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Abstract. Let (M1,F1) and (M2,F2) be two strongly pseudoconvex complex Finsler
manifolds. The doubly twisted product (abbreviated as DTP) complex Finsler man-
ifold (M1×(λ1,λ2)

M2,F) is the product manifold M1×M2 endowed with the twisted

product complex Finsler metric F2=λ2
1F2

1 +λ2
2F2

2 , where λ1 and λ2 are positive smooth
functions on M1×M2. In this paper, the relationships between the geometric objects
(e.g. complex Finsler connections, holomorphic and Ricci scalar curvatures, and real
geodesic) of a DTP-complex Finsler manifold and its components are derived. The
necessary and sufficient conditions under which the DTP-complex Finsler manifold is
a Kähler Finsler (respctively weakly Kähler Finsler, complex Berwald, weakly complex
Berwald, complex Landsberg) manifold are obtained. By means of these, we provide a
possible way to construct a weakly complex Berwald manifold, and then give a char-
acterization for a complex Landsberg metric that is not a Berwald metric.

AMS subject classifications: 53C60, 53C40

Key words: Doubly twisted products, complex Finsler metric, holomorphic curvature, geodesic

1 Introduction

Warped product and twisted product are important methods used to produce new class
of geometrical spaces, and these products are widely applied in theoretical physics. The
notion of warped product of two Riemannian manifolds was first introduced by O’Neill
and Bishop to construct Riemannian manifolds with negative curvature [11], then it was
studied by many authors [10,15,16,23]. Asanov considered the warped product of Finsler
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manifolds and obtained some models of relativity theory [3, 4]. Kozma, Peter and Varga
extended the notion of warped product to the real Finsler manifolds [19]. Many prop-
erties of such kinds of products were studied (see [9, 19, 24, 35, 38]). In 2016, He and
Zhong systematically studied the doubly warped product of complex Finsler manifold-
s [14], they got a new method of constructing weakly complex Berwald metric through
the doubly warped product of complex Finsler metric.

The notion of twisted product of Riemannian manifolds was mentioned first by Chen
in [13], and was generalized for the pseudo-Riemannian case by Ponge and Reckziegel
[26]. Kozma, Peter, and Shimada extended the construction of twisted product to re-
al Finslerian case [18], they presented the construction of twisted product of Finsler
manifolds and investigate some geometrical properties relating to Cartan connection,
geodesics and completeness. In [25], Peyghan, Tayebi and Nourmohammadi obtained
the Riemannian curvature and some of non-Riemannian curvatures of the twisted prod-
uct Finsler manifold such as Berwald curvature, mean Berwald curvature, and studied
locally dually flat twisted product Finsler manifold. In [34], Wang gave the necessary
and sufficient conditions for multiply twisted product Finsler manifolds to be Riemanni-
an, Landsberg, Berwald, locally dually flat and locally Minkowski.

Recently, Zhong proved that there are lots of strongly pseudoconvex (even strongly
convex) unitary invariant complex Finsler metrics in domains in Cn [37]. The purpose
of this paper is to study the doubly twisted product of strongly pseudoconvex complex
Finsler manifolds.

This paper is organized as follows. In Section 2, we recall some basic concepts and
notations of complex Finsler geometry and extend the doubly twisted product to com-
plex Finsler manifold. In Section 3, we deduce the most commonly used complex Finsler
connections (the Chern-Finsler connection, the complex Rund connection, the complex
Berwald connection, and the complex Hashiguchi connection, etc.) of the DTP-complex
Finsler manifold, which are expressed by the corresponding connections of its compo-
nents. In Section 4, we derive the formulae of the holomorphic curvature and Ricci scalar
curvature of the DTP-complex Finsler manifold, which are expressed by the holomorphic
and Ricci scalar curvatures of its components. In Section 5, we derive the real geodesic
equations of the DTP-complex Finsler manifold. In Section 6, we obtain the necessary
and sufficient conditions under which the DTP-complex Finsler manifold to be Kähler
Finsler (respctively weakly Kähler Finsler, complex Berwald, weakly complex Berwald,
complex Landsberg, complex locally Minkowski) manifold. By using of these results, we
provide a possible way to construct special complex Finsler manifolds.

2 Preliminary

In this section, we recall some basic concepts and notations which will be used in this
paper, and give the definition of the DTP-complex Finsler manifolds.

Let M be a complex manifold of complex dimension n, and T1,0M be the holomorphic
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tangent bundle of M. We denote z=(z1,··· ,zn) the local holomorphic coordinates on M,
and (z,v)=(z1,··· ,zn,v1,··· ,vn) the induced local holomorphic coordinates on T1,0M. We
shall assume that M is endowed with a strongly pseudoconvex complex Finsler metric F
in the following sense.

Definition 2.1 ([1]). A strongly pseudoconvex complex Finsler metric F on a complex manifold
M is a continuous function F : T1,0M→R+ satisfying

(i) G=F2 is smooth on M̃=T1,0M−{zero section};

(ii) F(p,v)>0 for all (p,v)∈ M̃;

(iii) F(p,ζv)= |ζ|F(p,v) for all (p,v)∈T1,0 M and ζ∈C;

(iv) the Levi matrix (or complex Hessian matrix)

(Gαβ)=

(
∂2G

∂vα∂vβ

)
(2.1)

is positive definite on M̃.

In this paper, let (Gν̄β) be the inverse matrix of (Gαν̄) such that Gν̄βGαν̄ = δ
β
α . We also

use the notion in [1], that is, we shall adopt the semicolon to distinguish between the
derivatives of G with respect to the v-coordinates and z-coordinates, for example:

Gµ̄;ν=
∂2G

∂zν∂vµ
, Gα;ν̄=

∂2G

∂zν∂vα
.

The property of G is its (1,1)-homogeneity in the sense that

G(z,λv)=λλ̄G(z,v), (2.2)

for all (z,v)∈T1,0 M and λ∈C∗.

As the consequence of (2.2), we get

Gαvα=G, Gαβvα =0, Gαβvαvβ =0, Gαβ̄vα =Gβ̄,

Gᾱvα=G, Gᾱβ̄vα =0, Gαβ̄vαvβ =G, Gαβ̄vβ =Gα,

Gαβγvα =−Gβγ, Gαβ̄γvα=0, Gαβγ̄vγ =Gαβ.

Let (M1,F1) and (M2,F2) be two strongly pseudoconvex complex Finsler manifolds
with dimC M1=m and dimC M2=n, then M=M1×M2 is a strongly pseudoconvex com-
plex Finsler manifold with dimC M=m+n.

Throughout this paper we use the natural product coordinate system on the product
manifold M1×M2. Let (p0,q0) be a point in M, then there are coordinate chart (U,z1)
and (V,z2) on M1 and M2, respectively, such that p0 ∈U and q0 ∈V. Therefore we get a
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coordinate chart (W,z) on M such that W=U×V and (p0,q0)∈W, and for all (p,q)∈W,
z(p,q)=(z1(p),z2(q)), where z1=(z1,. . .,zm), z2=(zm+1,. . .,zm+n).

Let T1,0M1, T1,0M2 and T1,0M be the holomorphic tangent bundles of M1, M2 and M,
respectively. Let π1 : M1×M2→M1, π2 : M1×M2→M2 be natural projection maps,
then dπ1 : T1,0(M1×M2)→ T1,0M1, dπ2 : T1,0(M1×M2) → T1,0M2 be the holomorphic
tangent maps induced by π1 and π2, respectively. Note that dπ1(z,v) = (z1,v1) and

dπ2(z,v) = (z2,v2) for every v = (v1,v2) ∈ T1,0
z (M1×M2) with v1 = (v1,··· ,vm) ∈ T1,0

z1
M1

and v2 =(vm+1, ··· ,vm+n)∈T1,0
z2

M2. Denote M̃1 =T1,0M1−{zero section}, M̃2 =T1,0M2−

{zero section}, M̃= M̃1×M̃2⊂T1,0(M1×M2)−{zero section}.

Definition 2.2. Let (M1,F1) and (M2,F2) be two strongly pseudoconvex complex Finsler man-
ifolds and λi : M1×M2 → (0,+∞)(i = 1,2) be smooth functions. The doubly twisted product
(abbreviated as DTP) complex Finsler manifold of (M1,F1) and (M2,F2) is the product complex
manifold M=M1×M2 endowed with the complex Finsler metric F : M̃→R+ given by

F2(z,v)=λ2
1(z)F2

1 (π1(z), dπ1(v))+λ2
2(z)F2

2 (π2(z),dπ2(v)), (2.3)

for z=(z1,z2)∈M and v=(v1,v2)∈T1,0
z M−{zero section}. The functions λ1 and λ2 are called

twisted functions. The DTP-complex Finsler manifold of (M1,F1) and (M2,F2) is denoted by
(M1×(λ1,λ2) M2,F).

It is clearly that the function F defined by (2.3) is a strongly pseudoconvex complex
Finsler metric on M. Since Fi is smooth on T1,0Mi if and only if Fi comes from a Hermitian

metric on Mi for i=1,2, the metric F must to be defined on M̃1×M̃2 rather than on M̃, or
on M̃1×T1,0M2, or on T1,0M1×M̃2.

In the case of λ1≡1, the corresponding DTP-complex Finsler manifold is called twist-
ed product complex Finsler manifold, further, if λ2 depends only on the point of M1, then
(M1×(1,λ2) M2,F) becomes warped product complex Finsler manifold. If λ1 and λ2 de-
pend only on the point of M2 and M1, respectively, then we have a doubly warped prod-
uct complex Finsler manifold. If neither λ1 nor λ2 is a constant, then we call (M1×(λ1,λ2)

M2,F) a nontrivial (proper) DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
It also should be mentioned that the conformal transformation of a complex Finsler

metric can be interpreted as a twisted product, namely one where the first factor M1

consist of one point only. Therefore formulae and assertions for DTP-complex Finsler
manifold are applied in many situations.

Notation: Lowercase Greek indices such as α,β,γ, etc., will run from 1 to m+n, whereas
lowercase Latin indices such as i, j,k,s,t, etc., will run from 1 to m, lowercase Latin indices
with a prime, such as i′, j′,k′, etc., will run from m+1 to m+n. Quantities associated
to (M1,F1) and (M2,F2) are denoted with upper indices 1 and 2, respectively, such as

1

Γi
j;k,

2

Γi′

j′ ;k′ .

The local coordinates (z,v) on M̃ are transformed by the following rules

z̃i = z̃i(z1,··· ,zm), z̃i′ = z̃i′(zm+1,··· ,zm+n), ṽi =
∂z̃i

∂zj
vj, ṽi′ =

∂z̃i′

∂zj′
vj′ .
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For ∂/∂vα , we have
∂

∂vi
=

∂z̃j

∂zi

∂

∂ṽj
,

∂

∂vi′
=

∂z̃j′

∂zi′
∂

∂ṽj′
.

A local frame for T1,0M̃ is given by (∂1,··· ,∂m+n,∂̇1,··· ,∂̇m+n), where

∂µ =
∂

∂zµ
, µ=1,··· ,m,m+1,··· ,m+n,

∂̇µ =
∂

∂vµ
, µ=1,··· ,m,m+1,··· ,m+n.

Denote g=F2
1 , h=F2

2 , so that G=F2=λ2
1g+λ2

2h and

gij̄ =
∂2g

∂vi∂vj
, hi′ j̄′ =

∂2h

∂vi′∂vj′
.

The fundamental tensor matrix of F is given by

(Gαβ̄)=
( ∂2G

∂vα∂vβ

)
=

(
λ2

1gij̄ 0

0 λ2
2hi′ j̄′

)
, (2.4)

with its inverse matrix (Gβ̄α) given by

(Gβ̄α)=

(
λ−2

1 g j̄i 0

0 λ−2
2 h j̄′ i′

)
. (2.5)

Let V1,0 be the holomorphic vertical vector subbundle of T1,0M̃, which is locally
spanned by the nature frame fields { ∂

∂vi ,
∂

∂vi′
}. Then, the complementary vector subbundle

H1,0 to V1,0 in T1,0M̃ is locally spanned by {δi,δi′}, where

δi=
∂

∂zi −Γ
j

;i
∂

∂vj −Γ
j′

;i
∂

∂vj′
, i=1,··· ,m,

δi′ =
∂

∂zi′ −Γ
j

;i′
∂

∂vj −Γ
j′

;i′
∂

∂vj′ , i′=m+1,··· ,m+n.

V1,0 and H1,0 are called the doubly twisted vertical distribution and horizontal distri-
bution on T1,0M̃, respectively. Thus the holomorphic tangent bundle T1,0M̃ admits the
decomposition

T1,0M̃=H1,0
⊕

V1,0. (2.6)

3 Connections of DTP-complex Finsler manifold

In complex Finsler geometry, we always use the complex Chern-Finsler connection, but
sometimes other connections such that complex Rund connection, complex Berwald con-
nection, complex Hashiguchi connection and Rund type complex Finsler connection are
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more convenient. In this section, we briefly introduce these connections mentioned above,
and then we derive these connections of DTP-complex Finsler manifold, which are ex-
pressed in terms of connections of its components.

The Chern-Finsler connection D : X (V1,0)→X (T∗
C

M̃⊗V1,0) associated to a strongly
pseudoconvex complex Finsler metric F was first constructed in [17] and systemically
studied in [1].

The Chern-Finsler complex nonlinear connection Γα
;µ associate to a given strongly

pseudoconvex complex Finsler metric F is characterized by

Γα
;µ =: Gν̄αGν̄;µ. (3.1)

The connection 1-forms ωα
β of D are given by

ωα
β=Γα

β;µdzµ+Γα
βµψµ, (3.2)

where

Γα
β;µ=Gν̄αδµ(Gβν̄), (3.3)

Γα
βµ =Gν̄α∂̇µ(Gβν̄), (3.4)

δµ=∂µ−Γα
;µ∂̇α, ψµ =dvµ+Γ

µ
;αdzα. (3.5)

Note that

Γα
β;µ = ∂̇β(Γα

;µ), (3.6)

Γα
β;µ andΓα

βµ are called the horizontal and vertical coefficients of the Chern-Finsler connec-

tion associated to F, respectively.

Lemma 3.1. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
Then the Chern-Finsler complex nonlinear connection coefficients associated to F are given by

(Γα
;µ)=

(
Γi

;k Γi′

;k

Γi
;k′ Γi′

;k′

)
,

where

Γi
;k =

1

Γi
;k +2λ−1

1

∂λ1

∂zk
vi, Γi′

;k =2λ−1
2

∂λ2

∂zk
vi′ ,

Γi
;k′ =2λ−1

1

∂λ1

∂zk′
vi, Γi′

;k′ =
2

Γi′

;k′ +2λ−1
2

∂λ2

∂zk′
vi′ .

Proof. By using (2.5) and (3.1), we have

Γi
;k =G j̄iGj̄;k+G j̄′ iGj̄′;k =λ−2

1 g j̄iλ2
1gj̄;k+2λ−1

1

∂λ1

∂zk
g j̄igj̄ =

1

Γi
;k +2λ−1

1

∂λ1

∂zk
vi.

Similarly, we can obtain other equations of Lemma 3.1.
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Using (3.4), (3.6) and Lemma 3.1, after a straightforward computation, we have

Proposition 3.1. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
(M2,F2), the horizontal and vertical coefficients of the Chern-Finsler connection associated to F
are given by

Γi
j;k =

1

Γi
j;k +2λ−1

1

∂λ1

∂zk
δi

j, Γi
j;k′ =2λ−1

1

∂λ1

∂zk′
δi

j,

Γi′

j′ ;k′ =
2

Γi′

j′ ;k′ +2λ−1
2

∂λ2

∂zk′
δi′

j′ , Γi′

j′ ;k=2λ−1
2

∂λ2

∂zk
δi′

j′ ,

Γi
j′ ;k=Γi

j′ ;k′ =Γi′

j;k =Γi′

j;k′ =0,

Γi
jk =

1

Γi
jk, Γi′

j′k′ =
2

Γi′

j′k′ , Γi
j′k =Γi

jk′ =Γi
j′k′ =Γi′

jk =Γi′

j′k =Γi′

jk′ =0.

The complex Rund connection associated to a strongly pseudoconvex complex Finsler
metric F was first introduced in [27] and were systemically studied in [6] and [5]. Let
D̂ :X (V1,0)→X (T∗

C
M̃⊗V1,0) be the complex Rund connection, then the connection

1-forms ω̂ of D̂ are given by
ω̂α

β=Γα
β;µdzµ, (3.7)

where Γα
β;µ are defined by (3.3). It is clearly from (3.2), ω̂α

β are just the horizontal part of
ωα

β.

Using (3.3) and Lemma 3.1, we obtain

Proposition 3.2. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
(M2,F2), Γα

β;µ be the coefficients of the complex Rund connection associated to F. Then

Γi
j;k =

1

Γi
j;k +2λ−1

1

∂λ1

∂zk
δi

j, Γi
j;k′ =2λ−1

1

∂λ1

∂zk′
δi

j,

Γi′

j′ ;k=2λ−1
2

∂λ2

∂zk
δi′

j′ , Γi′

j′ ;k′ =
2

Γi′

j′ ;k′ +2λ−1
2

∂λ2

∂zk′
δi′

j′ ,

Γi
j′ ;k=Γi

j′ ;k′ =Γi′

j;k =Γi′

j;k′ =0.

Next we shall consider the complex Berwald nonlinear connection. First we introduce
the complex non-linear connection coefficients Gα

µ, which is obtained from Γα
;µ. According

to [22], the complex nonlinear connection coefficients Γα
;µ always determine a complex

spray Gα=: 1
2 Γα

;µvµ. Conversely, the complex spray Gα induces another complex nonlinear
connection denoted by

G
α
µ= ∂̇µ(G

α), (3.8)

which are called the complex Berwald nonlinear connection coefficients associated to F.
Note that we get

Γα
;µvµ =G

α
µvµ =2G

α.
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The complex Berwald connection was first introduced in [22], and studied in [29, 37].
Let D̆ :X (V1,0)→X (T∗

C
M̃⊗V1,0) be a complex Berwald connection associated to strongly

pseudoconvex complex Finsler metric F, its connection 1-form can be expressed as

ω̆α
β=G

α
βµdzµ, (3.9)

where

G
α
βµ= ∂̇β(G

α
µ). (3.10)

By Lemma 3.1, we can get

Lemma 3.2. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
Then the complex spray coefficients Gα associated to Γα

;µ (or equivalently Gα
µ) are given by

G
i=

1

G
i+λ−1

1 (
∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′)vi, (3.11)

G
i′ =

2

G
i′ +λ−1

2 (
∂λ2

∂zs
vs+

∂λ2

∂zs′
vs′)vi′ . (3.12)

Using (3.8) and Lemma 3.2, by a straightforward computation, we have

Lemma 3.3. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
Then the complex Berwald nonlinear connection coefficients Gα

µ are given by

(Gα
µ)=

(
Gi

k Gi′

k

Gi
k′ Gi′

k′

)
,

where

G
i
k =

1

G
i
k+λ−1

1 [(
∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′)δi

k+
∂λ1

∂zk
vi], G

i
k′ =λ−1

1

∂λ1

∂zk′
vi,

G
i′

k′ =
2

G
i′

k′ +λ−1
2 [(

∂λ2

∂zs
vs+

∂λ2

∂zs′
vs′)δi′

k′+
∂λ2

∂zk′
vi′ ], G

i′

k =λ−1
2

∂λ2

∂zk
vi′ .

Using (3.10) and Lemma 3.3, by a straightforward computation, we obtain

Proposition 3.3. Let (M1×(λ1,λ2) M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
(M2,F2). Then the complex Berwald connection coefficients Gα

βµ associated to F are given by

G
i
jk =

1

G
i
jk+λ−1

1 (
∂λ1

∂zk
δi

j+
∂λ1

∂zj
δi

k), G
i
j′k=G

i
kj′ =λ−1

1

∂λ1

∂zj′
δi

k, G
i
j′k′ =0,

G
i′

j′k′ =
2

G
i′

j′k′ +λ−1
2 (

∂λ2

∂zk′
δi′

j′+
∂λ2

∂zj′
δi′

k′), G
i′

j′k =G
i′

kj′ =λ−1
2

∂λ2

∂zk
δi′

j′ , G
i′

jk =0.
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The complex Hashiguchi connection Ď :X (V1,0)→X (T∗
C

M̃⊗V1,0) is a complex ana-
logue of the Hashiguchi connection in real Finsler geometry [20]. Recently Sun and
Zhong gave a characterization of complex Hashiguchi connection in [29]. Its connection
1-forms ω̌α

β are given by

ω̌α
β=G

α
βµdzµ+Γα

βµψ̆µ, (3.13)

where Gα
βµ are given by (3.10), Γα

βµ are given by (3.4) and ψ̆µ =dvµ+G
µ
αdzα.

Proposition 3.4. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
(M2,F2). Then the horizontal and vertical connection coefficients of the complex Hashiguchi
connection, respectively Γα

βµ and Gα
βµ are given by Proposition 3.1 and Proposition 3.3.

In [2], Aldea and Munteanu gave the definition of complex Landsberg space. A com-
plex Finsler manifold (M,F) is called a complex Landsberg manifold if

G
γ
νµ=L

γ
νµ, (3.14)

where L
γ
νµ are the horizontal connection coefficients of the Rund type complex linear

connection [22], i.e.,

L
γ
νµ =

1

2
Gτγ(δ̆νGµτ+ δ̆µGντ), (3.15)

where
δ̆ν=∂ν−G

α
ν ∂̇α. (3.16)

Proposition 3.5. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
(M2,F2). Then

L
i
jk =

1

L
i
jk −λ−1

1 (
∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′)

1

Γi
jk, L

i
j′k =L

i
kj′ =λ−1

1

∂λ1

∂zj′
δi

k, L
i
j′k′ =0,

L
i′

j′k′ =
2

L
i′

j′k′ −λ−1
2 (

∂λ2

∂zs
vs+

∂λ2

∂zs′
vs′)

2

Γi′

j′k′ , L
i′

j′k=L
i′

kj′ =λ−1
2

∂λ2

∂zk
δi′

j′ , L
i′

jk =0.

Proof. Using (2.4), (2.5), (3.15), (3.16) and Lemma 3.3, we have

L
i
jk =

1

2
Gli(δ̆kGjl+ δ̆jGkl)+

1

2
Gl′i(δ̆kGjl′+ δ̆jGkl′)

=
1

2
Gli[(∂k−G

m
k ∂̇m−G

m′

k ∂̇m′)Gjl+(∂j−G
n
j ∂̇n−G

n′

j ∂̇n′)Gkl]

=
1

2
Gli[(∂k−

1

G
m
k ∂̇m)Gjl+(∂j−

1

G
n
j ∂̇n)Gkl ]−λ−1

1 (
∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′)G l̄iGjl̄k

=
1

2
λ−2

1 gliλ2
1(

1

δ̆k gjl+
1

δ̆j gkl)−λ−1
1 (

∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′)λ−2

1 gl̄ iλ2
1gjl̄k

=
1

L
i
jk −λ−1

1 (
∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′)

1

Γi
jk .
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Where in the third equality we use gjl̄mvm =0, in the last equality we use gl̄ igjl̄k =
1

Γi
jk.

Similarly, we can obtain other equations of Proposition 3.5.

4 Holomorphic curvature and Ricci scalar curvature of

DTP-complex Finsler manifolds

One of the fundamental problems in Finsler geometry is to describe the Finsler metric
with constant holomorphic curvature and Ricci scalar curvature. Our objective in this
section is to derive formulae of the holomorphic curvature and Ricci scalar curvature of
DTP-complex Finsler manifold, which are expressed by the holomorphic curvature and
Ricci scalar curvature of its components.

The definition of the holomorphic curvature on (M,F) from the curvature tensor Ω of
a complex Finsler connection was considered by Kobayashi [17], and locally expression

of the holomorphic curvature of a strongly pseudoconvex Finsler metric F along v∈T1,0
z0

M
with respect to Chern-Finsler connection D is given by Abate and Patrizio [1]:

KF(v)=−
2

G2
Gαδν̄(Γα

;µ)v
µvν. (4.1)

In [29], Sun and Zhong proved that the holomorphic curvature and Ricci scalar cur-

vature of a strongly pseudoconvex Finsler metric F along a nonzero vector v∈T1,0
z0

M with
respect to the Chern-Finsler connection D, or the complex Rund connection D̂, or the
complex Berwald connection D̆, or the complex Hashiguchi connection Ď are coincide
with each other. Therefore, we use the Chern-Finsler connection to derive the holomor-
phic curvature of the DTP-complex Finsler manifold in this section.

Theorem 4.1. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).

Then the holomorphic curvature of (M,F) along a holomorphic tangent vector v=(vi,vi′)∈T1,0
z M

satisfying F1(π1(v))=1 and F2(π2(v))=1 is given by

KF(v)=
λ2

1g2

G2
KF1

(v1)−
4

G2

[
λ2

1g∂ν̄(∂µ(lnλ1)+λ2
2h∂ν̄(∂µ(lnλ2)

]
vµvν+

λ2
2h2

G2
KF2

(v2). (4.2)

Proof. According to (4.1), the holomorphic curvature of the DTP-complex Finsler mani-
fold (M1×(λ1,λ2)M2,F) with respect to Chern-Finsler connection is given by

KF(v)=−
2

G2

[
Giδν̄(Γi

;j)v
jvν+Giδν̄(Γi

;j′)v
j′vν+Gi′δν̄(Γi′

;j )v
jvν+Gi′δν̄(Γi′

;j′)v
j′vν
]
. (4.3)
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Since
1

Γi
;j depend only on zi, vi and are holomorphic with respect to vk′ , we have

−
2

G2
Giδν̄(Γi

;j)v
jvν = −

2

G2
λ2

1giδk̄(
1

Γi
;j)v

jvk−
2

G2
λ2

1giδk̄(2λ−1
1

∂λ1

∂zj
vi)vjvk

−
2

G2
λ2

1giδk̄′(
1

Γi
;j)v

jvk′−
2

G2
λ2

1giδk̄′(2λ−1
1

∂λ1

∂zj
vi)vjvk′

=
λ2

1g2

G2
KF1

(v1)−
4

G2
λ2

1g(
∂2lnλ1

∂zj∂zk
vjvk+

∂2lnλ1

∂zj∂zk′
vjvk′), (4.4)

where in the last equality we use

δk̄′(
1

Γi
;j)v

j = −Γl
;k′

∂

∂vl
(

1

Γi
;j)v

j =2λ−1
1

∂λ1

∂zk′
vl

∂

∂vl
(gs̄igs̄;j)v

j

= 2λ−1
1

∂λ1

∂zk′
vl
(
−gt̄igs̄rgrt̄l̄hs̄;j+gs̄igs̄l̄;j

)
vj =0.

Similarly, we obtain

−
2

G2
Giδν̄(Γi

;j′)v
j′vν=−

4

G2
λ2

1g(
∂2lnλ1

∂zj′∂zk
vj′vk+

∂2lnλ1

∂zj′∂zk′
vj′vk′), (4.5)

−
2

G2
Gi′δν̄(Γi′

;j )v
jvν =−

4

G2
λ2

2h(
∂2lnλ2

∂zj∂zk
vjvk+

∂2lnλ2

∂zj∂zk′
vjvk′), (4.6)

−
2

G2
Gi′δν̄(Γi′

;j′)v
j′vν =

λ2
2h2

G2
KF2

(v2)−
4

G2
λ2

2h(
∂2lnλ2

∂zj′ ∂zk
vj′vk+

∂2lnλ2

∂zj′∂zk′
vj′vk′). (4.7)

Submit (4.4)-(4.7) into (4.3), we arrive at (4.2).

Corollary 4.2. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
(M2,F2). If KF1

(π1(v)) = KF2
(π2(v)) = c, lnλ1 and lnλ2 are pluriharmonic functions on

M1×M2. Then the holomorphic sectional curvature of (M1×(λ1,λ2)M2,F) along v=(vi ,vi′)
is KF(v)≡ c.

The Ricci scalar curvature of F along a nonzero vector v∈T1,0
z0

(M1×M2) associated to
the Chern-Finsler connection is given by [22]:

RicF(v)=−χ(Γ
µ
;µ)=−δα(Γ

µ
;µ)v

α. (4.8)

Theorem 4.3. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
Then the Ricci scalar curvature of (M1×(λ1,λ2)M2,F) associated to the Chern-Finsler connection
is given by

RicF =RicF1
+RicF2

−2∂µ̄(∂k(lnλ1))v
kvµ−2∂µ̄(∂k′(lnλ2))v

k′vµ, (4.9)

where RicF1
and RicF2

are Ricci scalar curvatures of (M1,F1) and (M2,F2), respectively.
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Proof. According to (4.8), the Ricci scalar curvature of the DTP-complex Finsler manifold
(M1×(λ1,λ2) M2,F) is given by

RicF(v)= −viδī(Γk
;k)−vi′δī′(Γk

;k)−viδī(Γk′

;k′)−vi′δī′(Γk′

;k′). (4.10)

Since
1

Γk
;k depend only on zi, vi, using Lemma 3.1, we can get

−viδī(Γk
;k)= −vi

( ∂

∂zi
−Γ

j
;i

∂

∂vj
−Γ

j′

;i

∂

∂vj′

)
(

1

Γk
;k +2λ−1

1

∂λ1

∂zk
vk)

= RicF1
−2

∂2lnλ1

∂zk∂zi
vkvi. (4.11)

Similarly, and note that

vi′
(
−Γ

j
;i′

∂

∂vj

)
(Γk

;k)=0, vi
(
−Γ

j′

;i

∂

∂vj′

)
(Γk′

;k′)=0,

we can obtain

−vi′δī′(Γk
;k)=−2

∂2lnλ1

∂zk∂zi′
vkvi′ , (4.12)

−viδī(Γk′

;k′)=−2
∂2lnλ2

∂zk′∂zi
vk′vi, (4.13)

−vi′δī′(Γk′

;k′)=RicF2
−2

∂2lnλ2

∂zk′∂zi′
vk′vi′ . (4.14)

Submit (4.11)-(4.14) into (4.10), we arrive at (4.9).

5 Geodesics of DTP-complex Finsler manifold

In this section, we shall investigate real geodesics of DTP-complex Finsler manifold.

A real geodesic σα(t) with an affine parameter t of a complex Finsler manifold (M,F)
satisfies the following equation [1]:

σ̈α(t)+Γα
;µσ̇µ =Gν̄αGβγ̄(Γ

γ
µ;ν−Γ

γ
ν;µ)σ̇

βσ̇µ. (5.1)

Proposition 5.1. Let (M1×(λ1,λ2) M2,F) be a DTP-complex Finsler manifold of (M1,F1) and
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(M2,F2). If σ(t)=(σα(t))=(σk(t),σk′ (t)) is a geodesic of (M1×(λ1,λ2)M2,F), then σ(t) satisfies

σ̈k(t)+Γk
;µσ̇µ = gs̄kgil̄(

1

Γl
r;s −

1

Γl
s;r)σ̇

iσ̇r−2λ−1
1

∂λ1

∂zr′
σ̇r′vk

+λ−2
1 gs̄k

[
2λ1(g

∂λ1

∂zs
−gs̄

∂λ1

∂zr
σ̇r)+2λ2h

∂λ2

∂zs

]
, (5.2)

σ̈k′(t)+Γk′

;µ σ̇µ = hs̄′k′hi′ l̄′(
2

Γl′
r′;s′ −

2

Γl′
s′ ;r′)σ̇

i′ σ̇r′−2λ−1
2

∂λ2

∂zr
σ̇rvk′

+λ−2
2 hs̄′k′

[
2λ2(h

∂λ2

∂zs′
−hs̄′

∂λ2

∂zr′
σ̇r′)+2λ1g

∂λ1

∂zs′

]
. (5.3)

Proof. Let α= k in (5.1), we have

σ̈k(t)+Γk
;µσ̇µ = Gν̄kGβγ̄(Γ

γ
µ;ν−Γ

γ
ν;µ)σ̇

βσ̇µ

= λ−2
1 gs̄k

[
Gil̄(Γl

r;s−Γl
s;r)σ̇

iσ̇r+Gil̄(Γl
r′;s−Γl

s;r′)σ̇
iσ̇r′

+Gi′ l̄(Γl
r;s−Γl

s;r)σ̇
i′ σ̇r+Gi′ l̄(Γl

r′;s−Γl
s;r′)σ̇

i′ σ̇r′

+Gil̄′(Γl′
r;s−Γl′

s;r)σ̇
iσ̇r+Gil̄′(Γl′

r′;s−Γl′
s;r′)σ̇

iσ̇r′

+Gi′ l̄′(Γl′
r;s−Γl′

s;r)σ̇
i′ σ̇r+Gi′ l̄′(Γl′

r′;s−Γl′
s;r′)σ̇

i′ σ̇r′
]
. (5.4)

Submit (2.4), (2.5) and the equations of Proposition 3.1 into (5.4), after a standard compu-
tation, we obtain (5.2).

Similary, we have (5.3).

Corollary 5.1. Let (M1×(1,λ2)M2,F) be a twisted product complex Finsler manifold of (M1,F1)

and (M2,F2). If σ(t) = (σα(t)) = (σk(t),σk′ (t)) is a geodesic of (M1×(1,λ2)M2,F), then σ(t)
satisfies

σ̈k(t)+Γk
;µσ̇µ = gs̄kgil̄(

1

Γl
r;s −

1

Γl
s;r)σ̇

iσ̇r+2λ2hgs̄k ∂λ2

∂zs
, (5.5)

σ̈k′(t)+Γk′

;µ σ̇µ = hs̄′k′hi′ l̄′(
2

Γl′
r′;s′ −

2

Γl′
s′ ;r′)σ̇

i′ σ̇r′−2λ−1
2

∂λ2

∂zr
σ̇rvk′

+2λ−1
2 hs̄′k′(h

∂λ2

∂zs′
−hs̄′

∂λ2

∂zr′
σ̇r′). (5.6)

Next we will consider the case of λ1≡1.

Theorem 5.2. Let (M1×(1,λ2) M2,F) be a twisted product complex Finsler manifold of (M1,F1)
and (M2,F2).

(i) If the twisted function λ2 depends only on the point of M2, then any geodesic of (M1,F1) is
a geodesic of (M1×(1,λ2)M2,F), that is to say (M1,F1) is a totally geodesic subspace of the twisted
product complex Finsler space.
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(ii) If the twisted function λ2 depends only on the point of M2, then the projection of any
geodesic of the twisted product complex Finsler manifold (M1×(1,λ2)M2,F) onto M1 is a geodesic
of (M1,F1).

Proof. Since the proof of (ii) is similar to (i), we only prove (i). If (σk(t)) is a geodesic of
(M1,F1), then

σ̈k(t)+
1

Γk
;i σ̇i = gs̄kgil̄(

1

Γl
r;s −

1

Γl
s;r)σ̇

iσ̇r . (5.7)

Consider the curve (σk(t),σk′ ), where σk′ is a constant, therefore σ̇k′ =0. Thus the differ-
ential equation (5.5) reduces to

σ̈k(t)+
1

Γk
;i σ̇i = gs̄kgil̄(

1

Γl
r;s −

1

Γl
s;r)σ̇

iσ̇r+2λ−2
1 λ2hgs̄k ∂λ2

∂zs
, (5.8)

where we use Γk
;µσ̇µ =

1

Γk
;i σ̇i+Γk

;i′ σ̇
i′ =

1

Γk
;i σ̇i. Notice that the twisted function λ2 depends

only on the point of M2, i.e. ∂λ2

∂zs = 0, therefore, the differential equation (5.7) coincides

with (5.8). So that the curve (σk(t),σk′ ) is a geodesic of (M1×(1,λ2) M2,F).

6 Doubly twisted product of special complex Finsler manifolds

In this section, we study the necessary and sufficient conditions that the DTP-complex
Finsler manifold (M1×(λ1,λ2) M2,F) is a Kähler Finsler (or weakly Kähler Finsler, com-
plex Berwald, weakly complex Berwald, complex Landsberg) manifold. In particular, we
provide a possible way to construct weakly complex Berwald metric and give a charac-
terization for a complex non-Berwald Landsberg metric.

Definition 6.1 ([1]). Let F be a strongly pseudoconvex complex Finsler metric on a complex
manifold M. F is called a strongly Kähler Finsler metric iff Γα

µ;β−Γα
β;µ=0; called a Kähler Finsler

metric iff (Γα
µ;β−Γα

β;µ)v
µ =0; called a weakly Kähler Finsler metric iff

Gα(Γα
β;µ−Γα

µ;β)v
β =0. (6.1)

In [12], Chen and Shen proved that Kähler Finsler metric and strongly Kähler Finsler
metric actually coincide. Therefore there exist only two Kählerian notions in complex
Finsler, i.e., Kähler Finsler metric and weakly Kähler Finsler metric.

Next we want to see when the DTP-complex Finsler manifold is Kähler Finsler mani-
fold or weakly Kähler Finsler manifold.
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Theorem 6.1. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
Then (M1×(λ1,λ2)M2,F) is a Kähler Finsler manifold if and only if the functions λ1 and λ2 de-
pend only on the point of M1 and M2, respectively, and the following equations hold:





1

Γi
j;k +2λ−1

1

∂λ1

∂zk
δi

j =
1

Γi
k;j +2λ−1

1

∂λ1

∂zj
δi

k,

2

Γi′

j′ ;k′ +2λ−1
2

∂λ2

∂zk′
δi′

j′ =
2

Γi′

k′ ;j′ +2λ−1
2

∂λ2

∂zj′
δi′

k′ .

(6.2)

Proof. Assume that (M1×(λ1,λ2)M2,F) is a Kähler Finsler manifold, then Γα
β;µ = Γα

µ;β. By

Proposition 3.1, this is equivalent to

1

Γi
j;k +2λ−1

1

∂λ1

∂zk
δi

j =
1

Γi
k;j +2λ−1

1

∂λ1

∂zj
δi

k,
2

Γi′

j′ ;k′ +2λ−1
2

∂λ1

∂zk′
δi′

j′ =
2

Γi′

k′ ;j′ +2λ−1
2

∂λ1

∂zj′
δi′

k′ , (6.3)

2λ−1
1

∂λ1

∂zk′
δi

j =Γi
j;k′ =Γi

k′ ;j=0, 2λ−1
2

∂λ2

∂zk
δi′

j′ =Γi′

j′ ;k =Γi′

k;j′ =0. (6.4)

(6.4) implies that the functions λ1 and λ2 depend only on the point of M1 and M2, respec-
tively. Thus ends the proof.

Corollary 6.2. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of two Kähler Finsler
manifolds (M1,F1) and (M2,F2). Then (M1×(λ1,λ2)M2,F) is a Kähler Finsler manifold if and
only if the functions λ1 and λ2 are positive constants.

Proof. Since (M1,F1) and (M2,F2) are Kähler Finsler manifolds, we have

1

Γi
j;k=

1

Γi
k;j,

2

Γi′

j′ ;k′=
2

Γi′

k′ ;j′ . (6.5)

Thus system (6.2) simplified as:




∂λ1

∂zk
δi

j =
∂λ1

∂zj
δi

k, (6.6)

∂λ2

∂zk′
δi′

j′ =
∂λ2

∂zj′
δi′

k′ . (6.7)

(6.6) implies ∂λ1

∂zk =0, (6.7) implies ∂λ2

∂zk′
=0. Thus, we conclude that the functions λ1 and λ2

are positive constants.

Theorem 6.3. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of (M1,F1) and (M2,F2).
Then (M1×(λ1,λ2)M2,F) is a weakly Kähler Finsler manifold if and only if the following equations
hold: 




λ2
1gi(

1

Γi
j;k −

1

Γi
k;j)v

j =2λ1gk
∂λ1

∂zj′
vj′−2λ2h

∂λ2

∂zk
−2giλ1(

∂λ1

∂zk
δi

j−
∂λ1

∂zj
δi

k)v
j, (6.8)

λ2
2hi′(

2

Γi′

j′ ;k′−
2

Γi′

k′ ;j′)v
j′=2λ2hk′

∂λ2

∂zj
vj−2λ1g

∂λ1

∂zk′
−2hi′λ2(

∂λ2

∂zk′
δi′

j′−
∂λ2

∂zj′
δi′

k′)v
j′ . (6.9)
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Proof. By putting µ= k in (6.1) and using Proposition 3.1, after a long but trivial compu-
tation, we obtain

Gα(Γα
β;k−Γα

k;β)v
β

=Gi(Γi
j;k−Γi

k;j)v
j+Gi(Γi

j′ ;k−Γi
k;j′ )v

j′+Gi′(Γi′

j;k−Γi′

k;j)v
j+Gi′(Γi′

j′ ;k−Γi′

k;j′)v
j′

=λ2
1gi(

1

Γi
j;k−

1

Γi
k;j)v

j+2giλ1(
∂λ1

∂zk
δi

j−
∂λ1

∂zj
δi

k)v
j−2λ1gi

∂λ1

∂zj′
vj′δi

k+2λ2hi′
∂λ2

∂zk
vj′δi′

j′

=0.

After simplify, and notice that hi′v
j′δi′

j′ =h, we can get (6.8).

Similarly, we can obtain (6.9).

Corollary 6.4. Let (M1×(1,λ2)M2,F) be a twisted product complex Finsler manifold of (M1,F1)
and (M2,F2), the function λ2 depends only on the point of M2. Then (M1×(1,λ2) M2,F) is a
weakly Kähler Finsler manifold if and only if (M1,F1) is a weakly Kähler Finsler manifold and the
following equation hold:

λ2hi′(
2

Γi′

j′ ;k′ −
2

Γi′

k′ ;j′)v
j′ =2(hk′

∂λ2

∂zj′
vj′−h

∂λ2

∂zk′
). (6.10)

Corollary 6.5. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of two weakly Kähler
Finsler manifolds (M1,F1) and (M2,F2). Then (M1×(λ1,λ2)M2,F) is a weakly Kähler Finsler
manifold if and only if the functions λ1 and λ2 are positive constants.

Proof. Since (M1,F1) and (M2,F2) are weakly Kähler Finsler manifolds, we have

gi(
1

Γi
k;j −

1

Γi
j;k)v

k =0, hi′ (
2

Γi′

j′ ;k′ −
2

Γi′

k′ ;j′)v
j′ =0.

Thus (6.8) and (6.9) simplified as:





λ1gk
∂λ1

∂zj′
vj′−λ2h

∂λ2

∂zk
−giλ1(

∂λ1

∂zk
δi

j−
∂λ1

∂zj
δi

k)v
j =0, (6.11)

λ2hk′
∂λ2

∂zj
vj−λ1g

∂λ1

∂zk′
−hi′λ2(

∂λ2

∂zk′
δi′

j′−
∂λ2

∂zj′
δi′

k′)v
j′ =0. (6.12)

Note that gk, λ1 and λ2 are independent of vk′ , thus differentiating (6.11) with respect to
vk′ , we get

hk′λ2
∂λ2

∂zk
= gkλ1

∂λ1

∂zk′
. (6.13)

Interchanging indices j and k in (6.11), and then contracting the obtained equality with
vj, we get

λ1gj
∂λ1

∂zk′
vk′vj−λ2h

∂λ2

∂zj
vj−2giλ1(

∂λ1

∂zj
δi

k−
∂λ1

∂zk
δi

j)v
kvj =0. (6.14)
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Contracting (6.12) with vk′ , we get

λ2hk′
∂λ2

∂zj
vjvk′−λ1g

∂λ1

∂zk′
vk′−hi′λ2(

∂λ2

∂zk′
δi′

j′−
∂λ2

∂zj′
δi′

k′)v
k′vj′ =0. (6.15)

Now subtracting (6.15) from (6.14) and using (6.13), we get

λ2h
∂λ2

∂zj
vj =λ1g

∂λ1

∂zk′
vk′ . (6.16)

Differentiating (6.16) with respect to vk′ , vs′ we get

hk′ s̄′λ2
∂λ2

∂zk
=0.

Which implies ∂λ2

∂zk =0. Similarly, we get ∂λ1

∂zk′ =0. Thus, (6.11) simplified as

gi(
∂λ1

∂zk
δi

j−
∂λ1

∂zj
δi

k)v
j =0. (6.17)

Differentiating (6.17) with respect to vj, we have

gij̄(
∂λ1

∂zk
δi

j−
∂λ1

∂zj
δi

k)v
j =0. (6.18)

Since (gij̄) is a positive definite matrix, we have

(
∂λ1

∂zk
δi

j−
∂λ1

∂zj
δi

k)v
j =0. (6.19)

Differentiating (6.19) with respect to vj, we get

∂λ1

∂zk
δi

j =
∂λ1

∂zj
δi

k.

Which implies ∂λ1

∂zk =0. Similarly, we get ∂λ2

∂zk′
=0. Thus, we conclude that the functions λ1

and λ2 are positive constants.

As an immediate consequence of the relations (2.4), we have

Theorem 6.6. The DTP-complex Finsler manifold (M1×(λ1,λ2) M2,F) is a Hermitian manifold
if and only if (M1,F1) and (M2,F2) are Hermitian manifolds.

Before starting to analyze the case of complex Berwald manifold, weakly complex
Berwald manifold and complex Landsberg manifold, we need the following definitions.

Definition 6.2 ([5, 7]). A complex Finsler manifold (M,F) is said to be modeled on a complex
Minkowski space if the connection coefficients Γα

β;µ(z,v) of the Chern-Finsler connection depend

only on the coordinates of the base manifold M, i.e. Γα
β;µ =Γα

β;µ(z).
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Definition 6.3 ([7]). Let (M,F) be a complex Finsler manifold, if the horizontal connection co-
efficients Γα

β;µ(z,v) of the Chern-Finsler connection depend only on the coordinates of the base

manifold M, i.e. Γα
β;µ =Γα

β;µ(z), and its associated Hermitian metric hF is a Kähler metric on M,

then we call (M,F) a complex Berwald manifold.

Remark 6.1. In [6], Aikou gave the definition of complex Berwald manifold in which
without the Kähler condition. But different from real Finsler geometry, in complex Finsler
geometry, there exist two different covariant derivatives for Cartan tensor, Cij̄k|h and Cij̄k|h̄

[5]. The requirement of the Kähler condition implies that Cij̄k|h = 0. Later, Aikou gave
the above definitions of complex Berwald manifold in [7], and widely used in various
topics [2, 5].

Definition 6.4 ([36]). Let F be a strongly pseudoconvex complex Finsler metric on M. If locally
the connection coefficients Gα

βµ(z,v) of the associated complex Berwald connection are indepen-

dent of fibre coordinates v: Gα
βµ(z,v)=Gα

βµ(z), then F is called a weakly complex Berwald metric.

Definition 6.5 ([2]). Let F be a complex Finsler metric on complex manifold M, F is said to be a
complex Landsberg metric if it satisfies

G
γ
νµ=L

γ
νµ. (6.20)

According to Proposition 3.1, we have

Proposition 6.1. The DTP-complex Finsler manifold (M1×(λ1,λ2) M2,F) is modeled on a com-
plex Minkowski space if and only if (M1,F1) and (M2,F2) are modeled on a complex Minkowski
space.

According to Definition 6.2 and Definition 6.3, Theorem 6.1 and Proposition 6.1, we
obtain

Theorem 6.7. The DTP-complex Finsler manifold (M1×(λ1,λ2)M2,F) is a complex Berwald
manifold if and only if (M1,F1) and (M2,F2) are modeled on complex Minkowski space and the
system (6.2) hold.

According to Proposition 3.1, Corolory 6.2 and Definition 6.3, we obtain

Corollary 6.8. Let (M1×(λ1,λ2)M2,F) be a DTP-complex Finsler manifold of two complex Berwald
Finsler manifolds (M1,F1) and (M2,F2). Then (M1×(λ1,λ2) M2,F) is a complex Berwald Finsler
manifold if and only if the functions λ1 and λ2 are positive constants.

If there exits an open cover {U,XU} such that on each π−1
T (U) the function F is a

function of the fibre-coordinate only, then the complex Finsler manifold (M,F) will be a
complex locally Minkowski [6]. The necessary and sufficient condition of the complex
Finsler manifold (M,F) to be a complex locally Minkowski is that it is modeled on a
complex Minkowski space and the complex Rund connection on (M,F) is holomorphic.
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In short, the horizontal coefficients Γα
β;µ(z,v) of the Chern-Finsler connection satisfies the

following conditions: 



Γα
β;µ(z,v) =Γα

β;µ(z),

∂(Γα
β;µ)

∂zν
=0.

In [7], Aikou established an example of complex manifold which is modeled on a com-
plex Minkowski space, but not complex locally Minkowski.

According to Proposition 3.1 and Proposition 6.1, we have

Corollary 6.9. If lnλ1 and lnλ2 are pluriharmonic functions on M1×M2. Then the DTP-
complex Finsler manifold (M1×(λ1,λ2)M2,F) is a complex locally Minkowski if and only if (M1,F1)
and (M2,F2) are complex locally Minkowski.

According to the Definition 6.4 and Proposition 3.3, we obtain

Theorem 6.10. The DTP-complex Finsler manifold (M1×(λ1,λ2) M2,F) is a weakly complex
Berwald manifold if and only if (M1,F1) and (M2,F2) are weakly complex Berwald manifolds.

Remark 6.2. Note that a complex Berwald metric is actually a weakly complex Berwald
metric, however, the converse is not true. For instance, under the assume that Gα =
1
2 Γα

;µvµ≡0 while Γα
;µ do not vanish identically, the assertion that the complex Wrona metric

is a weakly complex Berwald metric rather a complex Berwald metric was proved in [36].
It was also shown in [37] that there are lots of weakly complex Berwald metrics which are
unitary invariant strongly pseudoconvex complex Finsler metric. Theorem 6.10 provide
us an effective way to construct weakly complex Berwald manifolds.

According to definition 6.5, Proposition 3.3 and Proposition 3.5, we obtain

Theorem 6.11. The DTP-complex Finsler manifold (M1×(λ1,λ2) M2,F) is a complex Landsberg
manifold if and only if the following equations hold:





1

G
i
jk +λ−1

1 (
∂λ1

∂zk
δi

j+
∂λ1

∂zj
δi

k)=
1

L
i
jk −λ−1

1

1

Γi
jk (

∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′),

2

G
i′

j′k′ +λ−1
2 (

∂λ2

∂zk′
δi′

j′+
∂λ2

∂zj′
δi′

k′)=
2

L
i′

j′k′ −λ−1
2

2

Γi′

j′k′ (
∂λ2

∂zs
vs+

∂λ2

∂zs′
vs′).

(6.21)

Corollary 6.12. Let (M1×(λ1,λ2) M2,F) be a DTP-complex Finsler manifold of two Landsberg
manifolds (M1,F1) and (M2,F2). Then (M1×(λ1,λ2) M2,F) is a Landsberg manifold if and only
if the following equations hold:





∂λ1

∂zk
δi

j+
∂λ1

∂zj
δi

k=−
1

Γi
jk (

∂λ1

∂zs
vs+

∂λ1

∂zs′
vs′),

∂λ2

∂zk′
δi′

j′+
∂λ2

∂zj′
δi′

k′ =−
2

Γi′

j′k′ (
∂λ2

∂zs
vs+

∂λ2

∂zs′
vs′).

(6.22)
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Remark 6.3. In real Finsler geometry, every Berwald space is a Landsberg space, the
converse, however, has been a long-standing open problem [8]. This problem was s-
tudied by several authors [21, 28, 30, 31], efforts around this problem still continues. In
complex Finsler geometry, there is also notions of complex Berwald metric and complex
Landsberg metric, every complex Berwald metric is complex Landsberg metric [2], but
the converse problem has been explored.

Our approach to this problem depends on the existence of solutions for system (6.22).
If there was any, Corollary 6.8 and Corollary 6.12 provide us a method to construct com-
plex non-Berwald Landsberg manifolds, as follows.

Let M1 and M2 be two complex Berwald manifolds, of course, they are complex
Landsberg manifolds. Let λ1 and λ2 be positive smooth functions on product manifold
M1×M2, and verifies (6.22), but they are not constants on M1×M2. According to Corol-
lary 6.12, (M1×(λ1,λ2) M2,F) is a complex Landsberg manifold, while, the Corollary 6.8
guarantees that (M1×(λ1,λ2) M2,F) is not a Berwald manifold.

Our work takes a step forward on finding complex non-Berwald Landsberg mani-
folds. Investigating and characterizing possible solutions for system (6.22) will be the
subject matter of our future works.

Acknowledgments

This work was supported by the National Natural Science Foundation of China (Grant
Nos. 11761069).

References

[1] Abate M, Patrizio G. Finsler metrics — A Global Approach with Applications to Geometric
Function Theory. Lecture Notes in Mathematics, Volume 1591, Berlin Aeidelberg: Springer-
Verlag, 1994.

[2] Aldea N, Munteanu G. On complex Landsberg and Berwald spaces. J. Geometry Physics,
2012, 62(2): 368-380.

[3] Asanov G S. Finslerian extensions of Schwarzschild metric. Fortschr Phys., 1992, 40: 667-693.
[4] Asanov G S. Finslerian metric functions over the product R×M and their potential applica-

tions. Rep. Math. Phys., 1998, 41: 117-132.
[5] Aikou T. Complex manifolds modeled on a complex Minkowski space. J. Math. Kyoto Univ.,

1998, 35-1: 85-103.
[6] Aikou T. On complex Finsler manifolds. Rep. Fac. Sci., Kagoshima Univ.(Math. Phys. &

Chem.), 1991, 24: 9-25.
[7] Aikou T. Some remarks on locally conformal complex Berwald spaces. Contemporary Math-

ematics, 1996, 196: 109-120.
[8] Bao D, Chern S S, Shen Z. An Introduction to Riemann-Finsler Geometry. GTM 200,

Springer-Verlag, 2000.
[9] Hushmandi A B, Rezai M M, Morteza M. On the curvature of warped product Finsler spaces

and the Laplacian of the Sasaki-Finsler metrics. J. Geom. Phys., 2012, 62(10): 2077-2098.



178 Xiao W, He Y, Lu X, et al. / J. Math. Study, 55 (2022), pp. 158-179

[10] Beem J K, Ehrlich P, Powell T G. Warped product manifolds in relativity in selected studies:
A volume dedicated to the memory of Albert Einstein (Rassias T M, Rassias G M eds.),
Armsterdarm, North-Holland, 1982: 41-56.

[11] Bishop R L, ONeill B. Manifolds of negative curvature. Trans. Amer. Math. Soc., 1969, 145:
1-49.

[12] Chen B, Shen Y. Kähler Finsler metrics are actually strongly Kähler. Chin. Ann. Math., 2009,
30B(2): 173-178.

[13] Chen B Y. Geometry of submanifolds and its applications. Tokyo: Science University of
Tokyo, III, 1981.

[14] He Y, Zhong C. On doubly warped product of complex Finsler manifolds. Acta Mathematica
Scintia, 2016, 36B(6): 1747-1766.
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