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Abstract. Let (My,F) and (M, F,) be two strongly pseudoconvex complex Finsler
manifolds. The doubly twisted product (abbreviated as DTP) complex Finsler man-
ifold (M X (4, a,) Mo, F) is the product manifold M; x M, endowed with the twisted

product complex Finsler metric F>=A2F?+A3F7, where A and A, are positive smooth
functions on M; X M;. In this paper, the relationships between the geometric objects
(e.g. complex Finsler connections, holomorphic and Ricci scalar curvatures, and real
geodesic) of a DTP-complex Finsler manifold and its components are derived. The
necessary and sufficient conditions under which the DTP-complex Finsler manifold is
a Kéahler Finsler (respctively weakly Kahler Finsler, complex Berwald, weakly complex
Berwald, complex Landsberg) manifold are obtained. By means of these, we provide a
possible way to construct a weakly complex Berwald manifold, and then give a char-
acterization for a complex Landsberg metric that is not a Berwald metric.
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1 Introduction

Warped product and twisted product are important methods used to produce new class
of geometrical spaces, and these products are widely applied in theoretical physics. The
notion of warped product of two Riemannian manifolds was first introduced by O'Neill
and Bishop to construct Riemannian manifolds with negative curvature [11], then it was
studied by many authors [10,15,16,23]. Asanov considered the warped product of Finsler
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manifolds and obtained some models of relativity theory [3,4]. Kozma, Peter and Varga
extended the notion of warped product to the real Finsler manifolds [19]. Many prop-
erties of such kinds of products were studied (see [9, 19, 24, 35, 38]). In 2016, He and
Zhong systematically studied the doubly warped product of complex Finsler manifold-
s [14], they got a new method of constructing weakly complex Berwald metric through
the doubly warped product of complex Finsler metric.

The notion of twisted product of Riemannian manifolds was mentioned first by Chen
in [13], and was generalized for the pseudo-Riemannian case by Ponge and Reckziegel
[26]. Kozma, Peter, and Shimada extended the construction of twisted product to re-
al Finslerian case [18], they presented the construction of twisted product of Finsler
manifolds and investigate some geometrical properties relating to Cartan connection,
geodesics and completeness. In [25], Peyghan, Tayebi and Nourmohammadi obtained
the Riemannian curvature and some of non-Riemannian curvatures of the twisted prod-
uct Finsler manifold such as Berwald curvature, mean Berwald curvature, and studied
locally dually flat twisted product Finsler manifold. In [34], Wang gave the necessary
and sufficient conditions for multiply twisted product Finsler manifolds to be Riemanni-
an, Landsberg, Berwald, locally dually flat and locally Minkowski.

Recently, Zhong proved that there are lots of strongly pseudoconvex (even strongly
convex) unitary invariant complex Finsler metrics in domains in C" [37]. The purpose
of this paper is to study the doubly twisted product of strongly pseudoconvex complex
Finsler manifolds.

This paper is organized as follows. In Section 2, we recall some basic concepts and
notations of complex Finsler geometry and extend the doubly twisted product to com-
plex Finsler manifold. In Section 3, we deduce the most commonly used complex Finsler
connections (the Chern-Finsler connection, the complex Rund connection, the complex
Berwald connection, and the complex Hashiguchi connection, etc.) of the DTP-complex
Finsler manifold, which are expressed by the corresponding connections of its compo-
nents. In Section 4, we derive the formulae of the holomorphic curvature and Ricci scalar
curvature of the DTP-complex Finsler manifold, which are expressed by the holomorphic
and Ricci scalar curvatures of its components. In Section 5, we derive the real geodesic
equations of the DTP-complex Finsler manifold. In Section 6, we obtain the necessary
and sufficient conditions under which the DTP-complex Finsler manifold to be Kahler
Finsler (respctively weakly Kéhler Finsler, complex Berwald, weakly complex Berwald,
complex Landsberg, complex locally Minkowski) manifold. By using of these results, we
provide a possible way to construct special complex Finsler manifolds.

2 Preliminary

In this section, we recall some basic concepts and notations which will be used in this
paper, and give the definition of the DTP-complex Finsler manifolds.
Let M be a complex manifold of complex dimension 7, and T’ M be the holomorphic
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tangent bundle of M. We denote z= (zl,- --,z") the local holomorphic coordinates on M,

and (z,0) = (z!,---,z",0!,---,0") the induced local holomorphic coordinates on T"? M. We
shall assume that M is endowed with a strongly pseudoconvex complex Finsler metric F
in the following sense.

Definition 2.1 ([1]). A strongly pseudoconvex complex Finsler metric F on a complex manifold
M is a continuous function F: T'OM —R™ satisfying

(i) G = F?2 is smooth on M = T"0 M — {zero section};

(ii) F(p,v) >0 for all (p,v) € M;

(iii) F(p,Cv)=|C|F(p,v) forall (p,v) € T M and { €C;

(iv) the Levi matrix (or complex Hessian matrix)

G
G z)= — .
( 04'3) <a’0“a’0ﬁ> (2 1)

is positive definite on M.

In this paper, let (G") be the inverse matrix of (G,y) such that G"#G,; = 55 . We also
use the notion in [1], that is, we shall adopt the semicolon to distinguish between the
derivatives of G with respect to the v-coordinates and z-coordinates, for example:

i P i <l
PV 9zvaur’ Y 9z

The property of G is its (1,1)-homogeneity in the sense that
G(z,Av) =AAG(z,0), (2.2)

for all (z,0) € T*M and A € C*.
As the consequence of (2.2), we get

Ga’()“:G, G“'BZ)“:O, Gaﬁl)“’(]’BZO, G“BUOC:G‘B,
Git"=G, G o*=0, G,v"vP=G, G,z0P=G,,

Ga‘gr),U“:—Gﬁ,y, G U“ZO, Gaﬁ,ﬂ)_'Y: Gaﬁ~

aBy

Let (My,F;) and (M;,F,) be two strongly pseudoconvex complex Finsler manifolds
with dime My =m and dimcM; =n, then M = M; x M; is a strongly pseudoconvex com-
plex Finsler manifold with dime¢ M =m+n.

Throughout this paper we use the natural product coordinate system on the product
manifold M; x My. Let (po,qo0) be a point in M, then there are coordinate chart (U,z1)
and (V,z2) on M; and M), respectively, such that pg € U and go € V. Therefore we get a
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coordinate chart (W,z) on M such that W=U xV and (po,q0) € W, and for all (p,q) €W,
z(p,q) = (z1(p),z2(q)), where z; = (z!,...,2™), zp = (z"*1,...,z2" 1),

Let TVOM;, TVOM,; and T9M be the holomorphic tangent bundles of M;, M, and M,
respectively. Let 7t1:MqxMjy— M, m:Mqx My — My be natural projection maps,
then dry : TV (M x Mp) — TYOM;, dmy : T (My x My) — TYYM, be the holomorphic
tangent maps induced by 71y and 71, respectively. Note that dm(z,0) = (z1,v1) and
A (z,0) = (22,02) for every v = (v1,02) € Tzl’O(Ml X Mp) with vy = (o!,---,0™) € Tzll’OMl
and v, = (v"*1,-.. 0"t € Tzlz’OMz. Denote M; = T*OM; — {zero section}, My =TYM,—
{zero section}, M= M x M C T*0(M; x M,) —{zero section}.

Definition 2.2. Let (M;,F;) and (My,F») be two strongly pseudoconvex complex Finsler man-
ifolds and A;: My x My — (0,4-00)(i = 1,2) be smooth functions. The doubly twisted product
(abbreviated as DTP) complex Finsler manifold of (My,F;) and (My,F) is the product complex
manifold M= M; x My endowed with the complex Finsler metric F: M — R™ given by

F2(2,0) =A1(2)F{ (11 (2), A (v)) +A3(2) Ff (ma(2) d 2 (v)), (2.3)

for z=(z1,22) € M and v=(v1,0,) € TS’ M— {zero section}. The functions A and A, are called
twisted functions. The DTP-complex Finsler manifold of (Mj,F;) and (My,F,) is denoted by
(M] X(M,)\z)Mz’P)'

It is clearly that the function F defined by (2.3) is a strongly pseudoconvex complex
Finsler metric on M. Since F; is smooth on T*?M; if and only if F; comes from a Hermitian
metEiJC on M, fori=1,2, the met1:i£ F must to be defined on ]\71/1 X ]\A/I/z rather than on ]\71, or
on M; x TYWM,, or on TVYOM; x Mo.

In the case of A1 =1, the corresponding DTP-complex Finsler manifold is called twist-
ed product complex Finsler manifold, further, if A; depends only on the point of M;, then
(Mj x {1, /\Z)MZ,F ) becomes warped product complex Finsler manifold. If A; and A, de-
pend only on the point of M, and M, respectively, then we have a doubly warped prod-
uct complex Finsler manifold. If neither A1 nor A is a constant, then we call (Mj X 4, 1,)
My, F) a nontrivial (proper) DTP-complex Finsler manifold of (M3,F;) and (My,F).

It also should be mentioned that the conformal transformation of a complex Finsler
metric can be interpreted as a twisted product, namely one where the first factor M;
consist of one point only. Therefore formulae and assertions for DTP-complex Finsler
manifold are applied in many situations.

Notation: Lowercase Greek indices such as «, 8,7, etc., will run from 1 to m-+n, whereas
lowercase Latin indices such as i,j,k,s,t, etc., will run from 1 to m, lowercase Latin indices
with a prime, such as #',j/,k/, etc., will run from m+1 to m+n. Quantities associated

to (My,F;) and (My,F,) are denoted with upper indices 1 and 2, respectively, such as
1 2

i i
1—},](/ 1—}'/;](/'
The local coordinates (z,v) on M are transformed by the following rules
5i i
o il ooaE ., a9E
ZZ:ZI(Z ,"‘,Zm), s — 5l (Zm-i- ,"',Z"H'”), vz:a_zjv], i =7 o .
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For d/0v*, we have ' '
o W 2
ovi 0z 951’ v’ 9z 9d

A local frame for TYOM is given by (94, 0,01, ,Omin ), Where
aﬂzﬁ/ Vzll"'/m/m+1/"'/m+n/
aﬂzﬁ’ =1, mm+1,--- ,m+n.

Denote g=F?, h=F3, so that G=F>=2A%¢+AJh and

0? 0%h
S M=
dv'0v/ 0v' 0v/
The fundamental tensor matrix of F is given by
0°G Mg 0
G :)= )\ — 184 , 2.4
( 0(/5) (avﬂcavﬁ ) ( 0 A%hi’j_’ ) ( )

with its inverse matrix (GP*) given by

2 )\—2 ji 0
(GP ):< 108 A2 ) (2.5)

Let V10 be the holomorphic vertical vector subbundle of T'*M, which is locally

spanned by the nature frame fields {%, azi’ }. Then, the complementary vector subbundle

HO to V10 in TYOM is locally spanned by {8;,6y}, where

9 _pio i =1 ...
0i= 57— Lizo —Li 57 1=1,,m,
; i
51-/:%—;{7%—;{7%, '=m+1,---,m+n.

V10 and H!?0 are called the doubly twisted vertical distribution and horizontal distri-
bution on T*M, respectively. Thus the holomorphic tangent bundle T'°M admits the
decomposition

TOM=H"" PV’ (2.6)

3 Connections of DTP-complex Finsler manifold
In complex Finsler geometry, we always use the complex Chern-Finsler connection, but

sometimes other connections such that complex Rund connection, complex Berwald con-
nection, complex Hashiguchi connection and Rund type complex Finsler connection are
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more convenient. In this section, we briefly introduce these connections mentioned above,
and then we derive these connections of DTP-complex Finsler manifold, which are ex-
pressed in terms of connections of its components.

The Chern-Finsler connection D : X (V'?) — X (T:M®V') associated to a strongly
pseudoconvex complex Finsler metric F was first constructed in [17] and systemically
studied in [1].

The Chern-Finsler complex nonlinear connection I’ associate to a given strongly
pseudoconvex complex Finsler metric F is characterized by

Iy =:G" Gy (3.1)
The connection 1-forms wyp of D are given by
wg =TIy, dz"+Ig 9", (3.2)
where
F,g?ﬂ = Gﬁaéy(Gﬁﬁ)/ (3.3)
g, =G"™09,(Ggp), (3.4)
6y=0y—T30s, PV =dol+Thdz". (3.5)
Note that
M—aﬁ(r“) (3.6)
Iy

B andl% gy, are called the horizontal and vertical coefficients of the Chern-Finsler connec-
tion associated to F, respectively.

Lemma 3.1. Let (M1 X (5, 1,)Ma2,F) bea DTP-complex Finsler manifold of (My,Fy) and (M3, F).
Then the Chern-Finsler complex nonlinear connection coefficients associated to F are given by

r. T
(1 1)

where
oA oA
1 10A2
F Fl—|—2/\ ak _2/\2 akl
oA ;2 oMo
k,—ZAlla 0, o =T +24, =5 v’

Proof. By using (2.5) and (3.1), we have

oA
19/M z
)\ ak .

Similarly, we can obtain other equations of Lemma 3.1. O

oA
GJIG]k—FG] G,k— gJ/\ Sk T2A1 18 kg g]
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Using (3.4), (3.6) and Lemma 3.1, after a straightforward computation, we have

Proposition 3.1. Let (Mj X (), A,)Ma,F) be a DTP-complex Finsler manifold of (Ms,Fy) and
(M, F,), the horizontal and vertical coefficients of the Chern-Finsler connection associated to F
are given by

dA oA
i 197M ¢ _ 19M o
Igh Fk+2)\ 10 Dw=2M"'5750),
2

Z-/ 18/\2 1 18)\2 Z

j/;k’ /k/ +2A2 a k’él’ ]’k 2)\2 a ké]

: i

]‘Z/;k: j';k’:I};k: jl;k/:O,

1 2

i _ 11 l—vi’ _l—vi’ F [ o A 7 —0
jk_ jk’ ]'/k/— j/k” ]'/k— jk’_ '/k/— jk_ ]'/k— jk/— .

The complex Rund connection associated to a strongly pseudoconvex complex Finsler
metric F was first introduced in [27] and were systemically studied in [6] and [5]. Let
D: X (VW) = X(T¢M®@V'Y) be the complex Rund connection, then the connection
1-forms & of D are given by

djg = Fg.ydz”, 3.7)
where T é‘ , are defined by (3.3). It is clearly from (3.2), @ ﬁ are just the horizontal part of
wh.

p
Using (3.3) and Lemma 3.1, we obtain

Proposition 3.2. Let (Mj X (), A,)Ma,F) be a DTP-complex Finsler manifold of (Ms,Fy) and
(Mp,R), T, 5, be the coefficients of the complex Rund connection associated to F. Then

oA oA
_ 1911 . 10M
Iy rlk+2A = =0, = 22\1 = —5,
Ny i oAy
k_2/\218 k&; Ly _F,k, +2A21a 701,

— — —T1r
j’;k_ j/;k’_ j,‘k_ ]-;k,—O.

Next we shall consider the complex Berwald nonlinear connection. First we introduce
the complex non-linear connection coefficients Gy, which is obtained from I'},. According
o [22], the complex nonlinear connection coefficients I always determine a complex
spray G*=:1 350" Conversely, the complex spray G* mduces another complex nonlinear
connection denoted by

Gii=0,(G"), (3.8)

which are called the complex Berwald nonlinear connection coefficients associated to F.
Note that we get
ot =G =2G"
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The complex Berwald connection was first introduced in [22], and studied in [29,37].
Let D: X (V0) — X (TEM®@V'0) be a complex Berwald connection associated to strongly
pseudoconvex complex Finsler metric F, its connection 1-form can be expressed as

where
G%y = 85 (G‘;‘,) (3.10)

By Lemma 3.1, we can get

Lemma3.2. Let (M1 X (3, a,)M2,F) be a DTP-complex Finsler manifold of (M1, Fy) and (Ma, F).
Then the complex spray coefficients G* associated to I'y, (or equivalently Gy ) are given by

1
G =G +A1‘1(2251 v+ gi‘sl, o° ), (3.11)
2
! ! aA aA / A
G'=G" +7;( azj v+ azj o* o' (3.12)

Using (3.8) and Lemma 3.2, by a straightforward computation, we have

Lemma 3.3. Let (M1 X (5, 1,)Ma,F) bea DTP-complex Finsler manifold of (Ms,Fy) and (Ma, F).
Then the complex Berwald nonlinear connection coefficients Gy, are given by

_( G G
w-(c &)

where
1
; ; oA dA oA oA
Gi=Gi+A (550" +5 50 )0 +=70],  Gu=Ay'o5d,
2
. 7 PR EY Ny
G;{,:Gi/+A21[(—aZS vt v® )6l + P o], Gp= Azla i

Using (3.10) and Lemma 3.3, by a straightforward computation, we obtain

Proposition 3.3. Let (M1 Xy, ,)Ma,F) be a DTP-complex Finsler manifold of (My,Fy) and
(M, F,). Then the complex Berwald connection coefficients Ggy associated to F are given by

1
i ; _ 8)\1 oA . . oA .
G;k :G;k "‘Al (a k 5]1+ a ] 5]{) G;/k:G;(j/ _/\l la ] 5](’ G;’k/ :0,
2
. 7 _1,0A2 oAy i i, oAy y
G;’k’ :G;‘/k/ +)\2 (a K 51 a ] 5]{’) G;/k :Gk] /\2 1 a k 5]1 ;-k :0
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The complex Hashiguchi connection D: X (V0) — X (T M®V!0) is a complex ana-
logue of the Hashiguchi connection in real Finsler geometry [20]. Recently Sun and
Zhong gave a characterization of complex Hashiguchi connection in [29]. Its connection
1-forms Wy are given by

V.
wﬁ =Gg,dz" —|—F‘BHIPH (3.13)

where Gg , are given by (3.10), I , are given by (3.4) and ¢* = do* + G dz".

Proposition 3.4. Let (M x ), /\Z)MQ,F ) be a DTP-complex Finsler manifold of (My,F;) and
(My,F,). Then the horizontal and vertical connection coefficients of the complex Hashiguchi
connection, respectively I's, and Gy, are given by Proposition 3.1 and Proposition 3.3.

In [2], Aldea and Munteanu gave the definition of complex Landsberg space. A com-
plex Finsler manifold (M, F) is called a complex Landsberg manifold if

Gy, =L}

" (3.14)

where 1), are the horizontal connection coefficients of the Rund type complex linear

connection [22], i.e.,

1
vy: EGT7(5 G}IT+5 Gvr) (3-15)

where
5, =0, —G"0,. (3.16)

Proposition 3.5. Let (Mj X (), A,)Ma,F) be a DTP-complex Finsler manifold of (Ms,Fy) and
(Mz,F2). Then

1 1
- oAy . oA g L : A :
. _1,9M 1 . 191 .
k=LA G +920 ) Tk, Lig=Liy=A ajék, Ll =0,
2 2
! ! a)\ a)\ / ! ! a)\ !
_ -1 2 2 _ 19742 _
Lip =Lix Ay (550" + 350" T, Liy=Lf=A; > 25k, Li=0.

Proof. Using (2.4), (2.5), (3.15), (3.16) and Lemma 3.3, we have

o 1 5 < o
]k_ —Gll(ékG +5jck7)+§c;l "(5kGji+6,Gyr)

1 : . : ..
= —Gl[(0—G}"0,,—G" )G+ (9= G0y —GJ 9,) Gyl

2
1 i . M
~2

PE =

1,
~GH[ (9 Gk Im) G+ (9= Gl 3n) Gyl = A ( GGy
1
2 Tir2/ ¥ : 1,04 oA
= EAl zgll)\%(ékgj7+5jgk7)_)‘11(8—23054‘8 51/ 3 )AL zgll)\lg]lk

1 1
: _1,0A oA :
- }k All(azsvs 85' S> jlk'
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- 1
Where in the third equality we use g7, 0™ =0, in the last equality we use g’ Silk :F]lk

Similarly, we can obtain other equations of Proposition 3.5. O

4 Holomorphic curvature and Ricci scalar curvature of
DTP-complex Finsler manifolds

One of the fundamental problems in Finsler geometry is to describe the Finsler metric
with constant holomorphic curvature and Ricci scalar curvature. Our objective in this
section is to derive formulae of the holomorphic curvature and Ricci scalar curvature of
DTP-complex Finsler manifold, which are expressed by the holomorphic curvature and
Ricci scalar curvature of its components.

The definition of the holomorphic curvature on (M, F) from the curvature tensor (2 of
a complex Finsler connection was considered by Kobayashi [17], and locally expression
of the holomorphic curvature of a strongly pseudoconvex Finsler metric F along ve Tzlo’OM
with respect to Chern-Finsler connection D is given by Abate and Patrizio [1]:

Kp(v)= G 6p(Ty,)0tov. 4.1)

GZ

In [29], Sun and Zhong proved that the holomorphic curvature and Ricci scalar cur-
vature of a strongly pseudoconvex Finsler metric F along a nonzero vector ve Tzl[;OM with
respect to the Chern-Finsler connection D, or the complex Rund connection D, or the
complex Berwald connection D, or the complex Hashiguchi connection D are coincide
with each other. Therefore, we use the Chern-Finsler connection to derive the holomor-
phic curvature of the DTP-complex Finsler manifold in this section.

Theorem 4.1. Let (M1 Xy, a,yMa, F) be a DTP-complex Finsler manifold of(Ml,Fl) and (Mp, F).

Then the holomorphic curvature of (M, F) along a holomorphic tangent vector v=(v',v" ) € T-°*M
satisfying Fi(7t1(v)) =1 and F,(mz(v)) =1 is given by

A2g? 4 5 AZh?
?Kpl(vl) I [Afg0s (ay(ln)\l)+A2h8ﬁ(8y(ln2\2)]UVUV—F?KB(W) (4.2)

Ke(v)=
Proof. According to (4.1), the holomorphic curvature of the DTP-complex Finsler mani-
fold (Mi X (3, a,) M2, F) with respect to Chern-Finsler connection is given by

Ke(0) =~ 25 [ Gide (T} )07+ Gid (I ol 07+ Gudy (I ol 7+ Gybo Ty ). (4.3)

G?
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1‘ ; ; /
Since F.}- depend only on z/, v and are holomorphic with respect to v*, we have

1
o A
Gé ([;)v/v"= _G SATgidk (T, )v]vk e A 2010 (2A] laz o) ol vk

G2
1
/ a)\ /
Gz)\lglék,( ook — GzAlglék,(ZA o o)o”
A%gz 9%InAq 02 ln/\1
= 12 I ] k ] ok
G? Kn (01) Gz 1 (azfazk azfazk/ ) “4
where in the last equality we use
be([1)0i = —TL2- (I —op 194 9
(I = ~TL = (Lo =207 S50 (5750
_19M ‘
=27 Pweid ( gtlgsrgrfl'h§;j+gSIg§l_;j>U]:0'
Similarly, we obtain
2 % In\q = 92 ln)\l y
—G;6y(T v]vV———A v'v o oF 4.5
—52Gido(Ty) GaM8( = v =5 o), (4.5)
2 8 l?’l/\z 8 li’l)\2
— Gjrdy Fl oV = — —)L]’l olvk 4 olok 4.6
G (I e G2 (azfazk azfazk' ) (6
2 )\21’12 8 l?’l/\z — a l?’l/\z
ri)o/vo"="2K 2 3 o vk o) ok 47
~GaGrdol) 07 = K, (02) ~ 13 o’ oo *.7)
Submit (4.4)-(4.7) into (4.3), we arrive at (4.2). O

Corollary 4.2. Let (M X (5, 1,)M2,F) be a DTP-complex Finsler manifold of (M, F;) and
(M, F2). If Kf, (711(v)) = K, (m2(v)) =¢, InA; and InA; are pluriharmonic functions on
M; x M. Then the holomorphic sectional curvature of (Mj x (A Ag) M2, F ) along v= (vl,vl/)
is Kp(v) =c.

The Ricci scalar curvature of F along a nonzero vector v e Tzlo’O (Mj x My) associated to
the Chern-Finsler connection is given by [22]:

Ricp(v) = —x(I}) = —6x(T})0". (4.8)

Theorem 4.3. Let (M1 X, r,)Ma,F) be a DTP-complex Finsler manifold of (My,Fy) and (Ma, Fy).
Then the Ricci scalar curvature of (M X (5, a,) M2, F) associated to the Chern-Finsler connection
is given by

Ricy = Ricg, +Ricp, —29; (3 (InA) ) oFoF —20; (9 (InA2) )X oF, (4.9)

where Ricy, and Ricy, are Ricci scalar curvatures of (My,Fy) and (Ma,F), respectively.
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Proof. According to (4.8), the Ricci scalar curvature of the DTP-complex Finsler manifold

(M] X (/\1,/\2)M2’P) is given by

Ricr(v) = —0i6;(If) — 0" 67 (IK) —0i6:(Tf,) — 07 67 (I

1
Since I't depend only on z/, v, using Lemma 3.1, we can get

— —/ 9 59 7ol
—0is- Fk — i ___1"]___1"] hal F.k Z)L_l
o z( ,k) v (azi ;zavj B aU]/>( ,k+ 1 azk
2 _
= Ricp —2a ln}& oFol.
b 9zkaz

Similarly, and note that

7
A i

v (-riD) b= F(- =)o

we can obtain

— aZZl’lA] —
—07§,(Ik)y = —2=——ZLoko7,
(L) ozkaz!
azll’l)\z
9zK 9zi

— ’ azln/\z
—076+(T'%)) =Ricp, —2 2
a ’ ) & 0zF oz

—vig(IK) =2 Ko,

Kol

Submit (4.11)-(4.14) into (4.10), we arrive at (4.9).

5 Geodesics of DTP-complex Finsler manifold

oM i

(4.10)

(4.11)

4.12)
(4.13)

(4.14)

In this section, we shall investigate real geodesics of DTP-complex Finsler manifold.
A real geodesic 0 (t) with an affine parameter f of a complex Finsler manifold (M, F)

satisfies the following equation [1]:

G (1) + 0" = G™ Gy (Tt — T ) 6P T

(5.1)

Proposition 5.1. Let (Mj X (), A,)Ma,F) be a DTP-complex Finsler manifold of (Ms,Fy) and
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(Mp,B). Ifo(t)=(c(t))=(c*(t),c" (t)) is a geodesic of (M X (A h,) M2, F), then o (t) satisfies

k 1 Ll i 182\1 7k
7 (8)+ ot = (T — L)oo =24, ' =070

oz
M aAl aA2
2 2 ‘ a/\
o () + Ik ot = 1%y (), —T0 Yo" o 22\21a 2ot

ok M N eV

+ A5 21K 205 (h—= o’ (5.3)
2 [ ( oz’ 3 9z ) oz’ ]
Proof. Let a =k in (5.1), we have
(1) + Ik " = G™*Gps (T, — Tk )P e

= A2 G(T, — L) 65 + Gy (T, — T, )™

+Gyp(T—TL) e 0 + (I~ I ) o

+Gil_’ (Frl;,s_l—;l;/r)d dr_"Gil_’ (Fl, Fslr/)aiF
+Gz"l7(Frl;;—lll;lr)dilﬁ+ci/l/(Fl/ Fsl/r/)di/ﬁ}- (5.4)

Submit (2.4), (2.5) and the equations of Proposition 3.1 into (5.4), after a standard compu-
tation, we obtain (5.2).
Similary, we have (5.3). O

Corollary 5.1. Let (M X (1,,)Ma,F) be a twisted product complex Finsler manifold of (M, F;)
and (Mo, Fy). If o(t) = (0*(t)) = (cX(),0% (t)) is a geodesic of (M X (1,0,) M2, F), then o(t)
satisfies

1

oA

o* (1) + kot = g% g (T, rl 0T +2A,hg% az_j, (5.5)
_ 22 I
O.k/ (t) _’_1_:];[ ol — hs/k/hi/l_, (1_;1//;5, . Fsl/l.r/)(j'l,dr/ _2)\71 g—fﬁvy

! 8)\ 8)\ N

120 T (=2 —hg —=20™). (5.6)
9z¢ 0z"

Next we will consider the case of A1 =1.

Theorem 5.2. Let (M1 X (1,5, M, F) be a twisted product complex Finsler manifold of (My,Fy)
and (Mz,Fz).

(i) If the twisted function Ay depends only on the point of My, then any geodesic of (M, Fy) is
a geodesic of (M X (1,1,)Ma,F), that is to say (M, Fy) is a totally geodesic subspace of the twisted
product complex Finsler space.
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(ii) If the twisted function A, depends only on the point of My, then the projection of any
geodesic of the twisted product complex Finsler manifold (M x (1,1,y M2, F) onto My is a geodesic
Of (MllFl ) .

Proof. Since the proof of (ii) is similar to (i), we only prove (i). If (¢*(t)) is a geodesic of
(M],Pl), then
l . _ _
FO+Io = gFgy(ls—TL,)o'e (5.7)

Consider the curve (¢*(t),0*), where o

ential equation (5.5) reduces to

is a constant, therefore ¥ =0. Thus the differ-

oy < x9Nz

F)+TIke = gskgﬂ-(rl Ql,)aawrz)\ 2\ohg’ = (5.8)

1
where we use F;’;l(ﬂ’ :F’Z‘ o' +TI kO’ =I; k', Notice that the twisted function A, depends

only on the point of M, i.e. 3/2\3 =0, therefore, the differential equation (5.7) coincides

with (5.8). So that the curve (¢¥(t),0%') is a geodesic of (M x (1,0,) M2, F). O

6 Doubly twisted product of special complex Finsler manifolds

In this section, we study the necessary and sufficient conditions that the DTP-complex
Finsler manifold (M x (A, AZ)MZ,F ) is a Kéhler Finsler (or weakly Kéhler Finsler, com-
plex Berwald, weakly complex Berwald, complex Landsberg) manifold. In particular, we
provide a possible way to construct weakly complex Berwald metric and give a charac-
terization for a complex non-Berwald Landsberg metric.

Definition 6.1 ([1]). Let F be a strongly pseudoconvex complex Finsler metric on a complex
manifold M. F is called a strongly Kihler Finsler metric iff I').s—I's. =0; called a Kihler Finsler

metric iff (T "" —1I, g Yo' =0; called a weakly Kihler Finsler metrzc iff
Ga(Ig,— T p)oP =0. (6.1)

In [12], Chen and Shen proved that Kéhler Finsler metric and strongly Kéhler Finsler
metric actually coincide. Therefore there exist only two Kéahlerian notions in complex
Finsler, i.e., Kdhler Finsler metric and weakly K&hler Finsler metric.

Next we want to see when the DTP-complex Finsler manifold is Kéhler Finsler mani-
fold or weakly Kahler Finsler manifold.
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Theorem 6.1. Let (M1 X, 1,yMa,F) be a DTP-complex Finsler manifold of (My,F) and (Mz, Fy).
Then (M1 X (y, 1,) M2, F) is a Kihler Finsler manifold if and only if the functions Ay and Ay de-
pend only on the point of My and M, respectively, and the following equations hold:

oA L oA
rlk A RS =T oA =0l
ozk 1T ki oz 62)
2 2 ’
o ; Ao
/ k/ )\2 1 a k/ 51 Fkl/’]/ + A l a 5k/

Proof. Assume that (M1 X (5, 1,)M2,F) is a Kéhler Finsler manifold, then I é‘ W1 ;f 5+ By
Proposition 3.1, this is equivalent to

1 2 2
rlk 1277} g)‘k S =Tl +2Ay 1%)“ S, Thw+2Ay" g)‘kl, S =T} +2A7" 32\1 5%, (6.3)
8A1 a)\2
A1 g 0l =T =T =0,  2);" o S0 =Tl =Tk, =0. (6.4)
(6.4) implies that the functions A; and A, depend only on the point of M; and M, respec-
tively. Thus ends the proof. O

Corollary 6.2. Let (M X (), r,)M2,F) be a DTP-complex Finsler manifold of two Kihler Finsler
manifolds (My,Fy) and (M, Fp). Then (My X, 1,)Ma,F) is a Kihler Finsler manifold if and
only if the functions Ay and A, are positive constants.

Proof. Since (Mj,F;) and (My,F,) are Kdhler Finsler manifolds, we have

11 2 2
]lk:FkZ,J’ /k/ I_‘k/ il (6.5)
Thus system (6.2) simplified as:
oA ; O\
FE ]1 5 5k, (6.6)
oAy oAy i
p ]1 07 5k, (6.7)
(6.6) implies g =0, (6.7) i aAZ =0. Thus, we conclude that the functions A4 and A,

are positive constants.
O

Theorem 6.3. Let (M X (Al,Az)MLF) be a DTP-complex Finsler manifold of (M, Fy) and (M, F,).
Then (M1 X (a, z,)Ma,F) is a weakly Kihler Finsler manifold if and only if the following equations
hold:

1 1
a)\] i dA; oA oA
Mgi( Ty —Ii;)o = 28k —2Mh— 2&‘)\1(8 o — =~ —— 3o, (6.8)
2 2
i oA oA oA oA i
2 2 1 2 2
)L2hi/( ]l/ KT Fk/ /)U —2)\2]/1](/ 52 U]—ZAlgaZk, —2”11‘/)\2(8 7 5]1 9z 7 5k’) . (69)
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Proof. By putting u =k in (6.1) and using Proposition 3.1, after a long but trivial compu-
tation, we obtain

Ga(Tgy— i) 0P

1 1
=Mgi(T—Ii)v +28iM (5 o 5; = —— b0l —2) 8im 7 vf SL+2A0hy e = 51
=0.
After simplify, and notice that h; v/ 5;: =h, we can get (6.8).
Similarly, we can obtain (6.9). O

Corollary 6.4. Let (M1 X 1,0,y M2, F) be a twisted product complex Finsler manifold of (M, Fy)
and (My,F,), the function Ay depends only on the point of My. Then (M, ><(1,A2)M2/P) is a
weakly Kihler Finsler manifold if and only if (My,Fy) is a weakly Kihler Finsler manifold and the
following equation hold:

2 2

, 8/\2 i, 02
/\zhi/(l_}l//.k/ _Fk/ /) —2(hk! a ] hF)
Corollary 6.5. Let (M1 X (5, r,)M2,F) be a DTP-complex Finsler manifold of two weakly Kihler
Finsler manifolds (My,Fy) and (My,Fy). Then (M1 X (a,p,)M2,F) is a weakly Kihler Finsler
manifold if and only if the functions A1 and A, are positive constants.

(6.10)

Proof. Since (Mj,F;) and (My,F,) are weakly Kéhler Finsler manifolds, we have

1 1 2 2/ ,
gZ(Fkl,] ]k)’U =0, hl/(F/k/ Fkl/,.]'/)'U] =0.

Thus (6.8) and (6.9) simplified as:

a)\l i oA, oA oA

M8k 57 © Azha - g,-)»l(a ké} > —— 380/ =0, (6.11)
My ;oM oy s Ay

Aohy 52 —Algﬁ—hﬂ\z(a 70— =7 250 )0l =0. (6.12)

Note that gi, A; and A, are independent of ¥, thus differentiating (6.11) with respect to
vk/, we get

82\2 oA
8k)\1 Jz K

Interchanging indices j and k in (6.11), and then contracting the obtained equality with
v/, we get

(6.13)

oA oA

= 2gi (5504~ 5 0))0 =0, (6.14)

o2k Ci
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Contracting (6.12) with o, we get

oA, oA o oAy oAy Ko
)\zl’lk/ 92 U]U —Alga 7 l’ll‘/)Lz( 9z 7 51 Py 5k’) =0. (615)
Now subtracting (6.15) from (6.14) and using (6.13), we get
/\zhwv —Alga K . (616)
Differentiating (6.16) with respect to o¥', v*" we get
oAy
hk/s_’ /\2 ﬁ - 0
Which implies % =0. Similarly, g?,}, =0. Thus, (6.11) simplified as
oA i oA
Qi (azk [ ——61)0l =0. (6.17)
Differentiating (6.17) with respect to v/, we have
oA ; I
81']*(@ [t ]5ll<) o/ =0. (6.18)
Since (gj7) is a positive definite matrix, we have
oA oA
(a—zk [ (Sk) =0. (6.19)

Differentiating (6.19) with respect to v/, we get
a/\] 51 o a)\l 51

9zk 1T 9z K

Which implies % =0. Similarly, we get 5 aAZ =0. Thus, we conclude that the functions A4
and A, are positive constants. O

As an immediate consequence of the relations (2.4), we have

Theorem 6.6. The DTP-complex Finsler manifold (M X (y, r,y M2, F) is a Hermitian manifold
if and only if (My,F,) and (Ma,F,) are Hermitian manifolds.

Before starting to analyze the case of complex Berwald manifold, weakly complex
Berwald manifold and complex Landsberg manifold, we need the following definitions.

Definition 6.2 ([5,7]). A complex Finsler manifold (M,F) is said to be modeled on a complex
Minkowski space if the connection coefficients I'g., (z (z,v) of the Chern-Finsler connection depend
only on the coordinates of the base manifold M, i.e. Iy, =TI, (z).
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Definition 6.3 ([7]). Let (M,F) be a complex Finsler manifold, if the horizontal connection co-
efficients I gm(z,v) of the Chern-Finsler connection depend only on the coordinates of the base
manifold M, i.e. I g =1 gm(z), and its associated Hermitian metric hr is a Kihler metric on M,
then we call (M, F) a complex Berwald manifold.

Remark 6.1. In [6], Aikou gave the definition of complex Berwald manifold in which
without the Kahler condition. But different from real Finsler geometry, in complex Finsler
geometry, there exist two different covariant derivatives for Cartan tensor, Cjj;, and Cyz 5
[5]. The requirement of the Kéhler condition implies that Ci5;, =0. Later, Aikou gave
the above definitions of complex Berwald manifold in [7], and widely used in various
topics [2,5].

Definition 6.4 ([36]). Let F be a strongly pseudoconvex complex Finsler metric on M. If locally
the connection coefficients Ggy(z,v) of the associated complex Berwald connection are indepen-

dent of fibre coordinates v: Gy, (z,0) =Gy, (z), then F is called a weakly complex Berwald metric.

Definition 6.5 ([2]). Let F be a complex Finsler metric on complex manifold M, F is said to be a
complex Landsberg metric if it satisfies

Gy =L, (6.20)
According to Proposition 3.1, we have

Proposition 6.1. The DTP-complex Finsler manifold (M x (A, /\Z)MZ,F ) is modeled on a com-
plex Minkowski space if and only if (My,Fy) and (My,F,) are modeled on a complex Minkowski
space.

According to Definition 6.2 and Definition 6.3, Theorem 6.1 and Proposition 6.1, we
obtain

Theorem 6.7. The DTP-complex Finsler manifold (M1 X (y, r,yMa,F) is a complex Berwald
manifold if and only if (My,Fy) and (M, F,) are modeled on complex Minkowski space and the
system (6.2) hold.

According to Proposition 3.1, Corolory 6.2 and Definition 6.3, we obtain

Corollary 6.8. Let (M X (5, 1,)M2,F) bea DTP-complex Finsler manifold of two complex Berwald
Finsler manifolds (My,Fy) and (Ma,F2). Then (My X (5, A,y M2, F) is a complex Berwald Finsler
manifold if and only if the functions A1 and Ay are positive constants.

If there exits an open cover {U, Xy} such that on each ;' (U) the function F is a
function of the fibre-coordinate only, then the complex Finsler manifold (M, F) will be a
complex locally Minkowski [6]. The necessary and sufficient condition of the complex
Finsler manifold (M,F) to be a complex locally Minkowski is that it is modeled on a
complex Minkowski space and the complex Rund connection on (M, F) is holomorphic.
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In short, the horizontal coefficients I B (z,v) of the Chern-Finsler connection satisfies the
following conditions:
Tgu(z0) =T (2),
o
a(T, oTg) V)
dz¥
In [7], Aikou established an example of complex manifold which is modeled on a com-
plex Minkowski space, but not complex locally Minkowski.
According to Proposition 3.1 and Proposition 6.1, we have

Corollary 6.9. If InAy and InA, are pluriharmonic functions on My x My. Then the DTP-
complex Finsler manifold (M X (y, 1,)M2,F) is a complex locally Minkowski if and only if (M, Fy)
and (My,F,) are complex locally Minkowski.

According to the Definition 6.4 and Proposition 3.3, we obtain

Theorem 6.10. The DTP-complex Finsler manifold (My Xy, 1,)Ma,F) is a weakly complex
Berwald manifold if and only if (My,Fy) and (Ma,F,) are weakly complex Berwald manifolds.

Remark 6.2. Note that a complex Berwald metric is actually a weakly complex Berwald
metric, however, the converse is not true. For instance, under the assume that G* =

: 310" =0 while I}, do not vanish identically, the assertion that the complex Wrona metric
1s a weakly complex Berwald metric rather a complex Berwald metric was proved in [36].
It was also shown in [37] that there are lots of weakly complex Berwald metrics which are
unitary invariant strongly pseudoconvex complex Finsler metric. Theorem 6.10 provide
us an effective way to construct weakly complex Berwald manifolds.

According to definition 6.5, Proposition 3.3 and Proposition 3.5, we obtain

Theorem 6.11. The DTP-complex Finsler manifold (M1 X (5, 1,)Ma,F) is a complex Landsberg
manifold if and only if the following equations hold:

1 1
R VI YW N VYR Y
Gt (g g ) =L =M (a U e ) (6.21)
2 2 2 ’
7 _1,0A2 dA; 7 dA; Ay o
G;/kr +/\2 (a 7 (Sl +— 9z 7 (Sk/) H-‘;"k/ /\ F’k’ (ﬁvs‘i‘ 0z 0° )

Corollary 6.12. Let (M (A1, Az)Mg,F ) be a DTP-complex Finsler manifold of two Landsberg
manifolds (My,Fy) and (Ma,F>). Then (M X (3, 1,)Ma,F) is a Landsberg manifold if and only
if the following equations hold:

OA1 ;  OAL oA oA

51 5 — S S ,
32k i 3 % (as”+azs’” ) (6.22)
0As o OMs 50N O

oz k/él ) 7 51(/ ]'l/k/ ( 0z 0 —|—aZS/U )
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Remark 6.3. In real Finsler geometry, every Berwald space is a Landsberg space, the
converse, however, has been a long-standing open problem [8]. This problem was s-
tudied by several authors [21, 28, 30, 31], efforts around this problem still continues. In
complex Finsler geometry, there is also notions of complex Berwald metric and complex
Landsberg metric, every complex Berwald metric is complex Landsberg metric [2], but
the converse problem has been explored.

Our approach to this problem depends on the existence of solutions for system (6.22).
If there was any, Corollary 6.8 and Corollary 6.12 provide us a method to construct com-
plex non-Berwald Landsberg manifolds, as follows.

Let M; and M, be two complex Berwald manifolds, of course, they are complex
Landsberg manifolds. Let A1 and A; be positive smooth functions on product manifold
M; x M,, and verifies (6.22), but they are not constants on M; X M;. According to Corol-
lary 6.12, (M x (A1, /\Z)MZ,F ) is a complex Landsberg manifold, while, the Corollary 6.8
guarantees that (M X ), 1,) M2, F) is not a Berwald manifold.

Our work takes a step forward on finding complex non-Berwald Landsberg mani-
folds. Investigating and characterizing possible solutions for system (6.22) will be the
subject matter of our future works.
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