R? — [0, 0) be a non-
negative objective function. For any 6y € R? and r > 0, we define

2
a(0y, 1) := inf M

2.1
B(6or), F(0)£0 F(6) (2.1)

If F(6) = 0 forall @ € B(6y,r), then we set a(6y,7) = co. With the same initialization 6
and (2.1), the main assumption is

Assumption 1 (Local Lojasiewicz Condition). We assume that for some r > 0,
4F(6g) < r*a(Bp,7). (2.2)

Detailed discussions on this local Lojasiewicz condition can be found in [8]. Let us
mention that the local Lojasiewicz condition does have limitations as standard Polyak-
Lojasiewicz conditions have. However, aiming at finding the zero minimum, the choice
of our initialization (2.2) has excluded the possibilities of saddles or sub-optimal local
minima that exist in neural networks.

Assumption 2 (C;-Smoothness). Furthermore, we assume that for a compact set X, there
exist a constant C;, > 0 such that

|VE(61) — VE(02)] < Cr[61 — 6] (2.3)
for any 64,0, € K.

Based on that, we can obtain a local growth control of |[VF| . The following result is
a local version of [39, Lemma B.1]. The proof is very similar except that some modification
is needed for the localization with the local boundedness of | VF|. We provide the proof in
the appendix.

Lemma 2.1. Suppose that F : R — R is a non-negative function. Assume VF is Lips-
chitz continuous in a compact set K with the constant Cr, and there exists C > 0 such that
maxgex |VF(8)| = C. Then there exists a compact set K C K, where dist(3/C, 0K ) depends on
Cr and C such that for any 0 € K,

|VF(6)|*> < 2CLF(8). (2.4)

Throughout the note, we assume that B(6y,7) C K for a given radius r > 0.

2.1 Additional assumptions

Besides the local Lojasiewicz condition, we need an additional structural assumption on F.
Given a large radius R with which (Z.2) is satisfied, it is natural to assume that the F(0) is
bounded away from zero near the domain boundary.
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Assumption 3 (Confinement Near Boundary). For some constant My > 0,
F(6) > My, VY6 e B(6p,R)\B(6,R—1). (2.5)

Here we set the annulus radius to be 1 for simplicity. The assumption (2.5) can include
more general F by applying geometric transformations to F, or linear transformations to
the dataset to change the annulus radius.

The assumption (2.5) is in order to ensure that the support of the zero minimum
F(6*) = 0 is away from the boundary 0B(6p, R). In [8, Theorem 2.1], Chatterjee con-
structed a feedforward neural network with finite width and depth that satisfies the local
Lojasiewicz condition (2.2). We will verify in the appendix that such a subgroup of feed-
forward neural networks can satisfy (2.5) as well.

Stochastic gradients

To analyze the convergence of stochastic gradient algorithms, it is unavoidable to assume
some structure of the gradient noise. We may write the stochastic gradient in the decom-
position form

Vf(6;8) = VF(6) + Z(6;¢), (2.6)
where the noise term Z(6; ¢) is unbiased
E[Z(6;Z)] = 0. (2.7)

In most papers, usually two kinds of structural assumptions are imposed on the noise. We
take a brief review.

¢ If one plans to analyze SGD with non-constant step sizes 7, i.e. in the Robbins-
Monro flavor [35]

Yom=co, You P <o, m>2, (2.8)
k=1 k=1

then it is typical to assume the bounded moments of stochastic gradients, that is, for
some constantc > 0and m > 2,

E[|Z(0;Z)["] < ™ < eo. (2.9)

The bounded variance (m = 2) assumption is standard in stochastic optimization,
and we refer to classical books, lecture notes and papers [5]22,130,133] on this setup.
The noise boundedness and adaptive step sizes have been a popular combination to
establish convergence, for example, [28] provides a SGD convergence based on the
local convexity assumption, [15] gives the convergence of SGD to the local manifold
of minima by estimating IP(F(6y) — inf, s F(6) > €). We also mention works such
as [34] that introduces the stochastic variance reduction method, which is motivated
by improving the convergence rate for ming<y<n_1 E[|VF(6;)[*].

* On the other hand, if one just wants to establish global convergence for a fixed step
size 1, additional assumptions on how the stochastic gradient being related to the
loss function can help. One option, according to [39], is that
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Assumption 4. For some constant o > 0,

Vf(0;&) = VE(0) + \/0F(0)Zgz (2.10)

with
EZgz) =0, E[Zge] < 1. 2.11)

Here, \/0F (Bk)29,§ is named as the machine learning noise, which scales with the
function value. We refer to [39) Section 2.5] for many types of machine learning prob-
lems satisfying the assumptions 2.10)-@2.11). A more relaxed and general version,
considered in [13], is that there exists a monotonically increasing function ¢ : Ry —
R so that

Pr (|V£(6;8) — VF(0)* > to(F(9))) <e". (2.12)

In this note, we will present the convergence of SGD under the second type assumptions
(2.10)-@.11). Moreover, we will discuss why convergence under assumptions (2.8)-2.9)
can fail for the local Lojasiewicz condition.

Comparison to previous convergence results

Our motivation is in the same vein as [8]: We assume the local Lojasiewicz condition for
the initialization so that the convergence result may apply to feedforward neural networks
of bounded widths and depths.

Several convergence results for SGD in non-convex optimization have been developed
in recent years, and we list a few here and highlight their differences:

* [28]: Convergence to a local minima 6* that are Hurwicz regular, i.e. V2F(6*) = 0.
The key difference is that they assume that there exists 2 >0 such that (VF(8),0—6*)
> al@ — 0*|? for all 0 in a convex compact neighborhood of 6*.

* [39]: It assumes that the Lojasiewicz condition holds in an e-sublevel set of F. As
a consequence, a convergence rate for F(#) — 0 is obtained, but the proof cannot
track where the global minimizer x* locates.

Similar to the result in [8] for gradient descents, we will show that under our Assump-
tions [[i4l as in the setup, with some computable probability, stochastic iterates will con-
vergence to the zero minimum almost surely. We need to choose the initialization in a ball
where (2.2) holds, and as a consequence, the minimizer also lies in the same ball without
assuming its existence a priori, similar to [8]. Compared to [39], our results is Euclidean
as we can track the stochastic trajectories in the training.

3 Main result

Given the assumptions we describe in the previous section, we present the convergence
of SGD with a quantitative rate and a step-size bound. We point out that 2.10)-@2.17)
assuming noise in SGD being scaled with the objective function play an important role
here.
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Theorem 3.1. We choose an initialization 6y with a radius R > 1 such that @2.2)) holds, and

write & := a(0y, R) as defined in @.1). Let F be a loss function such that its gradient is Lipschitz

continuous (2.3), and @2.5) holds for B(6y, R). Then for every § > 0, there exists ¢ > 0 such that

if F(6o) < ¢, with probability at least 1 — 5, we have 6y, € B(6p, R — 1) for all k € IN.
Conditioned on the event that 6 € B(68p, R — 1) for all k € IN, we have

Jim BYF(6;) =0 (3.1)

almost surely for every B € [1,p™1), where
7>
p=1 —170(+7CL(2CL—|—0') €(0,1), (3.2)
if the step size 11 satisfies

0<y<mindl— %
T= a"4C(2CL+0) |-
Moreover, conditioned on the same event, 0y converges almost surely to a point 8, where F (6) =0.

Proof. Let us define the event where all the iterates up to k-th step stay in a ball B(6y, 1)

k
Ee(r) :== ({16, — 60| <1} (3.3)
j=0

for some r € (0,R] to be determined later. We denote Fj as the filtration generated by
1y s Ck—1-

Our proof strategy is roughly outlined as follows:

(1) Conditioned on the event Ex(R — 1), it can be shown that the expectation of loss F(6y)
exhibits a contraction by a factor p € (0,1).

(2) Given that, the expectation of the travel distance (01 — 6;) 1, (r—1) can be bounded

by Cpk /2 with some constant C > 0. Therefore, the total distance Y ;> ;(6x+1 —
Ok) LE, (r—1) is finite with high probability.

(3) What remains is to show the event E,(R — 1) contained in all Ex(R — 1) will happen
with a positive probability. This can be done by the estimates of (3.14) and (3.I5).
Conditioned on Ex(R — 1), {6;} form a Cauchy sequence and F(6y) converges to the
zero minimum.

Taking the interpolation 6y s = 6, — sV f (6, Cx) for s € [0, 1], we have that
F(Oks1) — F(6k)

Ld
N /0 o F (O =57V £ (6k; 8k) ) ds

1
_ _;7/0 VE(Oris) - V(0 & )ds
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=~y [ VE©) V@tis 1y [ (VE(@.) - VE@0) - VF(6s80ds
<y VE(©) V(@60 +1CL [ ks — 64l V(G 0lds
= —ﬂVF(Qk) : Vf(ek, gk) + 772CL /Ol S|Vf(9k; Ck)|2ds

2
= V() - Vf(6:80) + T-CuIVF(8 80, (34)

and we apply the smoothness assumption (2.3) in the middle inequality. Rearrange terms
and multiply with the indicate function on both sides, we have

2
F(01)ey 0 < (FO) — 1 F(@0) - T/ @) + LTSO8 )1, 59

Now we want to replace 1, () by 1f () on the right side. Note that 1, ;) > 1g (),
and moreover,

F(6) — 1 VF (@) V(08 + LCLIV A8 80P = 0, 66)
since the discriminant of this quadratic equation is
[VF(6)) > —2CLF(6;) <0
by (2.4). We thus get

2
F(B) s,y < (F(O) ~ 1 VF(8) - V08 + S I @ut) P ) 1y 6)

We replace V f above by the decomposition (2.10), that is

Vf(0k; Gk) = VE(Ok) + \/0F(6k) Zo ¢,
and use the bound (2.4) as well as the local Lojasiewicz condition (2.2). By taking the
expectation we have that
2

E[F(0r11)1g,, () [Fi] < <1 — e+ %CL(ZCL + U)) F(66) g, (1)- (3.8)

We may choose a small step-size

1 o
*< : - -
O<u < mln{a'4CL(2CL+U) }

so that 5
17* *

—CL2CL+0) <1 % e (0,1).

p=T1-n"a+
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With this, we obtain a contraction
E[F(6s1) g, (r)|00] < PE[F(6) 15, (r)[00] < 0“7 F(69). (3.9)

Based on the contraction of F, we can nicely control the Euclidean distance between 6
and 6y. Note that

E[| (01— 06) L, ()]
= 1"E[|Vf(6k; Ck) L, (r)]

— *E H (VF(Gk) + \/@Zek@k) Le(r)
< n*\/ﬁ\/m

+ 1"\ E0F (06 g, ()] E[|Z0, )
= (\/2CL + Vao)y*otF(80), 310

where we apply the Cauchy-Schwarz inequality, the growth bound 2.4), and (2.10)-(2.11).
The total distance is thus finite

]

> V2CL + Vo)
E| ) (641 - 9k)]lEk(r)!] < ( T ) F(8o) < oo. (3.11)
k=0 VP
By the Markov’s inequality, for any é € (0, 1), we have the length of trajectory bounded by
00 2CL + \/E 17*
3 16— 0015 < VT g 612
EENGE

with probability at least 1 — é. This means that as long as the local Lojasiewicz condition
holds, the stochastic iterates will converge to a point with high probability. What remains
to show that there exists a positive probability for

Eeo(r) := [{16; — 60| <1} (3.13)
j=0

to occur. In fact, we can set r = R — 1 and argue that there exists a positive probability that
all stochastic iterates are trapped in the ball B(6y, R — 1). Let us consider the following
two cases:

e Utilizing (3.10), the chance for the next iterate to escape the ball B(6y, R) is

Pr (Ex(R —1) occursbut 6,1 € B°(6p,R))
< Pr([0k41 — Okllg r-1) > 1)

< E[|6k 11 — Okl 1g, (r_1)] < (V2Cp + V@) 5" 02 F(60). (3.14)
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e Utilizing (2.5), the chance for the next iterate to enter the annulus B(6y,R)\B(6p, R—1)
is

Pr (Ek(R - 1) occurs but 61 € B(GO, R) \B(GO,R - 1))

E[F(6k+1)1g, (&) _ p"1F(6p)
< Pr (F(6k41)1g,,,(r) = Mo) < Mo < My (3.15)

We are ready to conclude, note that the event defined in (3.3) over radius r = R —1is
monotonically decreasing,

Exy1(R—1) C Ex(R—1). (3.16)
Let us define
Exp1(R—1) == Ex(R—1) \ Ex1(R - 1), (3.17)
whose probability is indeed the summation of (3.14) and (3.15)
3 L okl
Pr (Bt (R~ 1) < F(@o) ((VEGL +v@)'p + G ). 6.18)

The probability of the complementary event can be bounded,
k
Pr(Ef(R—1)) =) Pr(Ei(R—1))
i=1

< F(6p) ((\/ZTH NGa 1’@\{2 + Mogz_ p>> (3.19)

for any k € IN. Thus for every 0 < § < 1, there exists ¢ > 0 depending on C;,c, 1%, p
and My such that if F(6p) < ¢, then

Pr (Ek(R—l)) >1-6 (3.20)
for all k € IN. Taking k — co, we then have
Pr (EOO(R - 1)) >1-6.

Conditioned on the event E«(R — 1), we can conclude from (3.9) that for every g €
L),
lim BXF(6;) = 0 (3.21)
k—o0

almost surely. Moreover, for all 1 < j < k, by (3.10),

E[|0r — 0;|1E, (r—1)]

k-1
< ) E[lfii1 — 0ilLp (r-1)]
i=j

k-1
< 2 E[|0;41 — 0i Lg,(r—1)]
i=j
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¥ (VACL + Vo)t F@)

i=j

. il
< (v/2CL + Vo) F (69 .
( )1 F(60) 7 7
As j — oo, this bound goes to zero. Thus {6y } ;> from a Cauchy sequence conditioned on
Ew(R—1),and

(3.22)

O — 0.€B(6,R—1) as k — oo.
By (3.9), we see that F(6,) = 0 conditioned on Es (R — 1). We also know that with proba-

bility at least 1 — &, 6 € B(6p, R — 1) for all k € IN. Therefore, we can conclude that with
probability at least 1 — ¢, 6, converges to the minimizer 6, € B(6p, R —1). O

4 Non-convergence with bounded noises

One may wonder if the machine learning noise is relaxed by only assuming the bounded-
ness (2.9), whether it can be shown that SGD iterates still converge inside B(f, r) for some
radius r > 0. As a companion of bounded noises, we should consider to take a Robbins-
Monro type step sizes

S 1
for SGD (L.2) with constants 7,79 > 0 to be chosen.
If all the stochastic iterates 8 stay inside the ball where the local Lojasiewicz condition
(2.2) holds, then we show in Lemma 4.2 that the convergence happens with an algebraic

rate. Lemma relies on classical results in numerical sequences, which can be traced
back to [11]].

Lemma 4.1 ([11, Lemmas 1 and 4]). Let {by }x>1 be a non-negative sequence such that

Cy Cy
<(1-—2L S S— ,
b"“—<1 (k+no>‘7>b"+<k+no)qﬂ” 42
where q € (0,1], p > 0and C1,Cp > 0, then
1. Ifg = 1 and Cy > p, we have
C 1 1
< - — ). .
bk_ Cl_pk+0<k> (43)
2. If q < 1, we have
G 1 1
<=2_ — . .
by < C1kP+o<kP> (4.4)

In the proof of Lemma[4.2] an iteration inequality of the form (4.2) will show up after
we apply the local Lojasiewicz condition (2.2)), set up suitable 1g, and use the boundedness
of the noise (Z9). The power g comes from @I, and the extra power p comes from 77.



J. Mach. Learn., X(X):1-19 11

Lemma 4.2. Given a radius r > 0 where 2.2) holds. Assume that the noise term in (2.6)) satisfies
2.9), and the SGD iterates are updated with step sizes 1, = v/ (k+n¢)1,1/2 < q < 1. Con-
ditioned on the event that 6 € B(0o,r) for all k € IN, then for ng > (2C2+ /&)1, we have the
convergence

2.2
77’ Crl 1 _ 2
zx’y—2k+o<k)' g=1, v

E[F(6;)] < 4.5
FONS Y ae 1 oy 1 45)
xy K ki) 251+
Proof. We consider the same event as before
k
r):=[1{16; — 6o <} (4.6)
j=0

for some 0 < r < R. Taking similar beginning steps as in Theorem [3.1) we arrive to the
same inequality as (3.7)

FO1)1g () < <P<9k> — IV (Ok) - V(0 8) + %’%cuw(ek; 5k>|2) e (47
By inserting V£ (6;&) = VF(0) + Z(6;¢), we expand the right side to be
F(0r11)LE, (1)
< (F(60) ~ I VF(@0) P + (CL — 1) VF(60) - Z(81ic0
(V0207 + 1260680P) ) 1 )

Because Z (6, &) has zero mean and its second moment is bounded by ¢? (2.9), in addition
with 2.4), by taking the expectation we have that

c*C
L
EIF(Bk) e, ,ol60] < (1— a+ CHEIF@ 15 0] + O 49
We may view E[F(0k) L, (,)|60] as by in (.2). We may set ng to satisfy
202\ 1
no > ( ”) , (4.10)
o
so that
_ 2 < XMk _ oy .
1— e +72CH <1-— o =1 TR (4.11)
Note that the higher order term in (4.9) has the expression
2 ZC 2.2
MetL G (4.12)
2 2(k + n0>2q

Thus, we apply Lemma4.1]and obtain the convergence
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1. If g =1, wesety > 2/a so that

2c2Cr 1 1
E [F(6) L, ) |60] < Z;_é% +o (E) . (4.13)

2. 1If1/2 < g <1, wehave

2.2
72c2Cp 1 1
E[F(6)1E, ()|60] < pra VR (k_q) (4.14)

The proof is complete. U

Remark 4.1. Compared with the proof of Theorem [3.1] the decay rate (.5) of F(6y) is not
enough to ensure that E«(7) happens with a positive probability. In fact, we need both
probabilities in (3.14) and (3.15) to be summable.

In [28]], the authors assume a local convexity in a convex neighborhood K of a local
minimizer x*, so that there exists 0 < « < § < o0 and

alx —x*2 < VF(x) " (x —x*) < Blx —x*]2, VxeK.

This ensures a strong contraction of |x; — x*|? through iterations. Just with bounded
noises, they can show {x;} stays inside the neighborhood K with a positive probabil-
ity under Robbins-Monro step sizes. Unfortunately, the local Lojasiewicz condition (2.2)
we assume here is not sufficient to guarantee such a contraction.

In fact, we can show that the boundedness of noises is not enough to guarantee that
iterates stay inside a ball all the time under the local Lojasiewicz condition (2.2). Let us
present a negative result in the following. By constructing additive noise OxZ(0y;¢) =
O Zy such that E[Z] = 0 and E[|Zk|] = m > 0 for k € N with orthogonal matrices Oy
so that all O;Z; have the same direction, we find that under step sizes (4.1)), iterates will
escape the ball B(6p, r) almost surely.

Theorem 4.1. Consider the following stochastic gradient iteration:
Orr1 = O — ﬁk(VF(Qk) -+ Oka), (4.15)

where g, = v/ (k+1n0)71,1/2 < g < 1,n9 > (2C2y/a)/9 and v > 2/a as in Lemma&.2] We
assume that Z; € RY are i.i.d. random vectors with E[Z;] = 0,E[|Z|] = m for some i > 0,
and E[|Zx|?] < c? for some ¢ > 0. Furthermore, Oy € R¥*? are orthogonal matrices which
rotate Zy to the direction of Zy, and we set Oy = 1. Then, given a radius r > 0 such that 2.2)
holds, {6y } k>0 will exit the ball B(6y,r) almost surely.

Proof. We argue by contradiction. Suppose all iterates from (@.15) stay inside the ball
B(6y, ), we aim to prove that

n
lim kgo(é’kﬂ —0k)| = ‘ lim 6,11 —6p| = oo
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almost surely. For any n > 1, we have

Y (6kr1— 6k — 1k VF(6r))

n ‘

k=0
n n
Y OZie| = Y el Zl
k=0 k=0
n ,)/ n 1
> Zi| > ¢ —Z|, 4.16
_];)k+no| k|_Ck221k| kl (4.16)

where the second inequality can be satisfied if we choose ¢ € (0,7/(ng+1)). We claim
that

|Zy] — o0 as n — oo almostsurely. (4.17)

==

>
k=1
If not, say there exists a finite number p > 0 such that
w1

,}grgo]; 1z =m,

the Cesaro mean theorem implies that the Cesaro average also converges to the same limit,

181
;Z<2k|zk|> — M as n — oo almostsurely. (4.18)
=1 \ k=1
On the other hand,
1 n ] 1 n n 1 1 n n+1—k
P |Zk|)—;2(wki)—;z—k 2
j=1 = k=1 \ j=k k=1
U 1
ZE Z |Zk|——Z|Zk| (4.19)
k=1 n =

which implies that as n — oo,
1 n
— Z |Zk| — 0
=
almost surely. But by the law of large number and the construction of Z,
1 n
=Y |Zl — m#0,
=

we get the contradiction. Thus (4.17) is proved.



J. Mach. Learn., X(X):1-19 14

Back to (.16), we note that
n n n
Y (k1 — Ok — 1k VF(6k)) Y (B —0) | + Y k| VF(6i) | (4.20)
k=0 k=0 k=0

Due to the convergence result @.5) in Lemma4.2] we have

n /
lim me ;)| < hm v2CL «/ (4.21)

k—i—n()

almost surely. Combining (4.17), (4.20) and (@.21)) together, we can deduce from (4.16) that

11m

n
Z Oky1 —Ok)| = ‘nli_{lc}o(’rzﬂ —90‘ = 0

almost surely, which means that the iterates of the SGD algorithm (#.I5) will exit the ball
almost surely. O

Remark 4.2. This negative argument can be extended to other adaptive learning rate
schedules 77x, provided the proposed schedule satisfies both (£.16) and (.21). It is crucial
to note that the convergence described in depends on Lemma 4.2 and the auxil-
iary Lemma 4.1l Demonstrating non-convergence for a specific learning rate schedule 7
would require significant modifications to Lemmas 4.1] and to ensure that 7 aligns
with these conditions.

Appendix A Assumption 3 verification

Chatterjee [8] provides a feedforward neural network that satisfies the local Lojasiewicz
condition (2.2). The purpose of this appendix is to show that, by restricting the training
parameter 6 in some subspace, this feedforward neural network construction satisfies As-
sumption 3 (2.5) as well.

The loss function that [8] considers is the squared error loss. For the dateset {(x;, y;)}";,
we consider

n
= 1y (i — (2, 0))2 (A1)
n i=1
Here, ¢(x, 0) is the neural network written as
¢(x,0) =01 (WLﬁ'Lfl (- (Waoy(Wix+b1) +b2) -+ ) + bL) (A2)

with &; - -- , &, being activation functions acting componentwisely, and W; € R%*4-1,
dy=d,d, =1,bj e R% for1 <1< L. The parameter to be trained is

9 - (Wllbll WZ/ bZ/' o /WL/ bL)/ (A3)
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and it can be viewed as a vector in R? with

L
p=13Y di(d_1+1).
i=1

We assume that the input data xy,--- ,x, € R4 are linearly independent, and consider
XTX/n, where the matrix X = (x1,---x,) € R4*" is formed by column vectors x;’s.
When d > n, the matrix X " X /n has a positive minimum eigenvalue denoted by A¢ > 0.

[8, Theorem 2.1] shows that, with an appropriate initialization and neural network se-
tups, the landscape of F(0) satisfies the local Lojasiewicz condition (2.2), and the gradient
descent will converge to F(6*) = 0 by the convergence analysis. However, the setup in [8]
does not exclude the case of (globally) flat minima, where Assumption 3 2.5) may fail. In
order to allow assumptions (2.2) and (2.5) to coexist, we restrict the domain of training 6
to some subspace containing 6y and 6* where Assumption[3 (2.5) holds.

One choice for such subspace is the following: fix some & > 0,

0= {0 e R : (Wix;+b)); > &|0'—6p], 1 <i<n 1<j<d,
and b} >0,2<1<L}. (A4)

Such a & > 0 can exist if we have a suitable data matrix X. The setup of O is to avoid
training 6’ in the nullspace of ¢(x,-). © looks somewhat artificial in order to serve the
computational convenience (see Theorem [A.T). In practice during the training for deep
neural networks, all gradient descent iterates can be considered to stay in ©, as otherwise
the gradient becomes small and training would terminate. We leave the following remark
as one example of such suitable neural networks.

Remark A.1. The feedforward neural networks in [8] include deep linear neural networks.
Taking biases to be zeroes and activation functions to be identity, it writes as

$(0,x) :=WLWL_1--- Wyx. (A.5)

The partial derivative of F(0) with respect to W, for each 2 < | < L is given as

sz _ZWZ+1 W (WLWL g - Wixg — yi)x W - WL, (A.6)
i=1

and when [ = L, we take W, 1 W, as an identity matrix by convention (so the above for-
mula applies to every I). Then with the initialization in Theorem[A.T] we see that oF /dW,
will be small if Wy x; is small of all 1 < i < n. When it happens, we may stop training due
to the vanishing VF.

Let us recall the setups in [8, Theorem 2.1] and show that the loss function F(0) satisfies
Assumption 3 (2.5) restricted in ®.

Theorem A.1. We consider the squared error loss (AT)) with a feedforward neural network (A2),
with depth L > 2, d; = 1 and ¢ = identity. Suppose for 0 <1 < L — 1, the activation functions
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& € C%,5,(0) = 0, and ¢; := min, Ffl’(x) > 0. Suppose the input data x1,--- ,x, € RY are
linearly independent, and let Ao be the minimum eigenvalue of X' X /n, with the matrix X =
(x1,- - x4) € R¥" formed by column vectors x;’s. We can initialize

90 = (Wllbll WZ/ bZI T WL/bL)

such that by = 0 forall1 <1 < L, W; = 0, and the entries of Wy, - -- , Wy _1 are all strictly
positive. In addition, let R > 0 be the minimum value of the entries of W, --- ,Wr_1, and
A > R/2 > 0 be the minimum value of the entries of Wy. Then for any 6’ € B(6p, R/2) N ®, we
have the following lower bound:

N o & R\* (R\** 210 2 1¢- 5
F(0') > > A_E > (cLo1---cocrdp—1---d1)?|0' —6|° — =) _yi. (A7)
nia

Proof. We define
¢1(x,0) = 51(Wix + by), (A.8)

and for2 <[ <L,
$i1(x,0) = 0 <W11~7171 (- (Wao1(Wix +b1) +b2) ---) + bz), (A9)
so that ¢ = ¢.

Let 6y be the starting vector where the entries of W5, - - - W _ are all strictly positive,
and by, - - -, by and Wy be zero, then one can find ¢(x, 6y) = 0 for each x. Thus

_ 10
—;i;yr

Using the Young’s inequality, the loss function can be rewritten as

™=

/ 1 / 1 a
F(O) > — ) (07 +(xi,0) = 2/¢(xi,0)] lyi]) = Zcp w8 - Ly (A10

Il
—

i

For each x;and 1 < j < dj, since 8’ € ©, we have that
¢1(x;,0"); > 1|0’ — 6ol (A.11)

Given the choice of 6y, we note that all the entries of Wy, --- , W;_1 are bounded below
by a constant R > 0, and by, -- , by and W are zero. If we take any 6/ € © such that
|6/ — 6| < R/2, then for such

0" = (Wq, b1, Wy, b5, -+~ Wi, bp) €O,

all the entries of Wy, --- , W] _, are bounded below by R/2, and b},--- ,b; > 0. In the
second layer, for 1 < j < dp, we have that

R_
$a(xi,6); = cacrdy &[0 — Bol. (A.12)
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Iterate it up to (L — 1)-th layer, we get that for 1 <j <dj_q,

R\L2
¢r-1(x;,0'); > cp_1---cacrdpp---dy <§) &|6" — 6p|. (A.13)

In the last layer, as A > R/2 is a lower bound on the entries of W, the entries of Wi are
bounded below by A — R/2. Therefore,

R R L-2 y
(])(xi, 9/) = ch(xi, 9/) Z (A — —) <—> Cl—1°"" CzcldL,1 s dllX|9, — 9()|, (A14)

2 2
and we can bound F(0') by
2 R\2 /R\2L4 12
FO)2 5 (A-5) (5) (o cadig--di)?e =6 — ) yi (A15)
2 2 2 iz
The proof is complete. U

From the lower bound estimate above, if R is large enough compared with Y1 ; y?/n,
we can find My > 0 such that F(6') > M, for

R
— 1< -6y <
> <| | <

N

Appendix B Proof of Lemma 2.1]

Proof. The statement is trivially true of VF(6) = 0, so we only consider the case where
VEF(0) # 0. Let us define a function

_ _ VE(6)
then ¢'(0) = —v- VF(0) = —|VF()| and
§'(5) — §'(0)] < [VF(6 — tv) — VE(8)| < Cut, (62)
if 0,0 — tv € K based on (2.3). With that,
t C
3(t) = 8(0) + [ §/(s)ds < F(0) ~ [VF(0) t + £ (B3)
By taking t = —|VF(0)|/Cr, the right side bound achieves the minimum and it implies
that
2
RHS = F(g) — VEOIF (B4)

2Cy, -

Because we require both 9,~9 —tv € IC, due to the choice of t, we may~choose a compact
set K C K, with dist(9/C,0K) > C/Cr, sothat6,0 — tv € K forall 0 € K. O
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